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Velocity of Sound in Liquid He*} 


K. R. ATKINS AND H. FLICKER* 
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(Received October 20, 1958) 


The velocity of sound in liquid He’ along the vapor pressure curve between 1.2°K and 3.2°K has been 
measured using a pulse technique at 14 Mc/sec. Between 2°K and 2.6°K the variation with pressure up to 
1 atmosphere has been investigated. The results are combined with other known data to calculate various 
thermodynamic quantities for the liquid. Available data on the specific heat along the vapor pressure curve 
have been converted into the more theoretically interesting case of the specific heat at constant volume 
along an isopycnal. The phonon contribution to the specific heat is discussed. 


1. INTRODUCTION 


T the outset of this research the specific heat and 

density along the vapor pressure curve were 
known, but, in order to gain a more complete knowledge 
of the thermodynamic functions, it was necessary to 
measure one further thermodynamic derivative. We 
decided to obtain the adiabatic compressibility by 
measuring the velocity of sound, since this can be 
determined with some accuracy. We were also interested 
in using the velocity of sound to calculate a possible 
phonon contribution to the specific heat. In the case of 
liquid He* such a contribution is well known to exist 
and is a very important feature of the properties of the 
liquid. 


2. EXPERIMENTAL DETAILS 


The pulse technique was similar to that used previ- 
ously! for liquid He*. The pulse length was 10 micro- 
seconds and the carrier frequency was 14 Mc/sec. The 
apparatus is shown in Fig. 1. The sound was generated 
by a quartz crystal, reflected from a polished stainless 
steel surface and received by the same crystal after 
having travelled a total distance of 1.317 cm. The time 
of flight was measured by a Du Mont 256D oscilloscope 
with a calibrated delay and a quartz crystal controlled 

¢ Supported by the National Science Foundation. 

* Union Carbide Fellow. 

1J. R. Pellam and C. F. Squire, Phys. Rev. 72, 1245 (1947). 

2K. R. Atkins and C. E. Chase, Proc. Phys. Soc. (London) 
A64, 826 (1951). 


time standard. The intrinsic time delay between the 
start of the time base and the pulsing of the crystal 
was determined by observing the positions of the first, 
second and third echoes. Because of the low acoustic 
impedance of the liquid and the bad mismatch to the 
crystal, the pulse shape was very poor and it was 
necessary to use a high input power in order to observe 
the true foot of the echo, which otherwise was hidden 
amongst the noise. 

The size of the echo decreased as the temperature 
was raised. This may correspond to an increasing 
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TABLE I. Some thermodynamic quantities for liquid He’. 
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Fic. 2. The velocity of scund as a function of pressure. 


attenuation, but could also be a consequence of the 
decrease in the density p and the velocity of sound m, 
resulting in an increasing discrepancy between the 
acoustic impedance (pm) of the liquid and the crystal. 
Above 2.4°K the echo disappeared at the vapor pres- 
sure, but returned when the pressure was raised. The 
velocity was therefore measured at various pressures, 
determined from the height of the mercury in the 
Toepler pump used to fill the apparatus with He’, and 
the curve was extrapolated back to the vapor pressure 
(Fig. 2). Below 2.4°K the accuracy of the velocity is 
about +1% and is mainly due to the uncertainty of 
the position of the foot of the echo, but above 2.4°K 
the error is determined by the uncertainty in the above 
extrapolation procedure and has risen to about +10% 
at 3.2°K. 

In Fig. 3 the velocity of sound is plotted against 
temperature along the vapor pressure curve. There is 
good agreement with the data of Laquer, Sydoriak, 
and Roberts.’ The apparent discrepancy suggested by 
our earlier results** was a consequence of the fact that 
we were using smaller power inputs and were not 
observing the true foot of the echo. 

The extrapolated value of the velocity at 0°K is 
183+3 m sec". 


3 Laquer, Sydoriak, and Roberts, Symposium on Solid and 
Liquid He*, Ohio State University, 1957 (unpublished), p. 15. 

*H. Flicker and K. R. Atkins, Symposium on Solid and Liquid 
He’, Ohio State University, 1957 (unpublished), p. 11. 


1.00994 
1.0237 
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1.376 
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3. THERMODYNAMICS 


Some thermodynamic quantities are collected to- 
gether in Table I. The subscript “sat” implies that the 
quantity is measured at a pressure and temperature on 
the vapor pressure curve, or in the case of a temperature 
derivative that the change in temperature is accom- 
panied by a change in pressure such that the vapor 
pressure curve is followed. The adiabatic compressi- 
bility along the vapor pressure curve is obtained directly 
from the velocity of sound: 


Ks(T, V eat) nas 1/psarttr”. (1) 


The density psat has been measured by Kerr,’ and from 
it we can deduce the coefficient of expansion along the 
vapor pressure curve, dsat= (1/Veat) (dV sar/dT), which 
is related to the more commonly defined coefficient at 
constant pressure, a,=(1/V)(0V/dT),, by the equa- 
tion, 


(2) 


(dp/dT),y.».. is the slope of the vapor pressure curve. 
y is the ratio of specific heats and also the ratio of 


Op=Asat + 7K s(dp/dT)y.p.c.. 
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Fic. 3. The velocity of sound as a function of temperature along 
the vapor pressure curve. ©, these experiments; - — -, smooth 
data of Laquer, Sydoriak, and Roberts.’ 


5 E. C. Kerr, Phys. Rev. 96, 551 (1954). 
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Fic. 4. The specific heat. Csat, directly measured specific heat 
for liquid in equilibrium with vapor. C,(Vo,7), specific heat at 
constant volume along the isopycnal Vo=36.8 cm® mole. For 
the lower curves the phonon contribution has been subtracted, 
assuming a value for the cutoff frequency which is shown adjacent 
to each curve. v.°=2.7X10" sec is the Debye cutoff frequency 
which makes the number of modes equal to the number of atoms. 


isothermal to adiabatic compressibilities : 
v=C,/C.=Kr/Ks. (3) 


The equation relating the specific heat at constant 
volume, C,, to the measured specific heat along the 
vapor pressure curve, Cat, is 


Cp=VCr=CoattapVT (dp/dT)y.p.c.. (4) 
Finally 
y—1=a,VT/KsC). (5) 


The measured quantities are psat and ayat,> Ceat,® 
(dp/dT)y.p.c.,° and . The other thermodynamic 
quantities can be obtained from Eq. (1) through (5) 
by an iterative procedure. 

In this way the various quantities are calculated as a 
function of temperature, with the molar volume auto- 


6 G. de Vries and J. G. Daunt, Phys. Rev. 92, 1572 (1953); 93, 
631 (1954); T. R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 
1672 (1955); Abraham, Osborne, and Weinstock, Phys. Rev. 98, 
551 (1955); Brewer, Sreedhar, Kramers, and Daunt, Phys. Rev. 
110, 282 (1958). 

7T. R. Roberts and S. G. Sydoriak, Phys. Rev. 106, 175 (1957). 
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matically assuming the value corresponding to the 
liquid in equilibrium with the vapor. From a theoretical 
point of view there is much more significance in the 
variation with temperature at constant volume, that is, 
along an isopycnal. We have calculated C, as a function 
of temperature at a constant molar volume Vo=36.8 
cm’ mole, which is the value of Vea: at 1.0°K, using 
the approximate formula 


d fa 
Cr Vo,T) - C.( Veat,2 + r—(~) ( Vo- Vat); (6) 
dT\Kr 


which assumes that a,/Kr is constant over the range 
of V covered. 


4. THE SPECIFIC HEAT 


Figure 4 shows these various types of specific heat 
as a function of temperature. Although Cya: is approxi- 
mately linear above 1.5°K, the specific heat at constant 
volume along an isopycnal, C,(Vo,7), gives a curve 
which is concave downwards. 

An interesting question is whether there is a phonon 
contribution to the specific heat similar to that found 
in liquid He‘. Since 14-Mc/sec sound can be observed 
experimentally, there is no question that phonons of 
low frequency exist; and the real point at issue is how 
large the frequency can become before there is ap- 
preciable attenuation of the wave in a distance com- 
parable with one wavelength. The maximum possible 
phonon contribution is obtained by equating the 
number of normal modes to the number of atoms, and 
corresponds to a cutoff frequency 


veo= (3N/4rV) 'uy~2.7 X 10" sec. (7) 


In Fig. 4 we have subtracted the phonon contribution 
for cut-off frequencies of 0.5v,°, 0.75v.°, and 1.0v,°. This 
contribution was calculated from the formula 


RT\* pivl*? etxAdz 
Con _ ar(- ) f —_———., (8) 
hy. 0 (e7—1)? 


and it was not assumed to vary as 7°. It will be seen 
that the phonon contribution may be quite large at 
2.5°K and it is even possible that the remaining 
contribution has a maximum near 2°K. On the other 
hand, if for any reason phonons do not exist above 10" 
cps, then the phonon contribution is not very 
important. 
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Third and Fourth Sound in Liquid Helium II} 


K. R. ATKINS 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received October 29, 1958) 


This article discusses the possible existence of two hitherto undetected types of wave propagation in liquid 
helium II. Third sound is a surface wave of long wavelength on a liquid helium film during which the normal 
component remains stationary and the superfluid component oscillates parallel to the wall. To treat this 
properly it is necessary to consider temperature changes and evaporation from the surface of the film. Fourth 
sound may exist in narrow two-sided channels. The normal component again remains stationary and the 
superfluid component oscillates parallel to the wall, but the width of the channel must remain fixed and so 
there are oscillations in both total density and temperature. 


1. INTRODUCTION 


O discuss wave propagation in liquid helium II, 

it is necessary to write down two separate 
hydrodynamical equations, one for the superfluid 
component and the other for the normal component. 
In first sound the two components move in the same 
direction in phase, and there is a first-order oscillation 
of the density but only a second-order oscillation of the 
temperature. In second sound the two components 
move in opposite directions out of phase, and the tem- 
perature oscillation is then first-order while the density 
oscillation is only second-order. Under the special 
circumstances to be considered in this article, there 
may exist an essentially different type of oscillation, 
during which the normal component remains stationary 
and the superfluid component alone oscillates. 


2. SURFACE WAVES ON A LIQUID HELIUM FILM 


Surface waves on bulk liquid helium were first dis- 
cussed by Atkins! in order to explain the variation of 
surface tension with temperature. The phase velocity 


of such a wave is 
gd 2no\} 
ey 
2r par 


where A is the wavelength, g is the acceleration due to 
gravity, o is the surface tension, and p is the density 
of the liquid. The surface waves which affect the 
surface energy and hence the surface tension have such 
short wavelengths that the term involving g is 
unimportant. 

Kuper’ has suggested that these surface waves may 
be relevant to the critical velocity of superflow of a 
liquid helium film. According to Landau,’ when liquid 
helium IT flows through a narrow channel the kinetic 
energy of flow of the superfluid component can be 
dissipated only by the creation at the wall of elementary 

t Supported by the National Science Foundation. 

1K. R. Atkins, Can. J. Phys. 31, 1165 (1953). 

2C. G. Kuper, Physica 22, 1291 (1956). 

’L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 5, 71 (1941); 
11, 91 (1947). 


excitations of energy « and momentum @, and this is 
not possible until the velocity of flow exceeds ¢«/p. The 
flow is therefore frictionless up to a critical velocity 
Urit Corresponding to the creation of those excitations 
for which ¢€/p(=‘rit) is a minimum. Kuper suggests 
that the relevant excitations are quantized surface 
waves, or ripplons. «/p is then equal to the phase 
velocity as given by Eq. (1), and when A~0.3 cm it 
assumes a minimum value ~10 cm sec, which is 
comparable with the experimental value of about 25 
cm sec~ for the critical velocity of the film. 

However, Atkins‘ has pointed out that for a thin 
film the restoring force is not gravity but the forces 
which are responsible for the formation of the film, 
including the van der Waals forces of attraction 
between the helium atoms and the wall on which the 
film is formed. Also, it is important to use the formula 
for a surface wave on liquid of finite depth d equal to 
the film thickness: 


frX xo 2nd 
(— +) tanh( - *). (2) 
2r pad » 


This is a minimum when ) is infinite and gives a critical 
velocity : 

Verit” = Vpx?= fd. (3) 
If f were due only to van der Waals forces, we would 
have 

f=3a/d', (4) 
and the thickness d of the film at a height H above the 
surface of the bulk liquid would be given by 


a/d’= gH, (5) 
whence 
Verit = (3gH)} 


~50cmsec! if H~1cm. (6) 


This is again in good order of magnitude agreement 
with experiment. Actually there are other factors 
besides the van der Waals forces entering into the 


4K. R. Atkins, Physica 23, 1143 (1957). 
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formation of the film,*~? and the exact form of f is 
complicated and not completely understood, although 
its magnitude is probably not very different from the 
value arising from van der Waals forces alone. 

Although the above arguments may be valid at 0°K, 
at a finite temperature it is necessary to use the two- 
fluid theory of liquid helium II and to write separate 
hydrodynamical equations for the normal and super- 
fluid components. Arkhipov® has attempted this, but 
has assumed, without explicitly stating his reasons, 
that div v,=0 and div v,=0. This assumption that the 
two components separately behave like incompressible 
fluids implies that there are no temperature gradients 
in the liquid [(0/dt)(oS)+pS divv,=0]. In the 
analysis to be presented in this article, temperature 
gradients play an important role. 


3. THIRD SOUND IN A LIQUID HELIUM FILM 


We are interested in the case of wavelengths very 
long compared with the thickness of the film. This is 
analogous to the classical case of a long wave on water 
in a shallow channel, and it is well known that the 
oscillatory motion of an element of the fluid is mainly 
in a direction parallel to the bottom of the channel. 
We shall argue that the superfluid component oscillates 
in this fashion with its velocity v, almost parallel to 
the wall on which the film is formed. Because of its 
viscosity, the velocity v,: of the normal component 
parallel to the wall is negligibly small compared with 
Vsz. (The 2 axis is perpendicular to the wall and the 
x axis is in the direction of propagation of the wave.) 
If a plane surface oscillates parallel to itself in the 
bulk liquid with angular frequency w, the motion 
penetrates exponentially into the normal component 
with a characteristic “penetration depth” (2n,/wpn)?. 
In the case of a film of thickness d, since the velocity 
of the normal component at the wall must be zero 
relative to the wall, it is clear that it is very difficult to 
make the normal component oscillate parallel to the 
wall if d<(2n,/wp,)'. For the superfluid component 
we do not have to worry about viscosity and it is 
usually assumed that the tagential velocity at the wall 
can be finite. We shall in fact assume that the velocity 
of the superfluid component is independent of depth, 
although there is no direct experimental evidence for 
this. 

To a first approximation, then, the normal com- 
ponent is at rest and there is a surface wave on the 
superfluid component, although there must be a small 
motion of the normal component in the z direction 
perpendicular to the wall to enable the rotons and 


5K. R. Atkins, Can. J. Phys. 32, 347 (1954). 

6S. Franchetti, Nuovo cimento 4, 1504 (1956); 5, 183 (1957); 
5, 1266 (1957). 

7K. R. Atkins, Progress in Low-Temperature Physics, edited by 
C. J. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. 2, p. 105. 

8R. G. Arkhipov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 116 
(1957) [translation: Soviet Phys. JETP 6, 90 (1958) ]. 
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Fic. 1. Third sound in a liquid helium film. 


phonons to distribute themselves uniformly throughout 
the depth of the film. At a peak of the wave an excess 
of superfluid has collected and the temperature at this 
point is lowered (see Fig. 1), while at a trough the 
temperature is raised, so that in addition to the pressure 
gradient present in the case of a classical liquid there is 
an additional restoring force due to the thermome- 
chanical effect of the temperature gradient. Also, at 
the trough where the film is hot it will evaporate into 
the vapor phase, whereas at the peak the vapor will 
condense on to the film. There will be a flow of vapor 
from the troughs to the peaks, but we shall neglect the 
resulting small pressure gradients within the vapor 
and will assume that the pressure of the vapor on the 
surface of the film is everywhere equal to the value po 
which it had in the absence of the surface wave. 

In Fig. 1 the wave is propagating in the x direction 
and there is unit length of film in the y direction. At 
the point x the surface is raised a height ¢ above its 
equilibrium position, the temperature is 7,,+ 7’ where 
T,, is the mean temperature, and the velocity of the 
superfluid component is v,,. The rate of evaporation of 
the film in g sec per unit area of surface is? 


dm M \'s¢dp 
m(M (2) rear, 0 
dt 2xRT GES wnia: 


where (dp/dT),.».. is the slope of the vapor pressure 
curve and y is very close to unity. Considering a slab 
of film of width dx, conservation of mass gives the 
equation 
Wie OF 
psd +p—+KT’=0. (8) 
Ox Ol 


Considering the heat flow into the slab 
or OVer 


pdC—=p,d—ST—KLT". (9) 
al Ox 


C, S, and L are the specific heat, entropy, and heat of 
vaporization per gram. The pressure at a point within 
the film has increased by 


5p=6T'+pff. 


B= (dp/dT),.».. is the slope of the vapor pressure curve. 


(10) 


9 Atkins, Rosenbaum, and Seki, Phys. Rev. 113, 751 (1959). 
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f is the symbol used previously to indicate the force 
acting on unit mass of helium at the surface of the film. 
(The exact significance of f may be complicated, but 
is best discussed in relation to a particular theory of 
the film.*-?) The hydrodynamical equation of motion 
of the superfluid component, 

OV, 


1 
—=-—-gradp+S gradT, 
at p 


OVsz of B\ oT’ 
—=-f +(s- ) —, 
ol Ox p/ Ox 


Second order terms have been consistently neglected. 
A traveling wave solution 


(11) 
becomes 


(12) 


f=f forse) (13) 


plus similar expressions for T’ and 2,;, is consistent with 
Eqs. (8), (9), and (12) if 


CMe Pe 8 Kf KL 
—= is+™ st] (s- )-=|/|c-i | (14) 
y p p pw pwd 


If we ignore evaporation effects by putting K=O, 


ST(S—B/p) 


then 


(15) 


The first term is reminiscent of Eq. (3), but above 1°K 
the second term is by far the larger and the temperature 
gradients are consequently very important. However, 
if we retain the evaporation effects with y=1 in Eq. 
(7), then, for frequencies small compared with 10° 
sec', the imaginary terms in the numerator and 
denominator of the last term of Eq. (14) are large 
compared with the real terms, and so the velocity of 
third sound is given by 


Ds rR 
ue~— aif — 
p 


(16) 


4 


The second term in the bracket is small and the prin- 
cipal difference from Eq. (3) is the factor p,/p. 

If fo, To, and v are the amplitudes of the oscillatory 
parts of film thickness, temperature, and superfluid 
velocity, then it is easily shown from Eggs. (8), (9), and 
(12) that 

-=——, (17) 
U3 Pe d 
us has the order of magnitude of the critical velocity 
of the film and therefore, except very near the A-point 
where p/p, becomes large, a large fractional change in 
film thickness is possible without the velocity of the 
superfluid component approaching its critical value. 


ATKINS 


Also, 
To pd Sw fo 


—=-1 ; (18) 

T KL d 
At frequencies low enough to ensure that third sound 
is not appreciably attenuated, the temperature oscil- 
lation is immeasurably small and there is little hope 
that third sound could be detected by the type of 
receiver commonly used for second sound. The most 
hopeful method of observing third sound seems to be a 
direct observation of the oscillating film thickness by 
a suitable modification of the optical method developed 
by Jackson and his co-workers. We are currently 
developing such an approach. If third sound exists, its 
velocity should give information about the quantity f 
and hence about the factors affecting the formation of 
the film. 


4. FOURTH SOUND IN A VERY NARROW CHANNEL 


In a narrow two-sided channel the normal component 
is again constrained to remain at rest (v,=0), but, 
since the width of the channel remains constant, the 
oscillation of the superfluid component produces a first 
order change in density. The hydrodynamical equation 
of the superfluid component is 


OVez 
-= (19) 
ot 


The equation expressing conservation of mass, 


dp 

—+div(p.Vs+pnVn) =0, (20) 

al 

becomes 
Op OVe2 
—+p,—=0. 
at Ox 


(21) 


Since no entropy is transported by the flow of the super- 
fluid component, 


re) 2x 
d—(pS)+—T’=0, (22) 
dl T 


where x7” is the heat flowing per second into unit area 
of the wall when the liquid is at an excess temperature 


T’. A possible solution of Eqs. (19), (21), and (22) is a 
traveling wave for which 


w p,Op prfp,TS* ~~ A 
Ss (2) (1-1 :) (23) 
er 2002p. 6 Xo, C pwdC 


x 
i) ‘ (24) 
pwdC 


FE. J. Burge and L. C. Jackson, Proc. Roy. Soc. (London) 
A205, 270 (1951); L. C. Jackson and D. G. Henshaw, Phil. Mag. 
44, 14 (1953); A. C. Ham and L. C. Jackson, Proc. Roy. Soc. 
(London) A240, 243 (1957). 





THIRD AND FOURTH SOUND 


where #; and wu are the velocities of first and second 
sound. At all temperatures the term in «,? is small 
compared with the term in u,’ and so the attenuation 
per wavelength is never large. To an accuracy of better 
than 1%, the velocity of fourth sound is 


p.\! 
u~(“) Uy. 
p 


The amplitude of the temperature oscillation is given 


by 
—] po 
(1-i ) ad 
pwdC p 


At high frequencies, the term involving x can be 
neglected and the temperature oscillation is a first-order 
effect as well as the density oscillation. At low fre- 
quencies, however, there is plenty of time for the heat 
to escape to the wall and the fractional change in 
temperature is small compared with the fractional 


(25) 


S 


C 


(26) 
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change in density. The amplitude of the oscillating 
part of the superfluid velocity is given by 

vo Us= po Ps. (27) 
Presumably fourth sound is strongly attenuated when 
v exceeds the critical velocity for superflow through 
the channel. The critical velocity is much smaller than 
uw, (except possibly in the immediate vicinity of the » 
point) and so this interesting effect should occur for 
quite small fractional changes in density.* 
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* Note added in proof.—Dr. R. H. Walmsley has pointed out 
that, in Eqs. (23) and (26), S should be replaced by (S—az,’), 
where a@ is the isobaric coefficient of expansion. (1—au,?/S) is 1.6 
at 2°K, 0 near 1.1°K, —12.5 at 0.8°K, and —7 near 0°K. Equa- 
tion (25) therefore remains a good approximation. The tempera- 
ture amplitude 7» of Eq. (26) is somewhat modified. It is slightly 
increased above 1.1°K, becomes zero near 1.1°K, and changes 
phase with an increased magnitude below 1.1°K. 
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Some Properties of Green and Red-Green Luminescing CdS 


Y. T. Stivonen, D. R. Boyp, Ann C. D. WOELKE 
Research Laboratories, General Motors Corporation, Detroit, Michigan 
(Received August 18, 1958) 


A series of electro-optical experiments at room temperature have been made with two types of high-purity 
single crystals of CdS. Those of type A, believed to have near-perfect stoichiometry, luminesce green 
(5145 A) under 3650 A ultraviolet irradiation, have low dark conductivity (2.5 107" mho cm™ at 300°K), 
exhibit no photopeak, and have a relatively short carrier lifetime (about 4 microseconds or less). Those of 


type B, believed to have a sulfur deficiency, luminesce first strongly red (7200 A), then strongly green 
(>5145 A) as the exciting radiation is increased in intensity. Simultaneously both emissions shift toward 
longer wavelengths. Also, as the red emission intensity begins to saturate, the intensity-rate change of 
conductivity abruptly changes. It is suggested that red luminescence is the result of a free hole capture by 
one of the electrons residing in a sulfur vacancy. This trapping sensitizes the crystal but at the expense of 


increasing carrier lifetime to millisecond magnitudes 


. Furthermore, some of these vacancies (~0.4 ev below 


the conduction band) act as donors to increase dark conductivity (about 10°* mho cm™! at 300°K). 


1. INTRODUCTION 


VER since Lorenz! first grew synthetic single crys- 
tals of CdS, much has been written in the literature 
concerning this material’s electro-optical properties.’ 
One notes, however, that mention has rarely been made 
concerning green emission of a wavelength correspond- 
ing to direct recombination of free holes and electrons. 
Though green of a type has been analyzed by a few 
observers,** such emissions appeared only when the 
crystals were cooled to low temperatures. Others®:* have 

1R. Lorenz, Chem. Ber. 24, 1501 (1891). 

2 For review articles with excellent bibliographies, see R. H. 
Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955); A. Rose, Proc. 
Inst. Radio Engrs. 43, 1850 (1955). 

3L. R. Furlong, Phys. Rev. 95, 1086 (1954). 

4 J. Lambe, Phys. Rev. 98, 985 (1955). 

5R. W. Smith, Phys. Rev. 93, 347 (1954). 

6 G. Diemer, Philips Research Repts. 9, 109 (1954). 


shown that green electroluminescence can occur with 
voltage potentials approaching breakdown but the color 
has been sporadic and not too intense. In view of the 
notable lack of green emission from the crystals used by 
various researchers, some doubt arises as to the purity 
and stoichiometry of their samples and, hence, the ac- 
curacy of the data as truly representing intrinsic CdS. 

Recently, the authors have been able to grow small 
quantities of spectrographically “pure” CdS crystals 
that show photoconductivity and luminescing properties 
related to what is believed to be a deficiency of sulfur.’ 
One class of these crystals, believed to be intrinsic CdS, 
is identified by its green-only luminescence at room 


temperature. A second class luminesces both red and 


7A. A. Vuylsteke and Y. T. Sihvonen, Phys. Rev. 113, 40 
(1959). 
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green in different proportions. This paper describes some 
properties of these two types of crystals, and interprets 
their behavior from a sulfur vacancy viewpoint. 


2. CRYSTAL GROWTH, SELECTION, 
AND PREPARATION 


The data in this paper have been obtained with 
crystals grown by a variation’ of the method first de- 
scribed by Czyzak et al.* This method inherently refines 
the charge each time crystals are grown, so that by 
successively growing and pulverizing the crystals it be- 
comes possible to eventually obtain specimens having 
relatively high purity. Furthermore, by controlling the 
temperature, the temperature gradient at which growth 
occurs, and the gas composition and pressure in the 
growing chamber, the crystals can be made to vary in 
natural appearance and in their luminescing qualities. 
As these differences between crystals are reproducible 
and not correlatable with residual impurities (when 
detected), they are attributed by the authors to devia- 
tions from stoichiometry. 

The single crystals employed were selected on the 
basis of their luminescing behavior under excitation 
with 3650 A ultraviolet light. In general, those crystals 
which would luminesce emitted light either green, or 
first red then green as the intensity of the ultraviolet 
increased to its maximum of about 6 milliwatt/cm?. 
The crystals designated in this paper as of ‘“‘type A”’ 
typify those which luminesce green only, while crystals 
of “type B” luminesce red and then green. 

Care was taken not to contaminate the crystals after 
it was noted that the luminescing properties could be 
modified by such things as water, heat, hydrocarbons, 
and common solvents. A consequence of this was.that 
electrical contacts to the crystals had to be made so 
that bulk and surface conditions would remain undis- 
turbed. Soldered and plated indium contacts were thus 
rejected, and silver paint was determined unsuitable 
since it formed a photovoltaic junction. Carbon (‘“Dag” 
“+ TYPE A CRYSTAL 
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Fic. 1. Emitted luminescence from crystals of types A and 
B excited with 3650 A ultraviolet at an irradiance level of 2.2 
milliwatts/cm?. 


®D. R. Boyd and Y. T. Sihvonen, J. Appl. Phys. 30, 176 
(1959). 

® Czyzak, Craig, McCain, and Reynolds, J. Appl. Phys. 23, 
932 (1952). 
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Fic. 2. Type A crystals luminesce green with increasing in- 
tensity as the ulcraviolet exciting intensity increases and show 
no break in conductance. The slopes m and m pertain to the ex- 
ponent of the irradiance associated respectively with conductance 
and emission. 


dispersion No. 194) contacts, however, were found to be 
adequate and were used for all the conductivity tests. 


3. CRYSTAL PROPERTIES 


(a) Luminescence 


To determine the luminescing qualities of the crystals 
of types A and B, a Bausch & Lomb 1-meter dual- 
grating monochromator was utilized as a spectrometer 
having a resolution of 15.5 A/mm. The crystal was 
placed directly on the entrance slit and illuminated with 
a Shannon model 107 ultraviolet lamp. A Corning 7-37 
filter interposed between lamp and crystal removed 
long wavelength components from the radiation, and a 
Corning 3-73 filter positioned behind the slit removed 
ultraviolet components that passed through the crystal. 
Eastman Kodak type J-L spectrographic plates regis- 
tered the light emitted. Emulsion darkening was read 
by a recording microphotometer and converted into in- 
cident light intensity by routine spectrographic tech- 
niques. Ultraviolet irradiance was measured by a CdS 
crystal embedded in a blue-green fluorescing plastic. 
The photoconductance of this detector was calibrated 
against a standard thermopile. 

Typical intensity records of the red and green lumi- 
nescence are shown in Fig. 1. Type A crystals emit a 
narrow band of green light with a peak at 5145 A. Type 
B \uminesce both a narrow green band having a peak 
always at a longer wavelength than type A crystals, 
a broad red band having its peak around 7200 A. The 
mechanism for red and green emission has been dealt 
with in a recent paper’ which ties red emission to the 
trapping of a free hole by a sulfur vacancy containing 
two electrons, and the green emission to direct recom- 
bination of free carriers. By this model, the wavelength 
differences between the two green peaks can be attri- 
buted to the perturbing influence of the sulfur vacancies 
in the type B crystal on nearest Cd and S neighbors. 

As the ultraviolet intensity is varied, the green emis- 
sion from type A crystals changes intensity by an amount 
proportional to a greater-than-unity power of the ultra- 
violet intensity as seen in Fig. 2, and there is no detecta- 
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Fic. 3. Type B crystals luminesce strongly red first, and then 
strongly green as the red-producing centers saturate. Conductance 
breaks sharply at saturation, with the break-over point occuring 
at different ultraviolet irradiances depending on the sulfur vacancy 
density. 


ble wavelength shift of the peak. Contrasted with this, 
the two emissions from type B crystals vary in a more 
complex manner. First, as seen in Fig. 3, the red emis- 
sion dominates the green at low ultraviolet irradiance, 
but eventually the green emission dominates as the 
ultraviolet intensity is increased. Secondly, both red and 
green peaks shift toward longer wavelengths with in- 
creasing ultraviolet intensity. This shift is shown in 
Fig. 4. 

Extending the aforementioned model to explain the 
parallel shift of the two luminescing peaks, one can con- 
clude that as holes are trapped by the vacancies, the 
forbidden gap narrows by the process of the valence 
band moving toward a fixed S-vacancy level and fixed 
conduction band. It is believed that this narrowing re- 
sults from the four nearest cations (Cd**+) moving away 
and the 12 nearest anions (S~~) moving toward each 
singly ionized vacancy. The type A CdS shows no shift 
since there are no S vacancies. 
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Fic. 4. Type B crystals show a shift toward longer wavelengths 
for both the red and green peaks that is not present in type A. 


RED-GREEN 


LUMINESCING CdS 


(b) Photocurrent 


In the absence of light, type B crystals have conduc- 
tivities that always exceed the dark conductivity of 
type A, and which are related to the crystals’ tendency 
to luminesce red. If the extent and shape of the red 
luminescence distribution is taken as a measure of the 
energy distribution of the electrons residing in the non- 
ionized sulfur vacancies, then these conductivity differ- 
ences are a natural consequence of some of the vacancy 
sites acting as donors at room temperature. In Fig. 1, 
for example, the red luminescence base extends from 
about 6200 to 8200 A implying that vacancy electrons 
extend to within 0.4 ev of the conduction band. 

The conductance as a function of irradiance has also 
been plotted in Figs. 2 and 3. Type A crystal conduc- 
tances vary as some fractional power of the ultraviolet 
intensity, the exponent usually ranging between 0.3 and 
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Fic. 5. Photoconductivity as a function of photon 
wavelength. No photopeak occurs for type A. 


0.5. The exponent for type B crystals is generally greater 
than one until the red-producing centers begin to show 
saturating effects, after which m becomes less than one. 
The similarity between the conductance and red lumi- 
nescence break over points implies that the same centers 
are responsible for both effects. At higher ultraviolet 
intensities and after saturation of the vacancies, the 
green luminescence and the conductance in the type B 
crystal behave very much like type A as regards the 
exponents m and n. A simple calculation shows that 
the break over point in the crystal used for the data of 
Fig. 3 occurred at a photon arrival rate of 1.110" 
photons/sec cm’. If each photon is assumed to generate 
one free hole having a lifetime 10~® second that is sub- 
sequently trapped by a sulfur vacancy, it follows that 
the number of sulfur vacancies is of the order of 10" 
per cm’. 

Another important conductivity difference exists be- 
tween the two types of crystals. This difference is shown 
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in Fig. 5 wherein conductivity has been plotted as a 
function of incident photon wavelength. Type B crystals 
possess the well known photopeak that occurs at about 
5080 A and also exhibit considerable conductivity out 
to 7000 A. Type A crystals have less conductivity at 
5000 A by two orders of magnitude, and show no photo- 
peak. Whether or not a photopeak really exists is diffi- 
cult to determine since the crystal begins to luminesce 
at the absorption edge and thereby self-excites free 
carriers. From intuitive considerations one would not 
expect a photopeak to occur in pure and stoichiometri- 
cally perfect CdS. 

Quantum yields for typical A and B crystals were 
determined to be 0.2 at 4960 A and 62 at 5080 A, re- 
spectively, using an applied potential of 9.1 volts and 
electrode spacings on the order of 1 mm. The calcula- 
tions were made from the derived relation 


Q.Y.=7/T,= KEaeAo/el(1—e“*) AW, 


where r= carrier mean life (sec), 7,= carrier transit time 
(sec), K=a constant=1.6X10-" (watt sec/electron 
volt), E=electric field intensity (volt cm~), a=crystal 
thickness (cm), e= forbidden band gap width (electron 
volts), e=carrier charge (coulombs), /= electrode spac- 
ing (cm), w=linear absorption coefficient (cm), and 
Ao=change in conductivity (mho cm~), induced by 
AW =change in energy influx (watts/cm?). 

Both determined quantum yields are considerably 
less than the value commonly associated with CdS. 
However, a closer spacing of electrodes and/or higher 
fields on the type B crystals give the high quantum 
yields usually reported, that is, on the order of (6 to 
10) X 10°, but only 40 for the type A. 


(c) Frequency Response 


As would be expected from phenomenological con- 
siderations, the response of type A crystals to variations 
in light intensity is many orders of magnitude faster 
than type B. Figure 6 depicts the relative responses to 
bursts of white light passed by a revolving toothed 
wheel. The signal was developed across a 0.1-megohm 
resistor in series with the crystal and a 45-volt battery, 
and monitored with a Tektronix oscilloscope. The type 
B crystal response falls off rapidly (in this case 1.5 db 
per octave), while type A shows a surprising rise to a 
level at 11 600 pps 12% above the signal level produced 
when the light is not interrupted. This apparent gain is 
not understood, but has always been present in type A 
crystals. Included in this figure, to point out the slowing 
down effect of additional vacancies, is the frequency 
response of a crystal selected because it intensely lumi- 
nesced red only and could not be made to show signifi- 
cant green luminescence with the ultraviolet source 
employed. This one falls off 6 db per octave. The 
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Fic. 6. Frequency response characteristics of crystals of types 
A and B as determined by a rotating shutter. The inclusion of 
sulfur vacancies reduces the ability of CdS to follow rapid light 
changes. The red-only curve pertains to a crystal with even more 
vacancies than the type B. 


responses of other CdS crystals differing in their propor- 
tions of red and green luminescence fall uniquely be- 
tween the green-only and red-only curves. 

The ability of the type A crystal to follow the cutting 
off of the light beam by the shutter made it difficult to 
accurately determine carrier lifetime by this method. 
However, making a correction for cutoff time, it is 
estimated that the mean life is approximately 4 micro- 
seconds, as compared with a mean life of 6 milliseconds 
for the type B crystal of Fig. 6, and 30 milliseconds for 
the red-only luminescing crystal with its relatively large 
number of sulfur vacancies. 


4. CONCLUDING REMARKS 


The properties of green-only luminescing crystals 
were obtained on small plates 2X5X0.05 mm thick. 
Successful growth of larger perfect crystals has not been 
attained, though efforts are being made in this direction 
by the authors. So far, pure but stoichiometrically im- 
perfect single crystals as large as 28 grams have been 
synthesized which do not, however, show appreciable 
green luminescence until excitation energy fluxes reach 
the very high intensities obtainable with electron 
beams.” At lower excitation energies, these larger speci- 
mens exhibit either red luminescence indicating sulfur 
vacancies, or no luminescence, indicating the presence of 
nonradiative recombination centers not correlatable 
with detectable residual impurities. Such centers may 
arise from complex groupings of sulfur and/or cadmium 
vacancies. 

 Bleil, Snyder, and Sihvonen, Phys. Rev. 111, 1522 (1958). 

' Kroger, Vink, and Boomgaard, Z. physik. Chem. 203, 1 


(1954). 
12 J. Woods, J. Electronics and Control 5, 417 (1958). 
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The “star-triangle’”’ and “decoration” transformations are generalized so as to apply to arbitrary mechani- 
cal systems coupled to the spins of a standard Ising net. This leads to exact solutions for further plane Ising 
nets and also for lattices in which the spins on alternate sites have a magnitude greater than S=}. A general 
class of antiferromagnetic Ising models is constructed; exact closed expressions can be derived for all the 
thermodynamic and magnetic properties of these models in an arbitrary magnetic field. 

The magnetizations and susceptibilities of Ising nets in which different spins have different magnetic 
moments are investigated and a valuable relation between the susceptibilities of the honeycomb and tri- 
angular lattices is derived. It is shown how correlation functions involving a given spin can be expressed in 
terms of correlations involving the nearest-neighbor spins instead. 





1. INTRODUCTION 


HE critical point (Curie temperature) of the 

square-lattice Ising model of a ferromagnet was 
originally located by Kramers and Wannier' who 
noticed a symmetry property of the partition function 
in the absence of a magnetic field. Onsager showed how 
this symmetry arose because the square net is topo- 
logically “‘self-dual.’”? More generally the partition 
function in zero magnetic field for a given net is re- 
ciprocally related to the partition function (in zero 
field) of its dual net; thus the partition function of the 
honeycomb (plane hexagonal) net is derivable from 
that of the triangular net by the dual transformation 
and vice versa. 

Onsager® further discovered a “‘star-triangle” trans- 
formation whereby a “‘star”’ consisting of a central spin 
coupled to three neighboring spins could be transformed 
into a triangle of three spins coupled to each other 
(see Fig. 1). This leads to a further connection between 
the triangular and honeycomb nets which enables their 
critical points to be located (see Wannier, reference 2). 


3 


Fic. 1. The star-triangle transformation. 


The star-triangle transformation is essentially 
algebraic and is not restricted to plane nets, whereas the 
dual transformation depends on a topological property 
of those nets that can be developed onto a two- 
dimensional manifold without any crossing bonds. 
Another algebraic transformation is the “decoration” 
or “iteration” transformation. This enables a central 
spin coupled to éwo neighboring spins to be replaced 


1H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252 
(1941). 

2G. H. Wannier, Revs. Modern Phys. 17, 50 (1945). 

3 L. Onsager, Phys. Rev. 65, 117 (1944). 


by a single bond connecting the two outer spins (see 
Fig. 2). This transformation has the advantage that it 
holds even with a magnetic field present. With its aid 
Naya‘ derived expressions for the spontaneous magneti- 
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Fic. 2. The decoration or iteration transformation. 


zations of the honeycomb and Kagomé lattices from 
Potts’ formula’ for the magnetization of the triangular 
net. The transformation was also used by Syozi and 
Nakano® who discussed the magnetization of ferri- 
magnetic decorated lattices such as the decorated 
square net (Fig. 3) where spins on the bonds have 
different magnetic moments from those at the vertices 
of the net. 

In this note we show how the two algebraic trans- 
formations of the Ising model—the star-triangle and 
the decoration transformation—can be considerably 
generalized. In fact, the central spin which is removed 
by these transformations may be replaced by an 
arbitrary statistical mechanical system. This system may 
consist of any number of “spins” and other entities 
which are coupled to the two, or three, outer spins and 
it may also depend on the magnetic field or other 
external variables. 


These generalizations lead to exact solutions for a 





Fic. 3. The decorated square 
net. The spins on the bonds may 
have different magnetic moments 
from those on the vertices of the 
basic square net. 























4S. Naya, Progr. Theoret. Phys. Japan 11, 53 (1954). 

5 R. B. Potts, Phys. Rev. 88, 352 (1952). 

®T. Syozi and H. Nakano, Progr. Theoret. Phys. Japan 13, 69 
(1955). 
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large number of new Ising models. Thus many further 
plane nets may be discussed; for example, the 
“expanded Kagomé lattice’ which has the same 
coordination number as the honeycomb lattice but a 
different critical point. Certain models with spins 
greater than } can also be solved; for example, the 
honeycomb lattice in which the spins or alternate sites 
have magnitude } and S, where S is arbitrary [see 
Fig. 7(a) |. The dependence of the Curie temperature 
on S, the magnitude of the spin, has been determined 
for this and two similar lattices. 

The generalized transformations also apply to finite 
clusters of spins. Thus, for example, the partition 
function of the truncated tetrahedron (four triangular 
and four hexagonal faces) can be derived easily from 
that of the tetrahedron. As shown by Domb and Sykes,’ 
the study of such finite clusters is useful in obtaining 
exact series expansions for the susceptibilities of two- 
and three-dimensional Ising lattices. 

By placing “complementary” spin systems on alter- 
nate bonds of simple Ising lattices one discovers a 
general class of antiferromagnetic Ising models. These 
models are especially interesting since they can be solved 
completely in the presence of a magnetic field, so yielding 
closed expressions for the susceptibility, the magnetiza- 
tion, etc. as functions of the field strength and the 
temperature.° 

Finally we consider the transformation of expressions 
for the susceptibility and correlation functions of 
various lattices. Naya‘ and Syozi and Nakano’ discussed 
the magnetization of certain loose-packed lattices (the 
honeycomb and the square net) in which the spins on 
alternate sites had differing magnetic moments. We 
show that for such lattices (including their three- 
dimensional counterparts like the simple cubic lattice), 
relations for the susceptibility can also be derived. 
Furthermore, if the susceptibility of the honeycomb 
is known, then the susceptibility of the triangular 
net may be derived from it. (This result is not, of course, 
included in the standard star-triangle relation between 
these lattices, since this only holds in zero magnetic 
field and does not apply to the magnetization or 
susceptibility.) At present no exact solutions for the 
susceptibility of any Ising lattice are known, but series 
expansions may be obtained by counting configurations. 
This is exceedingly laborious on the triangular lattice, 
but relatively easy on the honeycomb because of its 
loose-packed structure and low coordination number. 
Consequently the transformation theorem has proved 
very useful. With its aid, and using a special ‘‘cluster- 
expansion” theorem for the susceptibility,? Sykes has 
been able to derive and check the first twelve terms in 
the high-temperature expansion of the susceptibility 

7C. Domb and M. F. Sykes, Phil. Mag. 2, 733 (1957). 

8 Detailed discussion of the physical properties of these models 
is being reserved for another paper. 

9M. F. Sykes and M. E. Fisher, Phys. Rev. Letters 1, 321 
(1958). 
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of the triangular net. The theorem further enables one 
to calculate the susceptibility of the antiferromagnetic 
triangular lattice at temperatures below the corre- 
sponding ferromagnetic Curie point. This is valuable 
since the normal series for the triangular lattice diverges 
in this region and no “low-temperature” series can be 
derived because of the high degeneracy of the anti- 
ferromagnetic ground state. 

The correlation functions of the triangular and 
honeycomb lattices are also related to one another. 
This is established by showing that on any lattice a 
correlation function involving a particular spin can be 
expressed as a linear function of correlations involving 
the nearest neighbors of the given spin instead. 


2. BOND AND VERTEX DECORATION 


We consider the generalization of the decoration or 
iteration process first since it is simpler than the star- 
triangle transformation. The Ising partition function 
Zp of a decorated lattice containing bonds decorated 
with a single spin, as in Fig. 2, involves summations 
over the spin states of the decorating spins. These 
summations may be performed individually and before 
the summations over the states of the vertex spins. A 
summation over the two states ss=+1 of a typical 
decorating spin so will have the form 


Yo= DL exp(KiS051+ K 2052+ Los0), 


sop=tl 


(1) 


where 


Ky=Joi/kT, Ke=Joo/kT, Lo=woH/kT, (2) 
Jo, and Jo. being the interaction energies between the 
spin So and its neighbors s; and 52, uo being the magnetic 
moment of so, H being the magnetic field, and 7 the 
temperature. In the standard way we may now intro- 


duce a modified interaction parameter K’ by 


‘ cosh(K,+K2+ Lo) cosh(Ki+K2—L») 
6 gn aE aeear Mei AN ie ae ian 


cosh(K, ae! K+ Lo) cosh ( we Kit Ly)’ 


and increments 64,;=R76L; and du2.=kTbL. to the 
magnetic moments of spins 1 and 2 by 


" cosh(K,+K2+ Lo) cosh(Ki— K2+Lo) 
e* “i —— = 


cosh ( K,+ Ke- Lo) cosh(K,— Ko- Lo) 





- cosh (Ki+K2+Lo) cosh(K2—K,+L») 

e’ 2- ————., > 
cosh (Ki+ Ko- Lo) cosh (Ko- K, = Lo) 

The sum Yo may then be written as a simple exponential 
factor 


(6) 


where the identity holds for the 2?=4 possible joint 
spin states of spins 1 and 2 [i.e., (s),52)=(+,+), 
(+,—), (—,+), (—,—)]. The function f is independent 


Yo=f exp(K'si52+6L 15; +6L 250), 
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of all spin variables and is defined by 


f= 16 cosh(K,+K2+Lo) cosh (Ki+K2— Lo) 
Xcosh(K,— K+ Lo) cosh(Ke—K,+L»). (7) 


The form of (6) corresponds to a direct single bond from 
spin 1 to spin 2 of energy Ji2=7K’, and implies that 
the magnetic moments y; and pe of the deccrated lattice 
have been increased by du; and dye, respectively. The 
partition function Zp is thus reduced to a summation 
over the spins of the original undecorated lattice only, 
so that 

Zp(K,L)= fX9Z(K’',L’), (8) 


where Vp is the number of decorated bonds and 
Z(K’,L’) is the partition function of the original basic 
lattice but with suitably modified interactions K’, and 
modified magnetic moments yh’=kTL’=~+)> dy, the 
sum >> du including all the increments from the deco- 
rated bonds meeting at a single vertex. (If all the bonds 
are decorated symmetrically then 6y;=du2=6u and 
> du=géu where g is the coordination number of the 
basic lattice; in this case .Vp=.Vq/2, there being NV 
sites on the basic lattice.) 

To generalize the above transformation suppose that 
the central, decorating spin in Fig. 2 is replaced by an 
arbitrary mechanical system which interacts with the 
spins 1 and 2 and with the external magnetic field 
(and possibly other external influences). This system 
will have a set of energy levels £; depending on the 
spins s; and s2 and on the field H. The factor Yo in the 
total partition function now becomes a sum over the 
internal energy states of the decorating system, namely 


Yo=)di exp{— (1/kT) E,(51,52;H)}. (9) 


This is essentially the partition function of the 
decorating system for fixed s; and sz and may be written 


¥(51,52;H) =>; exp{ — (1/kT) Ei(51,52;H)}. (10) 


To express Yo as a simple exponential factor as in Eq. 
(6) it is now only necessary to generalize the definitions 
of K’, 6L,, 6L2, and f as follows: 


AW =y, wh__/Wy 4, 


(11) 


eMli=y, wy p_p_+, clam, ++ v-¥v+-, (12) 


and 
f= +--+, (13) 


where ¥4,=¥(+1,+1;H) and so on. With these 
definitions, (9) may be represented identically in the 
“single-bond”’ form (6). 

Thus even when the bonds of the basic lattice are 
decorated with arbitrary systems the complete partition 
function Zp of the resulting lattice may be derived, by 
(8), from the partition function Z of the original lattice. 
Evidently the transformation is in no way restricted to 
two-dimensional nets. It also holds in the presence of a 
magnetic field. When the decorating system is a single 
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simple spin we have 
¥ (51,52 31) =2 cosh(K1s:+K252+Lp), 


and the general formulas (11), (12), and (13) reduce to 
those given previously. Other special cases will be 
discussed below 

If the decorating system is only coupled to one spin 
or, in other words, if it is “hooked” onto a single vertex, 
the transformations simplify and may be written 


eeloy, v_, (14) 
P= Wwy-, (15) 


for each decorated vertex. No modification of the 
coupling energies between the basic lattice spins is 
necessary. 


3. STAR-TRIANGLE TRANSFORMATION 


To generalize the star-triangle transformation sup- 
pose that the central spin in the star of Fig. 1 represents 
an arbitrary mechanical system with energy states 
depending on the three neighboring spins. The total 
partition function for the resulting (star) lattice then 
includes the factor 


LYo= Dd; exp{ — (1/kT) E;(51,52,53)}, 
which we want to write in the simple form 
Yo=f exp(Ky'so53+ Ko's35:+K3' 5159), (17) 


corresponding to the triangle in Fig. 1. Now there are 
2°=8 distinct joint spin states of the three neighboring 
spins, but there are only four independent parameters 
in (17), namely f, Ky’, Ke’, and K;’. Consequently, 
unless certain restrictions are imposed, it is not possible 
to write (17) as an identity valid for all s;, se, and s3. 
At first sight it seems the situation might be improved 
by including the magnetic coupling terms 615), 5L252, 
and 63s; in the exponential of (17). This, however, 
yields only three extra parameters (61, dL2, and 6L3), 
whereas another four are required to ensure complete 
generality. Instead we assume that the partition 
function 


¥(51,52,83) = >. exp{ — (1/kT) E;(51,52,53)}, (18) 


for the central, ‘‘decorating” system is invariant under 
the operation of total spin inversion 


(16) 


Sy? — Fy. - Sew e Fy, Bg wr es. 


Essentially this means that there is no preferred 
direction for any of the spins in the decorating system. 
Equivalently one may suppose that the spins im the 
decorating system have no magnetic moment or that 
the external field does not act on them. With this 
restriction we have 
¥(+,+,+)=¥0(—,—,—)=o, 
¥(—,+,+)=¥(+,-—,-)=v1, 
¥(+,—,+)=¥(-,4+,- )=yYr, 
¥(+,4+,—)=0(—,—, +) =. 
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The transformed parameters may now be defined by 


f'=Vawws, (20) 


AK? =baho/par, 

aks’ =Yhs/Pir, 
and with these values (17) becomes an identity. The 
partition function Zs of the “starred” lattice is then 
related te the partition function Z of the basic “‘triangle”’ 
lattice by 


ABV =Vabi/bms, 
(21) 


Zs(K;j;Ls,Lr)= f*8Z(K;';Lr), (22) 


provided 


Ls=0, (23) 


where Ls and Ly are the magnetic parameters for the 
star-vertices and triangle-vertices, respectively, and Vs 
is the number of star-vertices. 

When the decorating system is a single nonmagnetic 
spin we have 


W(51,52,53) =2 cosh (Ky5:+Kose+ K353), 


which is symmetric under total spin inversion as 
required for the validity of the transformation. The 
formulas (20) and (21) then reduce to the standard 
forms given by Houtappel” in his discussion of the 
simple hexagonal and triangular lattices. 

Although the generalized star-triangle transformation 
is restricted to lattices in which the decorating systems 
on the star-vertices have zero magnetic moments, it 
applies equally to finite clusters of spins and lattices 
in three or more dimensions as to plane nets. 


4. FURTHER TRANSFORMATIONS 


It is natural to enquire whether the arguments above 
can be extended to cover models in which each arbitrary 
decorating system interacts with four or more spins. 
That this, unfortunately, is not possible except in very 
special cases can be shown as follows. If the decorating 
system is coupled to m spins of the basic lattice then 
its partition function (51,---,5,) will assume 2” 
independent values corresponding to the 2” distinct 
joint spin states of the m lattice spins. If bonds between 
all pairs of the m spins are allowed, and if it is supposed 
that each spin can have a magnetic moment, then there 
are 4n(m—1)+mn+1 parameters, K,;’, 6L,;, and f, 
available. These will be sufficient to represent an 
arbitrary decorating system only if the inequality 


3n(n—1)+n+12 2" 


is satisfied. The only solutions of this inequality are 
n=1 and n=2 and these correspond to the vertex and 
bond decoration processes discussed above. 

On the other hand, if spin inversion symmetry, 
corresponding to zero magnetic moments, is imposed, 
the number of independent values of ¥(s1,---,5,) is 
reduced to }2"=2"". In this case, however, the 


(24) 


10R. M. F. Houtappel, Physica 16, 425 (1950). 
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parameters 6; must be set equal to zero (to preserve 
the symmetry) and so the appropriate inequality is 


3n(n—1)+12>2"—, (25) 


The largest solution of this is m= 3, corresponding to the 
generalized star-triangle transformation. Evidently any 
transformations with m greater than or equal to 4 will 
involve considerable further restrictions on the structure 
of the decorating system and are likely to be of little 
interest. 

If the spins of the basic lattice have a magnitude S 
greater than S=}, as assumed above, the right-hand 
sides of the inequalities (24) and (25) become (2S+1)" 
and 3(2S+1)"+4, respectively. In no case can these 
inequalities be satisfied with S21 and n21. 


5. ISING NETS DERIVABLE BY THE 
TRANSFORMATIONS 


In this section we point out how the generalized 
transformations lead easily to exact solutions for a 
number of further Ising nets. As shown by Naya‘ the 
complete (HO) partition function of the Kagomé 
lattice may be derived from that of the honeycomb. 
All the bonds of the honeycomb lattice are decorated 
with magnetic spins leaving nonmagnetic spins on the 
original vertices [see Fig. 4(a)]. The nonmagnetic 
star-vertices are then transformed into triangles to 
yield the (fully magnetic) Kagomé lattice [see Fig. 
4(a) ]. The main interest in this lattice lies in the fact 
that it has the same coordination number, g=4, as 
the square net but possesses a different topological 
structure. This leads to a slightly different critical 
point and also modifies the other thermodynamic and 
magnetic properties. 

A very similar lattice to the Kagomé lattice may be 
derived by decorating each bond of the honeycomb 
with a chain of ‘wo magnetic spins [see Fig. 4(b) ]. The 


(b) 


Fic. 4. (a) Transformation of the honeycomb lattice into the 
Kagomé lattice by means of the decoration and star-triangle 
processes. (b) Transformation of the honeycomb into the “ex- 
panded Kagomé lattice.” The bonds of the honeycomb net are 
decorated with two spins in a row. 
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(d) 


Fic. 5. Some Ising lattices of mixed coordination number: (a) 
the “diced” lattice with g=3 and 6, (b) a lattice of heptagons and 
triangles with g=3 and 4, (c) a lattice of triangles and quadri- 
laterals with g=3, 4, and 9, (d) a lattice of hexagons, quadri- 
laterals, and triangles with g=3 and 8, 


appropriate transformations are derived from 


W(51,52;H) = 2e* cosh(K 15; +Ko52+2L) 
+2e-* cosh(K,s,;— Ko52). 


Application of the star-triangle transformation then 
leads to the “expanded Kagomé lattice” [shown on the 
right of Fig. 4(b)] which has the same coordination 
number as the honeycomb (g=3) but a different 
topological structure. The critical point of this new 
lattice is given by 


coth(J/kT.)=1.67548 (expanded Kagomé, g=3), 


and the corresponding Curie temperature is lower than 
that of the honeycomb for which 


coth(J/kT.)=3'=1.73205 (honeycomb, g=3). 


The relationship between the square and Kagomé 
lattices is similar; the corresponding results are 
coth(J/kT.)=2.29663 (Kagomé, g=4), 
and 
=1+2!=2.41421 (square, g=4). 

The dual lattice to the Kagomé lattice is: the “diced 
lattice” [see Fig. 5(a)]. This is a lattice of mixed 
coordination number, g=3 and g=6, which may be 
derived from the triangular lattice by converting all 
the triangles into stars. Some other lattices with mixed 
coordination number which can be derived in a similar 
way are shown in Figs. 5(b), (c), and (d). In all these 
cases the partition functions derived from the triangular 
lattice apply only to zero field. 

The partition functions and corresponding thermo- 
dynamic and magnetic properties of finite clusters of 
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spins can always be written down in closed form. For 
all but the smallest clusters, however, this entails 
considerable labor. On the other hand, the thermo- 
dynamic and magnetic properties of a simple cluster 
such as the tetrahedron (four spins linked to one 
another) can easily be transformed to yield the corre- 
sponding properties of more complex clusters. Thus by 
the same sequence of transformations illustrated in 
Figs. 4(a) and 4(b), the properties of the octahedron 
and truncated tetrahedron may be derived from those of 
the tetrahedron, and those of the cuboctahedron and the 
truncated cube from those of the cube. The zero-field 
partition function of the cube may, in turn, be derived 
by applying the star-triangle transformation to all 
faces of the tetrahedron. The zero-field partition 
function of the rhombic dodecahedron can be derived 
from the octahedron in a similar way. These trans- 
formations are illustrated in Fig. 6." As pointed out in 
the introduction, the study of such finite clusters is 
useful in calculating and checking the various ‘“‘lattice 
constants” that arise in the derivation of series expan- 
sions for three-dimensional lattices, etc.’ 

The structures of possible decorating systems are 
not restricted to nearest-neighbor interactions or to 
topologies that that can be projected onto a plane 
without crossing bonds. Similarly the decorating 
systems need not contain only a finite number of spins. 
Thus, infinite “chains,” “ladders,” or “triangular 
tubes” may be attached to vertices, bonds, or triangles 
of a basic lattice. For the most part, however, these 


c 
= 
Aw 


\4 
Bid 
Fic. 6. Some finite clusters which can be derived from the 
tetrahedron by the decoration and star-triangle transformations: 
(a) tetrahedron, (b) octahedron, (c) rhombic dodecahedron, (d) 


truncated tetrahedron, (e) cube, (f) cuboctahedron, (g) truncated 
cube. 


b 


x] 


ere 


ea 
—$—$—— 
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1 Note added in proof.—I. Syozi has noted some of these trans- 
formations and describes further applications of the simple decora- 
tion process in Statistics of Two-Dimensional Lattices II, Rev. 
Kobe Univ. Merchantile Marine (Japan) 21 (1955). 
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extra possibilities seem to be of relatively little physical 
interest. 


6. MODELS WITH SPIN GREATER THAN } 


In the standard Ising model the magnitude of all 
spins is taken to be S=} and the variables s; can only 
assume the 2S+1=2 values, —1 or +1. By using the 
generalized transformations, however, we may replace 
a fraction of the spins on certain lattices by “‘anoma- 
lous” spins of arbitrary magnitude. Thus for a spin of 
magnitude § interacting symmetrically with three 
standard spins of magnitude }, the transformations are 
derived from 


8 


$ 
¥(s1,52,53)= > exp| Reiter ty 


s=—S 


= sinh 


2S+1 
_ Kirtsits)| 


1 
/ sot —K(srtso+59)] (26) 


where the interaction energy J=k7TK has been normal- 
ized so as to equal one-half the maximum change in 
coupling energy between the “anomalous” spin and one 
standard spin. The energy parameter of the correspond- 
ing triangle formed from the three standard spins is 
given by 


AX’ = (14-2 cosh[(2S+1)K sy/ 


[1+2cosh(K/S)]. (27) 


Using this formula (and the corresponding expression 


| 
% 


Fic. 7. Some soluble Ising 
lattices in which a fraction of the 
spins have an arbitrary magnitude 
S: (a) alternate honeycomb, (b) 
alternate diced lattice, (c) deco- 
rated honeycomb. The standard 
(S= 4) spins are indicated by solid 
dots, while the “anomalous” (S$ 
arbitrary) spins are indicated by 
stars. 
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as 





spin § 


Fic. 8. The critical temperatures of the lattices of Fig. 7 as a 
function of S, the magnitude of the “‘anomalous’”’ spins. 


for f) we may derive the exact partition function 
(in zero field) of the lattice shown in Fig. 7(a). This is a 
honeycomb lattice in which spins on alternate sites have 
magnitude } and a magnitude S which is arbitrary. It is 
derived from the standard triangular lattice by trans- 
forming alternate triangles. The same transformation 
applied to all the triangles yields the “‘alternate diced 
lattice” shown in Fig. 7(b). This has ‘‘anomalous” 
spins on all vertices of coordination number 3. Finally, 
from the Kagomé lattice we can derive a honeycomb 
lattice of “anomalous” spins in which all the bonds are 
decorated with standard (S=}) spins. This is shown in 
Fig. 7(c). The fractions of “anomalous” spins on these 
three lattices are: 


N, alternate honeycomb) 


=} ( 

oa 

=? (alternate diced lattice) 
= (c 

eet 


lecorated honeycomb). 


The critical temperatures of the three lattices may be 
calculated as functions of the spin S by solving (27) for 
K and using the known critical values of K’ for the 
triangular and Kagomé lattices. The results are plotted 
in Fig. 8. As the magnitudes of the anomalous spins 
are increased from S=} to S=1, the critical tempera- 
tures fall by 10 to 15%. As S increases further and tends 
to infinity the critical temperatures approach limiting 
values 7,(*) which are about two thirds the values at 
S=}. The quantitative behavior is represented by 


T.(S)=[(2S+1)/2S}1—O(S-)}T(~). (28) 


The partition functions of the three lattices can be 
found readily even if direct bonds are introduced 
between all the standard spins (indicated by solid dots 
in Fig. 7). It is not possible, however, to introduce 
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direct interactions between the anomalous spins or to 
eliminate all the standard spins from the networks. 

It may be remarked at this point that the additive 
term Inf which appears in the expression derived from 
(8) or (22), for the free energy of a decorated lattice, is 
essentially the free energy of a decorated system 
averaged over all-the possible states of the basic lattice 
spins to which it is coupled. Consequently this term 
can give rise to critical behavior only if the individual 
decorating systems exhibit critical behavior. 


7. MAGNETIC SYMMETRIES OF THE BOND 
DECORATION PROCESS 


The star-triangle process cannot be used to transform 
the magnetic properties of lattices (in particular, the 
spontaneous magnetization and the susceptibility) 
unless the star-vertices have zero magnetic moment as 
was the case in the transformation from honeycomb 
to Kagomé described above. The bond (and vertex) 
decoration process, on the other hand, may always be 
used. Furthermore this transformation has certain 
general symmetry properties with respect to the mag- 
netic field which simplify its application and suggest 
new possibilities. These points will now be investigated. 

Consider, for definiteness, a decorating system 
consisting of a finite number of spins s;, of varying 
magnitudes S; and magnetic moments y,;, which 
interact with one another and with the two standard 
spins s4 and Sz at the ends of the decorated bond. The 
partition function of the system will be of the form 


Si 


¥(sa,sn;3H)= > 


si=—S; 


exp ae K 5j5iS; +54 z= Kias; 
i,j ‘ 


Mi 
+se> K;as;+L> “sf (29) 
2 “ 


m 


where the leading summation is over all possible spin 
states of the “internal” spins s;. (u is a merely a standard 
or reference magnetic moment.) Since the s; are dummy 
variables which run symmetrically from — S$; to +S; 
(by integral steps), the function ¥(s4,s5;H) is always 
invariant under the operation of inversion of the internal 
spins: 


$;— —s; (internal spin inversion). 


Now suppose that the magnetic field H acting on the 
decorated lattice is zero. In this case the argument of 
the exponential in (29) is invariant under the combined 
operations of internal spin inversion and external spin 
inversion: 


S4—>—S4 and sg— —Sz (external spin inversion). 


It follows that 


¥(54,58;0)=Y(—s4,—5850), (30) 


and so 


¥++(0)=~—(0) ¥+—(0)=¥_+(0), (31) 


and 
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whence, by the transformation Eqs. (12), 
6L4 (0)=6L,(0)=0 (all Ki; and y ip 


This means that the magnetic parameter L’ for the 
undecorated (transformed) lattice vanishes identically 
at all temperatures; consequently the derivatives 
OL'/dK, 0L'/dK?, etc., also vanish. In other words zero 
(decorated) magnetic field transforms to zero (un- 
decorated) magnetic field. 

When the magnetic field H is not zero, the argument 
of the exponential in (29) is invariant under inversion 
of the internal and external spins combined with 
reversal of the magnetic field: 


Pan Laud 


(32) 


(field reversal). 


Consequently 


¥(—54,—Sp;—H)=W(s4,52;H), (33) 


and so 
¥.,(—H)=y_(H), 
¥i(—H)=~(A), vo 


whence, by the transformation Eqs. (12), (11), and 
(13), 


La ( —H)= —6L4(H), 6La(—H)= —6La(A), 
5 K’'(—H)=K'(H), 


¥—(—H)=¥44(H), 


(34) 
(—H)=¥4-(H), 


and 


f(-H)=/(A). (37) 


Thus L’ is an odd function of H (or L) whose even-order 
derivatives with respect to H (or L) vanish in zero field, 
but K’ and f/ are even functions of H (or L) whose 
odd-order derivatives vanish in zero field. These sym- 
metries considerably simplify the transformation equa- 
tions for the zero-field properties of the lattices. On 
defining the reduced energy per vertex by 


U(K)=—U(K)/NJ, (38) 

the reduced spontaneous magnetization per vertex by 

§(K)=1(K)/Nu, (39) 

and the “‘specific susceptibility” per vertex by 
£(K)=kTx(K)/ Np’, 


the transformation equations between the properties 
of the decorated lattice (denoted by the subscript D) 
per vertex of the basic lattice, and the properties of the 
basic lattice can be written, for zero field (L=L’=0), 


(40) 


‘ai 


U p(K)=——U(K") +2 (41) 
0K 


(42) 


al’ 
Iv(K)=—§(K’), 
al 


4 


#K’ a 
(K’)+4d— Inf. (43) 
2 


Ep(K) recy 
ol? OL 


aL'\? 
( -) ¢(K’)+ 
OL 
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The coefficient d denotes the number of decorated bonds 
meeting at each vertex of the basic lattice. 

For any given decorating system y one can envisage 
a “complementary” system yf in which the signs of the 
magnetic moments of all the internal spins have been 
changed : 


vv as 


The exponential in the formula for the complementary 
partition function ¥f is then invariant under internal 
spin inversion combined with a change of the signs of 
the interactions with the two external spins s4 and sz. 
Thus the complementary system may equally well be 
regarded as derived from the original system by the 
operation 


Kia = — Kya, 


Mi——p,;, all 7 (moment reversal). 


Kis— — Kin, 
all i (external interaction reversal), 


no change being made in the sense of the magnetic 
moments. Now if the sign of the magnetic parameter L 
in the complementary partition function is altered, 
¥1(L) is restored to ¥(L), i.e., 


¥t(H)=4(—4), 
whence, by (35), (36), and (37), 
bLaf=—6bLa, b5Lat=—iLz, 
Kv'=K’, 
ft=/, 


where the identities hold for all H and all 7. Thus the 
complementary system transforms into a bond with the 
same interaction K’ as that derived from the original 
system. The factor / is also identical. The only difference 
between the two cases is the reversal of the signs of the 
increments to the magnetic moments of the two 
external spins A and B. 

The foregoing results suggests a general model of an 
antiferromagnet. Consider a decorated lattice in which 
the spins on the vertices of the basic lattice have zero 
magnetic moment, and suppose, furthermore, that 
alternate bonds have been decorated with an arbitrary 
magnetic system and its complementary system. The 
arrangement is to be such that at each vertex the 
magnetic increments 6/ from the first set of systems 
are balanced by the increments L}=—6L from the 
complementary systems. Consequently, when the 
decorated lattice is transformed, the magnetic pa- 
rameter L’ of the resultant undecorated lattice will 
be identically zero, the identity holding for all values of 
the original magnetic field H and temperature 7. This 
means that the thermodynamic and magnetic proper- 
ties of the decorated lattice in an arbitrary magnetic field 
can be derived from the properties of the original lattice 
in sero magnetic field. 

The spins in a given system of such a decorated 
lattice are coupled to those in the neighboring comple- 


(44) 


(45) 
(46) 
(47) 
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Fic. 9. A model of an antiferro- 
magnet which is soluble in the 
presence of a magnetic field. Non- 
magnetic spins are indicated by 
open circles. The _ interaction 
energy is positive for the vertical 
bonds but negative for the hori- 
zontal bonds. 


mentary systems via a spin of the basic lattice. By the 
definition of a complementary system (in terms of 
reversed external interactions) the resultant interactions 
are negative so that the spins in the complementary 
set of systems tend to align antiparallel to their counter- 
parts in the original set. Thus all such models will be 
antiferromagnetic and will show no_ spontaneous 
magnetization although long-range order will exist 
below a critical temperature. One of the simplest 
models of this type is the decorated square net shown 
in Fig. 9. The spins on the vertices of this square net 
have zero magnetic moment (open circles in the figure). 
The magnitude of the interaction energy is the same for 
all bonds, but is positive for the vertical bonds and 
negative for the horizontal bonds. The energy, specific 
heat, magnetization, and susceptibility as functions of 
the magnetic field and the temperature for this model 
can be derived readily from Onsager’s expressions for 
the energy and specific heat of the simple square net.* 
The model displays some features of considerable 
physical interest but a detailed investigation and 
discussion is to be published separately. 


8. MAGNETIC MOMENT ,TRANSFORMATIONS 


Two Ising lattices with the same topological structure 
and the same interaction energies between their spins 
may differ in that corresponding spins on the two 
lattices have different magnetic moments. The zero- 
field thermodynamic properties of two such lattices will 
coincide but their magnetic properties will differ. In 
this section we study the relationship between the 
spontaneous magnetizations and susceptibilities of 
corresponding models of this type. The argument is 
mainly restricted to “loose-packed”’ lattices such as the 
two-dimensional square and honeycomb lattices, and 
the three-dimensional simple and body-centered cubic 
lattices. Although all the vertices of a loose-packed 
lattice are topologically identical, the lattice may be 
divided into two congruent sublattices A and B, such 
that all the nearest neighbors of an A vertex are B 
vertices and vice-versa. In other words a state of 
complete antiferromagnetic order is possible. It will be 
supposed that the spins of the A sublattice have 
magnetic moment ua while those of the B sublattice 
have a different moment us, which may be positive, 
negative, or zero. 

A simple model of this type is the “semiferro- 
magnetic” honeycomb lattice discussed by Naya,‘ in 
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which alternate spins of a honeycomb lattice have zero 
magnetic moment, i.e., 14 =, us =0. By employing the 
matrix representation of the Ising partition function 
for zero field and performing a perturbation calculation, 
Naya showed that the spontaneous magnetization per 
spin of the semiferromagnetic honeycomb was just 
half that of the normal ferromagnetic honeycomb 
lattice, i.e., 

(48) 


oe 
I semiferro — $7 gerr0. 


Using this result Naya was able to relate the magneti- 
zation of the normal honeycomb lattice to that of the 
triangular lattice. 

In a similar way Syozi and Nakano® discussed a 
“ferrimagnetic square lattice” in which wa differed from 
ue and the interaction energy J was negative. By 
another somewhat lengthy matrix perturbation argu- 
ment they showed that 


Terri =} (ua—bB) Ferro, (49) 


where Jrerro® is the reduced spontaneous magneti- 
zation per spin of the normal ferromagnetic square 
lattice which has been given explicitly by Yang.” 

The two results (48) and (49) are more or less obvious 
on intuitive grounds. They seem to be merely special 
cases of a general theorem which states that the 
spontaneous magnetization of any lattice of similar 
vertices (in two or more dimensions) which has different 
magnetic moments on different vertices, is given by 


TI, =p9, (50) 


(51) 


where the subscript m denotes the lattice with “‘mixed”’ 
magnetic moments yw, (k=1, 2,---,g) occurring in 
proportions y, and were J is the reduced spontaneous 
magnetization of the corresponding standard ferro- 
magnetic Ising lattice. 

In their arguments Syozi and Nakano, and Naya used 
the “physical” definition of spontaneous magnetization 


as the limit 
I= lim J(H), 


H-0+ 


(52) 


where /(#) is the thermodynamic mean magnetization 
in a field H. On the other hand, as shown for example 
in the review article by Newell and Montroll, the 
spontaneous magnetization of a normal Ising lattice is 
related to the “long-range order” by 


[gj P= (7, ‘uy P= (SoS) 


(S080) = lim (SoSh), 


oO 


(53) 


where 


(sos,) being the mean (zero-field) correlation between 


122C, N. Yang, Phys. Rev. 85, 808 (1952). 
13G, F, Newell and E. W. Montroll, Revs. Modern Phys. 25, 
378 (1953). 
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the spins on sites 0 and h. This relation shows that the 
spontaneous magnetization is not really a “magnetic 
property” of the lattice but is essentially a reflection 
of the thermodynamic correlations or order. In the case 
where the magnetic moments are not all equal the 
relation (53) may be generalized to 


[7. P= [?(S0Sc0 uy 


where fi is the mean magnetic moment defined in (51). 
This result confirms the general theorem (50). Naya’s 
formula (48) is recaptured by putting g=2, y:=y2=}, 
Mi=p, and u2=0, while Syozi’s and Nakano’s relation 
(49) corresponds to g=2, yi=y2=3, wi=wa, and 
M2=—pp. The minus sign here takes account of the 
antiferromagnetic interactions (see the discussion below 
and in the previous section). 

We now try to find a theorem similar to (50) for the 
susceptibilities of a standard and “mixed moments” 
lattice. The susceptibility per spin of a standard Ising 
lattice is derived from the partition function 

Z= 2% 


si=+tl 


we 8 w (Zi Z1\? 
ih-——— nao | -(=) ; (56) 
NkT ol? NkT\ Z vA 


where the subscripts L denote differentiation with 
respect to L. The squared term (Z,/Z)? is essentially 
the square of the magnetization. In the limit of zero 
field it must be replaced by the long-range order 
(SoSx). On performing the differentiations and letting 
H and L tend to zero, we obtain 


NRTX=Don Die w?((SnSk)— (S0Sx)), 


which expresses the susceptibility as a sum of all 
possible pair correlations (s,s;,). When the magnetic 
moments vary from spin to spin, the formulas are 
easily generalized and yield 


NRT Xm= Dr Dee mre ((SnSk)— (S0Se)). 


This expresses the susceptibility of a mixed lattice as a 
sum over the same pair correlations as in (57) but with 
the terms weighted by the factors pau. 

For the case (denoted by a subscript /) of a loose- 
packed lattice with moments wa and wz on the two 
congruent sublattices, (58) becomes 


(54) 


(55) 


exp{K > sisjt+ LD s3}, 
im) t 


by 


(57) 


(58) 


NRTX1=3 (ua? tus’)Z44t+64652 48, (59) 


where the sum L,4, is over all the correlation functions 
for which both spins are on the same sublattice, while 
Yaz consists of all those terms for which the two spins 
are on different sublattices. Now for the standard 
ferromagnetic lattice with interaction parameter K we 
have wa=us=u and so tie ‘otal specific susceptibility 
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may be written 
&(K)= (NRT /p?)x(K)=ZaatZae. 


On the other hand, the corresponding antiferromagnetic 
lattice with interaction parameter —K is quite 
equivalent to the mixed lattice with 44=u4=—ys and 
interaction parameter +K. This equivalence follows 
from the invariance of the partition function (55) under 
change of sign of any of the dummy variables s;. A 
reversal of the magnetic moments on one sublattice 
and a change in the sign of the interaction thus leaves 
the partition function unaltered since the changes can 
be exactly compensated by altering the signs of all the 
s; on the one sublattice. By (59) the total specific 
susceptibility of the standard antiferromagnetic lattice 
is thus 

Eanti(K) =&(—K) = (NRT /p?)x(—K) 


= F >> 
— ai AA at AB: 


(60) 


(61) 


Solving this equation with (60) for 244 and Y4z% and 
substituting in (59) shows that the susceptibility of a 
general “‘loose-packed mixed” lattice is related to the 
susceptibility of the corresponding standard lattice by 

xXi= 3 (ua? t+uB*)x4 +H amBx-, (62) 
where 

x+= (1/2u?)[x(K)+x(—K)], 
and (63) 


x= (1/2yu?)[x(K)—x(—K) ]. 


In the particular case of a semiferromagnetic lattice, for 

which one sublattice has no magnetic moments, (62) 
reduces to 

xs=}u'x4=4Lx(K)+x(—K)]. (64) 

These results may be seen in another way by writing 

the partition function in terms of the counting variable 


v=tanhK. (65) 
In zero magnetic field 


Z=(coshK)!%¢ ¥ JJ (1+:5,s,) 


simtl ij 


=(coshK)!%9 }° n(r)v’, 


r=0 


(66) 


where n(r) is the number of closed graphs of r bonds 
that can be formed on the lattice [7(0)=1]. No bond 
must be used more than once and the graphs must have 
no “odd vertices,” i.e., an even number of bonds must 
meet at each point. For a loose-packed lattice it follows 
that the total number of bonds in any closed graph is 
even so that (66) is an expansion in even powers of v 
only. The first derivative Z, has no expansion in 
since the zero-field magnetization vanishes identically 
at high temperatures and 2 is a “high-temperature 
variable” which tends to» zew as T becomes infinite. 
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For the second derivative we have 


Zit=(coshK)!#¥2 SS YY sase TI (1+5;5,2) 


siz=tl A k ij 


= (coshK)!%¢ = g(r)v’, (67) 
r= 


where g(r) is the number of graphs of r bonds which 
have two odd vertices. (The degenerate cases in which 
these odd vertices coincide, and cancel one another, 
must be included.) For a loose-packed lattice all those 
graphs in which the two odd vertices (corresponding 
to s, and s;) are on the same sublattice will have an 
even number of bonds. Conversely in all graphs with 
an odd number of bonds the two odd vertices will be on 
different sublattices. Thus the even powers of » in the 
expansion (67) correspond to ‘‘AA” correlations whilst 
the odd powers correspond to “AB” correlations. Since 
the expansion of Z has only even powers, the same 
decomposition holds for Zr1/Z=NkTx/u?. Conse- 
quently, if the susceptibility of a standard lattice is 
expanded in powers of 2, 


NkT x 
—x= 5 x(r)v", 


Ke r=0 


(68) 


and compared with (60), we see at once that the even 
powers correspond to 244 and the odd powers to Z4z. 
The general theorem (62) may thus be written 


1 ~ 
X1=——{3 (ua? +m’) DL x(20)0** 
NkT 


t=0 


a) 


+paus >. x(2t+1)e?}, 


t=0 


(69) 


which shows explicitly that if m terms of the standard 
susceptibility expansion (68) are known, say by 
counting configurations, then the same number of terms 
in the expansion of x; for a mixed lattice can be written 
down at once. In particular the series for the corre- 
sponding semiferromagnetic lattice consists of just the 
even terms of the standard expansion. It is worth 
noting that the theorem holds for three-dimensional 
lattices and finite clusters as well as for the usual plane 
lattices. 


9. SUSCEPTIBILITIES OF THE HONEYCOMB 
AND TRIANGULAR LATTICES 


The susceptibilities of the honeycomb and triangular 
lattices will now be related with the aid of the results 
of the previous section. We follow the method used 
by Naya‘ in deducing the spontaneous magnetization 
of the honeycomb from that of the triangular lattice. 
Firstly we notice that the star-triangle transformation 
may be used to connect the triangular lattice (subscript 
T) in the presence of a magnetic field with the semi- 
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ferromagnetic honeycomb lattice (SH) in the presence 
of a field. (The transformation is applied only to the 
nonmagnetic honeycomb vertices.) Thus 


Zsn(K,L)=2'* (cosh3K cosh’K)*/8Z7(K',L), (70a) 
where 


eX’ 4+-1=2 cosh2K, (70b) 


and where the honeycomb lattice has V spins and the 
triangular 3.V spins. This leads to 


xsu(K)=3xr(K’), (71) 
where xsu#(K) and x7r(K’) are the zero-field suscepti- 
bilities per spin of the semiferromagnetic honeycomb 
and triangular lattices, respectively. We now use the 
theorems of the previous section to relate xs to the 
susceptibility x# of the standard ferromagnetic honey- 
comb lattice (1). Since only series expansions for the 
susceptibilities are available at present, it is convenient 
to express the final results in terms of the two counting 
variables . 
v=tanhK and w=tanhK’. (72) 
We find that the susceptibility of the triangular lattice 
is given in terms of the honeycomb susceptibility by 


, . 2 - 
xr(w) =3[xH(2)+xu(—2)]= ner ps XH (2t)0"!, (73) 


t=0 


NkT 


where, in virtue of (70b), 
v=w(1+w)/(1+w’*) 


ere (74) 
Pe pe, 


+Sie"—127'*+4----. (75) 
Evidently the first 2m terms of the honeycomb expan- 
sion, or the first m even terms, are needed to calculate 
the first m terms (odd and even) of the triangular 
series. The relation between the susceptibilities of the 
two lattices is not symmetric since from the triangular 
expansion it is only possible to calculate half the terms 
in the honeycomb series. In contrast, from the first 
terms of the susceptibility series for the Kagomé 
lattice one can calculate the first 7 terms (odd and even) 
of the honeycomb expansion and vice-versa. 

As explained in the Introduction, the relation (73) 
is very useful in the actual calculation of the suscepti- 
bility series for the triangular lattice. The counting 
problems on the honeycomb are much easier than on the 
triangular lattice and twenty-four terms of the expan- 
sion for xw have been obtained. In this way the first 
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twelve terms of the triangular susceptibility series have 
been derived." 

High-temperature expansions for the triangular 
lattice with antiferromagnetic interactions (w<0) only 
converge for temperatures above the critical tempera- 
ture of the corresponding ferromagnetic lattice even 
though the energy, susceptibility, etc. of the antiferro- 
magnetic lattice are analytic at all temperatures. The 
high-temperature series will not, therefore, yield 
numerical values for the susceptibility of the anti- 
ferromagnetic triangular lattice at low temperatures. 
Now, through the transformations (74) and (75), the 
antiferromagnetic triangular lattice corresponds to the 
honeycomb lattice with an imaginary energy parameter 
(negative v?). The corresponding honeycomb series, 
however, converges for the whole temperature range of 
the antiferromagnetic triangular lattice since for 
—1<w<0O the modulus of 2 is always less than driticat. 
Consequently it is possible to obtain numerical values 
of the susceptibility of the antiferromagnetic triangular 
lattice at temperatures below the ferromagnetic Curie 
point, by summing the terms of the corresponding 
honeycomb expansion and using the theorem (73) 
directly. This result is especially valuable since, owing 
to the high degeneracy of the ground state of the anti- 
ferromagnetic triangular lattice, it is not possible to 
obtain low-temperature expansions for this lattice. 

If the susceptibility of the honeycomb (or series for 
it) were known as a function of the three interaction 
parameters A,, Ke, and K3, corresponding to the three 
lattice directions, then the use of the asymmetric 
star-triangle transformation would yield the triangular 
susceptibility (or series for it) as a function of the three 
parameters K,’, K2’, and K;’. In this case the suscepti- 
bility of the square net may also be obtained by setting 
K;'=0 or by letting Ks; become infinite. The asym- 
metric honeycomb lattice thus occupies a central 
position in that all the zero-field properties of the square, 
triangular, and Kagomé lattices can be derived from 
it by direct transformation. 

The arguments used above may, of course, be applied 
to finite clusters. Thus the susceptibility of the tetra- 
hedron can be derived from the even part of the suscepti- 
bility of the cube by a transformation similar to (73), 
(74), and (75). 


10. TRANSFORMATION OF SPIN CORRELATION 
FUNCTIONS 


The odd terms in the susceptibility series for the 
honeycomb (or other loose-packed lattice) correspond 
to spin pair correlations (s,s;) of type “AB” in which 
the two spins concerned are on different sublattices. 
The star-triangle transformation to the triangular 
lattice necessarily removes one of these spins and this is 
essentially the reason why the odd terms in xy cannot 


14 These terms and the details of the calculation are to be 
published by M. F. Sykes. 
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be derived from the triangular susceptibility expansion. 
In this section, however, we show that it is always 
possible to express an “AB” correlation in terms of 
“AA” correlations only. In this way the complete 
expression for the honeycomb susceptibility can be 
derived from the properties of the triangular lattice. 
It transpires that higher-order correlation functions of 
the triangular lattice, such as (5)525354)7, are involved 
so that although the relationship is of theoretical 
interest it is not actually very useful for practical 
calculations. 

The theorem to be demonstrated shows that a 
correlation function involving a spin so can be expressed 
as a linear combination of correlation functions in- 
volving the g spins, 51, 52, +: S,, which are nearest 
neighbors to so. The mean value of the correlation 
product between spins So, Sy, Si, *** Sm ON a net with 
general interactions K ;; is 


(SoSgSh* * *Sm) 


= DLO sosgsn---Smexp{ >> Kijsis;}/Z, (76) 
ij 


sj=t+l 


where Z is the partition function for the net. Consider 
the summation over ss=+1 in the numerator of (76), 
Lo(s1,52,° + *Sq) 


= DY so exp(K15081+Kososet+: ++ +K505q), 


soil 


(77) 


which we may try to represent in the form 
Zo(S1,52,° * *Sq) 


(3 


, $) (3) 


={ ¥ aps, + YE BysaysbySee+ Yo YuSaus**Seutes* 
r=l t=1 


u=1 


a i exp(K 5051+ K 25052+ s2* + K 45054), (78) 


sg= itl 


where the g coefficients a,, the (3) coefficients 6;, the 
($) coefficients y,, etc., are functions only of the g 
interaction parameters K,, Ke, ---, K, between the spin 
so and its nearest neighbors 5), S2, «++, Sg. In the products 
SapSb Sct, SaySbyScySdySey, EtC., NO Spin may appear more 
than once so that the longest product has g or g—1 
factors, according as g is odd or even, and altogether 
there are 

(D+B)+()+---=207 (79) 
distinct products with corresponding coefficients a,, B:, 
Yu, etc. Now there are 2¢ distinct joint spin states of the 
nearest-neighbor spins and the identity of (77) and (78) 
must be enforced for all these states. The right-hand 
sides of (77) and (78) both change sign when the signs 
of all the spins 5), S52, «++ S, are altered. Consequently 
we obtain only }2“=2*" independent equations be- 
tween (77) and (78) which exactly determine the set of 
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coefficients a,, Bi, Yu so ensuring that (78) is a 
faithful representation of (77). On inserting this 
transformation into (76), we get 


q 
(SoSgSh° = Sm) = : w Ar(SpSgSh° ° 


r=1 


(8) 
+ DY BlSapsbpSeiSgSh***Sm)t++++, (80) 
t=I 


which expresses the correlation with so as a sum of 
correlation functions involving the nearest-neighbor 
spins 5), S2, *** Sg in place of so. If the coordination 
number g is greater than 2 the right-hand side of (80) 
will include correlation functions of higher order than 
the original correlation (sos y5;° + +S5m). 

In the case g=3, which is relevant to the honeycomb 
lattice, the explicit expression for the pair correlation is 


(505g) = a1 (515g) +-ar2(S25q)t+-a13(535y) +B(5152535,), (81) 


where 


B=4[tanh(K,+K2+K;3)+tanh(K,— K2—K;3) 
+tanh(K.—K;—K,)+tanh(K;— K,— K2) |, (82a) 


and 


a)= (tanh (K,+ K.+K3)+tanh(K,— K.—K;3) 


= tanh (Ko- K3- K, )—- tanh (K3- K, cs K2) |, (82b) 


and a2 and a; are derived by cyclic interchange of K,, 
Ko, and K3. If so is a spin decorating a single bond, then 
qg=2, and the formulas reduce to 


(sosy)=4[tanh(K,+K.)+tanh(K1— Kz) ](sis,) 


+3[tanh(K,+K,)—tanh(K,— Kz) ](ses,), (83) 


which involves only pair correlations. 

The theorem (81) may now be used to change the 
‘4 B” correlations on the honeycomb lattice into “AA” 
correlations (the neighbors of a B-spin are all A-spins) 
and by the star-triangle transformation these can then 
be expressed as functions on the triangular lattice. In 
terms of the variables » and w, defined in (72), (74), 
and (75), we find that the complete susceptibility 
expression for the honeycomb can be written 


30(1-+22) wee 
Xa(v)= 1 ber 
1+3v* 


w)-— ——y(w), 
where 


(84) 
kT 1430 


O7(w) = .e (81825389) 
g 


(85) 


=[Zr(w) PE tw" 


and where é(r) is the number of r-bond graphs on the 
triangular lattice with four odd vertices three of which 
occur at the vertices of a fixed triangle (s,s253). The 
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function 6 has no direct physical significance, although 
it should resemble somewhat the specific heat C and the 
temperature gradient of the susceptibility dx/d7, since 
both these functions have expansions in terms of 
restricted configurations with four odd vertices. The 
leading term in the expansion of #7 is w=v?+ --- so that 
the first two odd terms in x,(v) are, in fact, derivable 
from the triangular susceptibility alone. 

It is obvious from the foregoing work that expressions 
similar to (84) will hold between the individual corre- 
lation functions of the triangular and honeycomb 
lattices. The triangular pair correlations will yield the 
honeycomb “AA” pair correlations, but the ‘AB” 
correlations will require the fourth-order correlation 
function (s)59535,)r. A similar distinction will arise in the 
relations for the higher order honeycomb correlation 
functions. 


11. CONCLUSIONS AND SUMMARY 


We have shown how the decoration and star-triangle 
transformations may be generalized so as to apply to an 
arbitrary mechanical system coupled to two or three 
spins of a basic Ising net. In this way exact solutions are 
made available for many further plane Ising lattices, 
some of which have been illustrated. The transfor- 
mations also ease the task of evaluating the thermo- 
dynamic and magnetic properties of some more 
complicated finite spin clusters. With the generalized 
transformations it becomes possible to introduce spins 
of arbitrary magnitude onto an Ising net. The critical 
points of three such lattices in which standard (S=} 
and “anomalous” (S arbitrary) spins alternate have 
been evaluated as a function of S. For a fixed maximum 
interaction energy between spins, 7, falls and 
approaches a limiting value as S increases. 
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The symmetries of the decoration process with 
respect to the magnetic field have been investigated. 
The results simplify the application of the trans- 
formations and lead to the discovery of a general class 
of antiferromagnetic Ising models in which “comple- 
mentary” spin systems interact with one another via 
nonmagnetic spins. All the thermodynamic and mag- 
netic properties of these models can be evaluated 
exactly even in the presence of a magnetic field. 
(Detailed discussion of such models is postponed for a 
further publication.) 

The work of Naya and of Syozi and Nakano on the 
spontaneous magnetizations of the semiferromagnetic 
honeycomb and the ferrimagnetic square net has been 
generalized for arbitrary lattices of mixed magnetic 
moments. Similar relations have been obtained for the 
susceptibilities of loose-packed lattices with different 
magnetic moments on the two sublattices. From these 
results a transformation connecting the susceptibilities 
of the triangular and honeycomb lattices has been 
derived. This is very useful in the numerical calculation 
of the triangular susceptibility series, since this can be 
deduced from that of the honeycomb which is much 
easier to evaluate. Finally it has been shown how a 
correlation function involving a particular spin can 
be expressed as a linear combination of correlation 
functions involving only the nearest neighbors of the 
given spin. This enables the individual correlation 
functions of the honeycomb and triangular lattices to 
be related to one another. 
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A theory of the thermal conductivity of superconductors is presented, based on the theory of supercon- 
ductivity due to Bardeen, Cooper, and Schrieffer. The excited states of the system are treated as quasi- 
particles, allowing a Boltzmann equation to be set up. The electronic contribution to the thermal conductiv- 
ity when the dominant scatterers are impurities has been calculated exactly. The result is very close to that 
of the Heisenberg-Koppe theory which is in fair agreement with experiment. The variational principle of 
Wilson has been used to find the electronic conductivity when the dominant scatterers are lattice waves. 
It is concluded that the theory fails to predict the sharp drop in the ratio xee/ken as the temperature is 
lowered below 7,, a feature which is characteristic of the experimental results. The effect of the electrons 
on the lattice conductivity has also been calculated. The theoretical values may be too large. 


1. INTRODUCTION 


N recent years many experiments have been per- 

formed’ to determine accurately the thermal con- 
ductivity of superconductors and so to provide insight 
into the mechanism of superconductivity. In many cases 
interpretation of the experimental results is complicated 
because both the electrons and the lattice contribute to 
the thermal conductivity and because both contribu- 
tions can be limited by several scattering mechanisms. 
A full discussion of these points and further references 
are given in the review articles of Olsen and Rosenberg,!” 
Klemens,!! and Serin.' In some cases one can be certain 
that there is only one contribution to the thermal 
conductivity and that one scattering mechanism is 
dominant. From these cases a number of results have 
been established for which a theoretical explanation is 
desired. 

In the first place, except for the most impure speci- 
mens, the main contribution to the thermal conduc- 
tivity (near the critical temperature, 7.) comes from 
the electrons. As the temperature is lowered, the elec- 
tronic contribution decreases while the lattice contri- 
bution increases, until at about 0.27. to 0.37. the 

* This work was supported in part by the Office of Ordnance 
Research, U. S. Army, and by the Office of Naval Research. 
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lattice contribution is dominant. These features are in 
qualitative agreement with the two-fluid model in which 
it is assumed that only the normal electrons carry heat 
or scatter phonons and that the number of these elec- 
trons decreases from the number in the normal state at 
T. to zero at the absolute zero of temperature. Accord- 
ingly one expects the electronic conductivity to decrease 
as the temperature is lowered while, as long as the 
lattice waves are scattered mainly by electrons, the 
lattice conductivity will increase. The exact tem- 
perature dependence of the thermal conductivity 
depends on the details of the theory and should be a 
good test of the theory. 

Another outstanding feature of the experimental 
results is the different behavior of the electronic con- 
ductivity according to whether the dominant scatterers 
are impurities or phonons. The ratio of the thermal 
conductivity in the superconducting state to that in 
the normal state plotted against (7/T.) has a zero 
slope at 7, if the scattering is predominantly by the 
impurities, but it has a large slope, of order 5, if the 
scattering is predominantly by phonons. This important 
difference has long been a puzzle and is not explained 
by the present theory. 

Previous theories of thermal conduction in super- 
conductors have been based on the two-fluid model, the 
most complete being that of Heisenberg and the later 
modification by Koppe." Although these theories were 
based on a microscopic theory now known to be incor- 
rect, the applications to specific heats and thermal 
conduction do not depend on the details of the theories 
and they may be regarded as particular types of phe- 
nomenological two-fluid models. The version of Koppe 
may be interpreted as giving an energy gap with an 
exponential variation of specific heat at low tempera- 
tures, not far from that observed. When applied to 
thermal conduction limited by impurity scattering, the 
theory gives a reasonably good fit to experimental data 
but fails to account for the large drop in «x, near T, 
observed for phonon scattering. As we shall see, our 


‘5H. Koppe, Ergeb. exakt. Naturw. 23, 283 (1950). 
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results for impurity scattering, although based on quite 
different concepts, are close to those of the Heisenberg- 
Koppe theory. 

According to the theory of superconductivity pre- 
sented by Bardeen, Cooper, and Schrieffer, a state 
with energy lower than that of the normal state can be 
formed by taking a linear combination of normal-state 
configurations in which states of electrons of equal but 
opposite momentum and spin (kt, —kJ) are both either 
occupied or unoccupied. This state is identified with the 
superconducting ground state. Excited states are formed 
when only one state of a pair is occupied in all con- 
figurations or when pair excitations are formed so as 
to be orthogonal to the ground state. Valatin!® and 
Bogolyubov'® have shown independently that the two 
kinds of excitations can be handled in the same way 
and that they behave like quasi-particles which obey 
the Fermi-Dirac statistics. At the low temperatures at 
which the phenomenon of superconductivity is found, 
the system is not highly excited so that it is reasonable 
to treat the excitations as independent. The mean free 
path for scattering of one quasiparticle by another is 
large. The fact that the excitations behave like a set of 
independent quasi-particles simplifies the treatment 
for one can set up a Boltzmann equation for the trans- 
port problem and borrow many of the results of single- 
particle theories. It is evident that these quasi-particles 
correspond to the normal electrons of the two-fluid 
theory. The energy gap accounts for the exponential 
decay of the excitations with decreasing temperature. 
Thus the microscopic theory certainly accounts for 
those qualitative features which were adequately 
described by the two-fluid model. 

The theory of BCS is based on a simplified model. 
Comparison with experiment is based on the law of 
corresponding states for superconductors. This law 
implies that the ratio of the thermal conductivity in 
the superconducting state to that in the normal state 
should be a universal function of (7/T.) for the elec- 
tronic contribution and the lattice contribution sepa- 
rately when one scattering mechanism predominates. 
Experimental results indicate that such universal 
functions exist* only as a rough approximation and 
that there are marked deviations for particular metals. 
(For instance the ratio for tin is not even isotropic.) It 
is only in this sense that one can expect agreement 
between the present idealized theory and experiment. 

Section 2 is devoted to the properties of the quasi- 
particle excitations of the system and _ succeeding 
sections are devoted to the calculation of the electronic 
conductivity when impurity scattering or lattice scat- 
tering predominates and of the lattice conductivity when 
electronic scattering predominates. In Sec. 6 we return to 
a discussion of the results and a comparison of theory 
with experiment. 
asi Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 

57). 
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In accordance with the established notation x denotes 
the thermal conductivity, subscripts e and g denote 
electronic and lattice contributions, respectively, and 
subscripts and s indicate whether we are referring to 
the normal or superconducting state of the metal. 


2. GROUP VELOCITY OF EXCITATIONS 


In order to calculate the heat carried by the excita- 
tations of the superconducting system it is necessary 
to know the group velocity of the excitations. The 
ground state of the system is given by the wave function 
WV,» which is that component of the wave function ¥,, 
which contains exactly V electrons, the number of 
electrons present. 


(2.1) 


v= {TIL oe hy) +hy'by* |} Po, 
k 


where ®p is the vacuum state. The operators 5, are 
defined by 


by =CutC_xd, 


where the C’s are destruction operators for electrons. 
The definition of hy is 


hy=3(1— ex Ex), (2.2) 
where ex is the energy of the electron with wave-vector 
k in the normal metal, 


Ex= + (e+ e0°)!, (2.3) 
and 2e is the energy gap for the formation of excita- 
tions. In the future we shall ignore the subscripts V. 
The notation is that of BCS. States in which two par- 
ticles are excited in states (k,f) and (—I,J) are given 
by the wave functions 


Vi i={ II [ (1A) Ad de * JHC “Tig "“t Wo. 


k’ +k,1 


(2.4) 


The energy of this state measured from the energy of 
the ground state is 


W [== Fit Fi. 


A wave-packet Y,o,1 can be formed from these states by 
taking a sum of these excited states with k~kpo, i.e., 


Xko.1= Dx a(k)Vy, 1: exp(—iWy, t/h) 
where a(k) is zero unless k~ky. The particle density in 
this state is 


p(t) = zz (X xo1,C po *C poX koe’ p-p’) <r 


P.P’.o 


=> > a(k)ja*(k’) 


k,k’ p,p’,o 
Xexp{z( p= p’) 2 r+zi( W x, Wx, it h} 
XW C pro*C poV x, 1). 
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Using the table of matrix elements of BCS, we find 


p(r)=2>0 Apt (1—2m) +d a(k)a*(k’) 
Xexp{i(k—k’) P r+i(Ey —E,)t h} 
[ (1—Ay)? A — hye)! — Athy]. 


If the wave function Xyo,; is normalized to unity, then 


> .{a(k) P=1, 


and 


p(r)=2 > hy t+ (1—2h)+(1—2huo) © a*(k’)a(k) 
k 


k,k’ 
Xexp{i(k—k’) -(r- VioEkot/h}}. 


The first two terms represent uniform distributions of 
particles while the last represents a particle localized 
near r= VoEkol/h. Therefore, the localized excitation 
moves with group velocity VoEko/h. 

The average particle density present is 


2D Aut (1—2heo)+ (1-2), 


which is different from the particle density NV in the 
ground state. This is because, in choosing the excitations 
W,.1 as wave functions of the excited states, the fact 
that the number of electrons is fixed has been ignored. 
If we were to take this condition into account exactly, 
we should have to add to the functions 4, quantities 
of order N. Then, ipso facto, the average particle 
density would be N while the group velocity would be 
altered by an amount of order N~ which could be 
ignored. 

The amount of charge localized in the packet is only 
(1—2h)e; the remainder is spread throughout the metal. 
This can be interpreted as follows. A transfer of the 
excitation from one region to another can take place by 
an electron transfer in state (kf) with probability 
(1—h,) or by a transfer of (—kJ) in the opposite direc- 
tion with probability Ay. The net charge transfer is 
(1—2h)e corresponding to transfer of the excess in the 
excitation, (1—2h)e, from one region to the other. 

Valatin’® and Bogolyubov'® have shown independ- 
ently that all the single-particle and pair excited states 
can be obtained from the ground state by operating on 
it with new operators xo", Yi* which obey the Fermi- 
Dirac commutation relations. These new operators are 
defined by the equations 


Vn0= (1—Iy)®Cut—MxtC_xy*, 
Yur = (1— My) *C_axy thd Cus*. 
The state V,,1 is given by 
Vx, 1= Ko v1 Wy. 


The state in which the excited pair of momentum k is 
present is given by Yxo*Yui*W,. Thus, in this formalism 
there is no need to differentiate between the single- 
particle and pair excitations; for this reason the for- 
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malism is extremely useful. It is necessary to note that 
the operator yxi* creates a particle in (—ky) so that 
the group velocity of the excitation is (—VxE/h). 

The analogy with the normal metal is most clearly 
brought out if one uses the terminology of electrons and 
holes for that case. In the limit that ¢9—> 0, hy ap- 
proaches 0 above the Fermi surface and 1 below the 
Fermi surface. Therefore, yxo* creates an electron in 
(kt) above the Fermi surface and creates a hole in 
(—kJ) below the Fermi surface while yx:* creates an 
electron in (—kJ) above the Fermi surface and a hole 
in (kt) below the Fermi surface. 


3. ELASTIC SCATTERING 


Let us suppose that the electrons are scattered elas- 
tically by a potential V(r). In terms of the creation and 
annihilation operators for electrons, the Hamiltonian 
contains the scattering term 


H.= DL v(k—Kk’)Cve*Cuo, 


k,k’,o 


(3.1) 


where 


(3.2) 


o(k-k) =0- feo tV (r)d'r. 


In terms of the operators for the creation of the quasi- 
particle excitations, we have 


H,= > v(k—k’){(1—/)'(1—F’) '§— hth] 


k, k’ 
X (veo vob Var vey +L 1 —h’)§ +h (1—h)*) 
K (yo Var + KV x0) +2 dx, x}, (3.3) 


where h denotes /, and h’ denotes hy. We can now find 
the relaxation time of the electrons by a method similar 
to that used for normal metals. If the probabilities that 
the excited states k0, k1 are occupied are fxo, fxi, then 
the probability that an excitation of type ‘‘0”’ is scat- 
tered from k to k’ is 


(2x/h) | v(k’—k) |*2 (1-2)! (1—hh’)}— AP 
xX f’'(1—f)6(E’— EB). 


Hence, taking into account the possibility that the 
excitation can be scattered into k, we have 


O fo 2r 
=] =— > |o(k—k’) |*[(1—4)4(1—h')3 
Ot Seo h 


— (hh’)* Pf’ (A— fy -—fa—f) J6(E’—E). (3.4) 
(Since the collisions are elastic no pairs of excitations 
can be created.) If the departure from equilibrium is 
given by 
Ofxo” 
feo= fr°—kC(E)—, 
dE 


where f,° is the equilibrium value of fio, namely 





THERMAL 


[e#*T41}4" and z 
then 


of N(0) 
| - = f aeaay|o( k—k’)|? 
ot coll 2h 


is the direction of the disturbance, 


af’ 
“ aic(e)— aE E’), 
aE! 


where NV (0) is the density of states at the Fermi surface. 
Hence 


- NO) | a Ele 
Ot Soot 


i 4 


2h |B 


Re. ke 
, ed ae 
& RB 7 kabul 


where ky is the wave-vector at the Fermi surface. 
Therefore 


) |e | fo fi’ 
coll 


al ‘el 6%; 

where 7, is the relaxation time in the normal state. 
Therefore, there exists a relaxation time, 7,, in the 
superconducting state given by 


r= |E/e| tn. (3.5) 


In the same way we find that the distribution of the 
“1” excitations relaxes with the same relaxation time 7,. 
It follows from this result and the formula obtained in 
Sec. 2 for the group velocity that the mean free path 
of the excitations is the same in the normal state as in 
the superconducting state. 

Now let us consider the heat flow by transfer of 
excitations from one region to another in a supercon- 
ductor in the presence of a temperature gradient 
parallel to the z axis. Along some xy plane in the metal 
the excitations are in equilibrium at a temperature T. 
The number of excitations per unit volume at the plane 
with energy between £ and E+dE is 


[2 f(E)2N (0) (de/dE)dE ]r. 


The speed of these excitation is v= |¢€/E|v, where v 
is the velocity of electrons at the Fermi surface in the 
normal metal. Therefore the energy flow to the right 
away from the plane is 


dé cos6 «€ 
W =f inf” sint——— E—v92 f(E)2N (0)— =|. 
E € IT 


On the average the electrons which flow to the plane 
have come a distance /. Those that flow at an angle @ 
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to the z axis have come from a region that was at the 
temperature (T+AT) where 


oT 
AT=l1 cosd—. 


02 


Hence the flow of energy from the right to the plane is 


bad m [2 
Wi= f dE f sind dé cosé 2N (0)v0E i) j 
€0 0 T+4T 


and the thermal conductivity is 
W r—W Lb _ 2N( (0) v0 
Kes= f EdE f 
oT / al aT /as «0 
af 
Xdp mu a1|—| 
OT JE const 


2N ( (0) vol of 
marie f dE BP. 
6 «0 OE 


The thermal conductivity of the normal metal is given 
by the same expression but with e97=0. Therefore 


Kes fe 
6 -[ elf E ae 
Ken €0 


— In( i+e hed (1+e") 
——, (3.6) 
(0 





where 
y= €0 ee 


@ "dz 
I (-9)=f —, 
o 1+e 


The function F,(—¥y) has been tabulated by Rhodes. 


and 


17 


4. THERMAL SCATTERING 


The interaction between the electrons and the 
phonons gives rise to the term in the Hamiltonian'?:'* 


Hr= YX (VaCurqe*Cu,cdqg* +Vq*Cure*Cutqcdq), (4.1) 


k,q,¢ 


where },* is the operator which creates a phonon of 
wave-vector q and energy hy, and V, is a ¢ number 
which is proportional to qg. Part of this interaction has 
been used already in forming the superconducting 
ground state. However, the parts of H; that can lead 
to real transitions remain. (See Frohlich'* and Bardeen 
and Pines’ for a discussion of this point.) We shall 
suppose that we are dealing only with this remainder 
17 P, Rhodes, Proc. Roy. Soc. (London) A204, 396 (1950). 


18H, Frohlich, Proc. Roy. Soc. (London) A215, 191 (1952). 
19 J, Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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of H;. In terms of the operators yo, yi, we have 


Hr= X& Vqbq*{L(1—h)§(1—h’)!— (hh’)*} 
k,k’ 


4 
K (yuo Veob Ver ve) + LA (1—A’)§+h(1—h)*) 


X (ve0Vur* +7 «/1¥K0)}-+ comp. conj. (4.2) 


We can now obtain a Boltzmann equation in the usual 
way by equating the total rate of change of the dis- 
tribution function to zero. 

The rate of change of the distribution functions due 
to collisions is calculated in the following way. The 
probability that an excitation is scattered from (k,0) 
to (k’,0) with the absorption of a phonon of momentum 
q is 


2r 1 ec — €° 
Qoa(k,k’,q) = Vgi*X (1+ )y 
h 2 EE' 


x6 (E’— E—hyv,4)6(k’ —k—q) fxo(1— fro) 
— Poa ( kk’ ,q) fxcol 1 — fro), 


where .V, is the number of phonons of momentum q 
present. Similarly the probability that an excitation is 
scattered from (k,0) to (k’,0) with the emission of a 
phonon of momentum q is 


2r 1 ee — €" 
Qoe(k,k’,q) =—| V,\?X (1+ )overn 


h 2 EE’ 


x 6( E'-— E+hyv,)5( k’+q-— k) fxol 1 — fro) 
— Poel kk’ ,¢) fro! 1 = fro). 


Therefore the total probability that the excitation is 
scattered from (k,0) to (k’,0) is 


ar 1 ec — €" 
vx (14 )o(e—B- in, 


Vol k,k’) = 
h yO 


+6(E’—E+hv_q)(N +1))] fuo(1— fro) 
q=k’—k 


= Po(k,k’) fol 1 — fro). 


The probabilities for the scattering of an excitation of 
type “1” are given by similar formulas. There is also 
the possibility that two excitations are created or 
destroyed, the analog of the creation or destruction of 
electron-hole pairs in a normal metal. For instance, the 
probability that the excitation (k,0) and (k’,1) are 
created with the absorption of a phonon of momentum 
q is 
Qn ce’ — €° 
QOca(k,k’,q) =- fi, sacra 
h EE’ 
X6(E’+ E—hyvq)Nq(1— fico) (1— fers) 


= Poa(k,k’,q) (1— fo) (1— fi’). 


)otk—W =a) 
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The total probability that the excitations (k,0) and 


(k’,1) are created is 


O-(k,k’) = 4 [Oca(k,k’,q) + Qce(k,k’,q) ] 


Qn 1 ec’ — €0” 
ino 
h 2 EE' 


x [6(E’+ E—hv_q)N_q+5(E’+E+hv,) 


(1— fo) (1— fr’) 


q=k’—k 


Xx (Wet1))] 


= P.(k,k’)(1— fo)(1— fy’). 


Similarly, the total probability that the excitations 
(k,0) and (k’,1) are destroyed is 


2r 1 ec’ — €" 
Out) ={ Vek (.—* : )(e+ Bing) 
h 2 EE’ 


aha 


fof 


q=k’—k 


(Ng +1)+5(E’+ Eth )Nel} 
— Pal kk’) fof’. 


Summing over all possible processes, we obtain for 
the rates of change of the distribution functions fo, fi, 
due to collisions 


Of, 0] 
=X [—Qo(kk’) +Qo(k’k) +0.(k,k’) 


ot . coll k 
—Qa(k,k’)], (4.3) 


O fx) 
a => [—01(k,k’) +0, (k’,k) +0.(k’k) 
OF jun *’ 
—Qa(k’,k)]. 





(4.4) 


In the usual way, we write for the distribution functions 


af, 
fro= fio— Xxo—, 
mn 


(4.5) 


afe’ 
Sur=fio—Xur =* 
Uk 


(4.6) 


where /;° is the equilibrium value of the distribution 
functions and the second terms describe the small 
departures from equilibrium. We shall assume that we 
can neglect the departure from equilibrium of the 
phonons. One can verify easily that 

Po(k’,k) f° 1— fi.) = Po( kk’) fi 1— fie), (4.7) 
P.(k,k’) (1— fi) (1— fr) = Paik’) fi fe’, (4.8) 


when N, is the equilibrium number of phonons of 
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momentum q. It follows that 


al 1 fe (k k’) f, o(4 f 0) 
at s AT o\ A, k : k 
X (Xio— Xero) dh’ 


1 
ERT J P.(k,k’) (1— fx) (1— fu") 
kT 


x (XpoX qr) d2k’. (4.9) 


Now the function fy; gives the distribution of particles 
of momentum —k. Therefore, in the presence of a 
temperature gradient, (fii—/fk°) and (fxo—/fi°) are 
equal in magnitude and opposite in sign, i.e., 


X= 


= frie ex 


(kT) i Po( kk’) f,°( 1 — fi 9) 
+ P.(k,k’) (1— f°) 1— fe") }, 


—Xo= —Xx (say), (4.10) 


and 
—X, Bk’ = 


—AX,, (4.11) 


where 


W (k,k’) = 
(4.12) 


and A is the integral operator defined by the identity. 
As there will be no chance of confusion, we shall in the 
future drop the superscript zero from f°. It is easy to 
see that 


W (k’,k) = W (k,k’). 


The rate of change of fxo due to the temperature 
gradient is given by 


o dT 
} oT E const dz : 


where the z axis is taken along the direction WT. 
Using the result of Sec. 2 for the group velocity, one 
obtains the Boltzmann equation 

hk. « Edf dT 


— — —=AX,. 
m ET dE dz 


(4.13) 


One obtains the same equation for X, from a consider- 
ation of the rate of change of fx:. This confirms Eq. 
(4.10). 

Equation (4.13) cannot be solved exactly, so we shall 
employ a variational principle to put a bound on ky. 
We have seen that W(k’,k) is positive definite and 
symmetric in k and k’. Therefore, of all the functions 
X, for which /*X;AX,d*k exists, that which makes the 


functional 
hk, df |? 
rarer /| fx es we} 
m dE 


(4.13) .° 


2” A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London, 1954), p. 301, second edition. 


a minimum satisfies Eq. As pointed out by 


CONDUCTIVITY 


OF SUPERCONDUCTORS 987 


Ziman,” this principal has a simple physical inter- 
pretation. The thermal current is 


nk. df,° 
We fF fu fadPe=—2 fixe €k dk 
m dE 


Therefore if x, is the solution of (4.13), one can write 


“eel (4.14) 


hk. dfx 
S =7 f xara /2 | Pamen 


Thus we have to determine the function X, which 
makes the thermal resistivity (written in the above 
form) a minimum. By using this variational principle 
we shall obtain at least a lower bound to the thermal 
conductivity. 

Our next task is to guess a functional form for X, 
which should give a fair approximation to the thermal 
conductivity x. A guide to the choice of x is the fact 
that as T— T,., x should tend to the corresponding 
function of the normal metal. A good approximation 
for x in the normal metal is be cosd,” where 6 is the 
angle between k and the z axis, and 6 is a constant. 
This x is antisymmetric about the Fermi surface and 
has the property that in any direction in k space, the 
increase in the number of electrons above the Fermi 
surface is equal to the increase in the number of holes 
at the same distance below the Fermi surface. This 
property is physically reasonable and we would expect 
it to hold true for X, in the superconductor. This 
suggests that we try the following possibilities for X,: 


€k 


(a) Xy=be,cosé, (b) X,y=bde, cos, 


(4.15) 
FE, 
(c) Xy=be, cos. 


€k 


All of these tend to be, cosd as T— T,. We shall first 
restrict our calculations to the form (a). x is independent 
of b, so we shall take 6 to be unity. 

The numerator of (4.14) is given by 
(4.12). That part which arises from Po(k,k’) 


by mo. It is given by 


dr 1 ce — €¢° 
no= foe faw V ai 7e (1+ ) 
hkT? 2 EE’ 


x i E)(1—f( EF’) |[6(E’— E—hv,) Ng 
+6(E’— E+hv,)(N +1) Je cos8(€ cosd—’ cos6’). 
21 J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 


2 H. Jones, Handbuch der Physik (Springer-Verlag, Berlin, 1956), 
p. 281, Chap. VI, Vol. 19. 


(4.11) and 


we denote 





988 BARDEEN, 


We set 
@k'=siny dydg’ k’dk’, 


where y is the angle between k and k’ and ¢’ is the 
azimuthal angle from the plane given by k and the 
z direction. Then 
cos’ = cosy cosé+siny sin@ cos¢’, 

cosy = (k’?+- k?— gq?) /2kk’. 
When we integrate over g’, the part containing cos¢g’ 
vanishes. The integral over y can be changed into an 
integral over g= |k’—k|. This leads to 


k’+k 2rq 
~~ fof wean — “dq\V 
1k’—k| RR’ 
1 ec’ — €" 
x (1+ — oa 
2 EE’ 


x [6(E’— E—hy,)N,+6(E'— E+hy,)(N,+1)] 


k?+R—¢ 
Xe cose ( Backs et ) | 
2kk’ 


Now the important values of g are such that hv,~kT. 
Therefore, when the temperature is near T., 


q ko~ 10, 


and 


|k’—k| é—e| 


—_—— eee 


qg hkog m 


hy Ro 


=——~107, 


Er q 


Hence one can take the lower limit of the integral over 
q to be zero and the upper limit to be infinity (@p>7.). 
Moreover, 


kh? +R a 
= e( 
2kk’ 


)- (e—e’)—€'[O(e Er)+0(¢ ke’) |, 


so that except at the very lowest temperatures which 
are not of interest here, the second term can be neglected 
in comparison with the first. Using the fact that | V,|* 
is proportional to Ay, and replacing the variables of 
integration k, k’, g by «, e’, hv, respectively, one obtains 


& = 3 1 ee’ — €¢? 
no= f (hv)*d(hv) J fee (1+ — ) 
2kT? J, 2 EE’ 


x f(E\[1— f(E’) [8 (E’— E—hv)N, 
+5(E’—E+hv)(N,+1) ]e(e—€), 


where C is a constant. Using the fact that some terms 
of the integrand are even in ¢,e’ and some odd in «¢,e’, 
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one obtains 


& «o wo a 
no= -f (ina) f aef dé’ 
kT? Jo 0 0 
*{*(-)- 

EE’ 


x [6(E’— 


Similarly, the part of the numerator of x! which comes 
from P,(k,k’) is 


"Oy L oa) i) 
- -f (in)ea(in) f aef dé 
kT? J 0 0 


x{e(4+ = pa-s) 
EE’ 


x [5(E’+E—hv)N,+6(E’ + E+hv)(N_+1)]. 


(E)[1—f(E’ 
|r L1-fe)] 


E-hv)N,+5(E’—E+hv)(N,+1)]. 


The total result for the numerator can be written 


fe x a 2 
n= f (ivan) f aef dé’ 
kT? 0 —o 0 
( €0 )- lk /) 
xX} e 1- 
EE'/ EE’ 


x [6(E’— E—hv)N,+8(E’— E+hv)(N,+1)], 


where the sign of £ is conventionally taken to be the 
same as that of e. Hence 


ant mak af ae 
x[e( =) reas E')) 
EE 


<6(E’— E—x), 
where the energies are expressed in units of kT. The 
symbol x is used for hv/kT but the other symbols have 
been retained despite their altered meanings. If we 
perform the integration over x, we obtain 


=f #f «= 
aD? \e’-F—1| 


®) ee” j 
—-— |f(i-f’ 
EE'] EE’ 
—F) 
9 19 


9 
€o~ ee” 


| i—/’), (4.16 
se |r f’), (4.16) 
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where E’ has the same sign as e’. In the limit T—> T,, 
€o— 0 and 7 tends to the value it has in the normal 
state with the same constant C’. Had we used the 
functions (b) or (c) for x, we should have found the 
same expression for » except that the term in square 
brackets would be replaced by 


oa cal 
ied 1— —_ =f, 
E EE'] (EE')? 


: ) 
/ 
— ee |, 
EE’ 
respectively. 
The heat flow in the three cases is given by 


(a) W=C" f éf(E)[1— f(E) Me, 


0 


o 3 


we € 
(b) W=C" f {OU SMe, 


(c) W=C" f cE f(E)[1— f(E) de. 


0 


C” is independent of ¢ and ¢€9, but it does depend on 
temperature. Further discussion of this thermal con- 
ductivity is left to Sec. 6. 


5. THERMAL CONDUCTIVITY OF THE LATTICE 


We consider here only the thermal conductivity of 
the lattice when it is limited by electron scattering, this 
being the only new feature. The Boltzmann equation 
for this problem is” 


(5.1) 


yt eee a 
q oT ds Lat 


gz ON, OT [—) 

coll 
where N, is the number of phonons of wave vector q 
and wu is the velocity of sound in the metal. We have 
obtained already in Sec. 4 the probabilities for absorp- 
tion and admission of phonons by the electrons. To 
find (0N,4/0t) Jeon, all we have to do is to sum over the 
possible excited states. Thus the probability per second 
that a phonon of momentum q is absorbed is 


DX [Q0a(k,k’,q) +Q10(k,k’,q) +Qca(K,k’,q) +Qaa(k,k’,q) ] 


k,k’ 


and 
aN, 
itso | = a [Qoe(k,k’,q) — Qoa(k,k’,q) +01-(k,k’,q) 
ot coll k,k’ 
— Qia(k,k’,q) +Q-e(k,k’,q) — Qua(k,k’,q) 
+Qae(k,k’,q) —Qca(k,k’,q) | 
2x 1 ee’ — €¢? 
== |Val* & ok'-k- | -(14— ) 
h k,k’ 2 EE’ 
x [6(E’— E—hv)((Nq+1) f’(1—f) 
—N,f(1—f’))+5(E—E’—hy) 
X (Net 1) f1—f)-Naf'(i-f)) J 
1 ee’ — €(? 
+-(1-" — oe 8+) 
X(N +1) —f\ad-f)- Neff’) 
+8(E+E!—hv)((Nq+1) ff’ 
-Nai-na-sI}, 


Therefore if 5N, is the departure of N, from its equi- 
librium value, V,°, we have 


h k y, E’ 


(k’ =k +q) 


ot 


ONg 2r 1 ec’ — €¢" 
a ee ie 
coll vi 


x [6(E’— E—hv)—6(E—E’— hv) ] 


1 ec — €7 , 
+ (1+ )a-s-1) 
2 EE’ 
x [6(E+E’+hv)—5(E+E'—hv)}}. 


We change the sum to an integral over ¢ and the polar 
angles, 6 and ¢. The integration over ¢ can be per- 
formed and the integration over 6 changed to one over 
e’. Then 


ON, . ee’ e¢? 
ae =6N, cf ac fae} (14 yur-p 
at Jen " EE! 


x [6(E+hv— E')—5(E'+hv—E)] 


ec’ — €0" 
+(1- )a-r-n 
EE’ 


X[5(E+E’+hv)—6(E+E’—hv)] , 


where C is a constant, independent of g. The limits of 
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the integral over ¢’ are 
hrkog hd? hk hg 


—+— and e——— : 
m 2m m 2m 


Since the important values of g are such that haoqg~kT 
while ¢,e’~ €0(0), we have that 
(h*?kg/m)>>«,€',(h?g?/2m). 


Therefore the limits of the integral over e’ can be 
taken as +. The integrals can then be replaced by 
integrals from 0 to ~ and the variables then changed 
from ¢,e’ to E,E’, respectively. The result is 


aN, “ “EE! 
| =sv.xac [ ae f dE’ 
al coll €0 €0 ec 


x|(1- 3 )Us'= D6 he B ’ 
EE! 


9 


€y 
+ ) 1— f-f') 
EEF’ 


[BE E' +h») —8(E+ Bho) 


|\EE’ €0" 
=av.xac ff avar: (:- ) 
ee’ EE’ 


~8(E+he— BY} (1 


x (f’— f)i(E+hy— E’). 


In the last step, the integrals are to be taken over all 
those positive and negative values of E and E’ for 


which | E| >, | E’| >. Therefore 


ON, D €0 
| =a xac| f dE+ dE 
al coll €0 €g—hy 


hr—eo €0° 
+f ar}(1- ) 
rm EE’ 
EE’ 
xi r-1)| 
€€ E’=E+hv 


=n xac2 f dE+ ae| 
€0 eg—hy 


e? \ | EE’ 
x(1- - ) —1(f'— f). 
EE'/ | eé 


The second integral is to be taken into account only if 
hy> 2e>. 

Following the procedure for normal metals we look 
for a solution of the Boltzmann equation of the form 
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The thermal current density is 
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Therefore the thermal conductivity is 
W, 
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where D is a constant independent of temperature and 
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and the energies are measured in units of kT. It is shown 
1 Appendix B that a good approximation for g(w) 
in the low-temperature region, €)> 2, is 


2€ i 
g(u) = (1-—e-") | — ) e-eotul2 
s+ 2eo 
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for w<2e and infinitely large for u>2eo. Ky and K, 
are Bessel functions of imaginary argument in the 
notation of Watson.” 

The lattice thermal conductivity in the normal state 
is obtained from Eq. (5.2) by letting €9 tend to zero. 
In this limit g(#) is unity and 


on=D(T orf - 


7.2D(T/@)?. 
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6. RESULTS AND DISCUSSIONS 


We shall discuss in turn the different contributions to 
the thermal conductivity and the effects of different 
scatterers. 


3% G. N. Ww atson, Treatise on the Theory of Bessel Functions 
(Cambridge University Press, London, 1952), p. 78, second edition. 





THERMAL 


(a) Electronic Contribution in 
Impure Specimens 


A plot of the thoretical (k.s/ken) from Eq. (3.6), 
versus (T/T), together with a plot of (kes/ken) obtained 
from the Heisenberg-Koppe theory" is shown in Fig. 1. 
It can be seen that the two curves lie close together. As 
it is already known’ that for the most impure specimens 
there is fair agreement between the Heisenberg-Koppe 
theory and experiment, at least insofar as the experi- 
mental curves can be described by a universal function, 
we deduce that there is the same fair agreement between 
the present theory and experiment. The two theories 
diverge very close to T,. According to the present theory 
the slope of the curve near 7, is 3(1—7/T.)! whereas 
according to the Heisenberg-Koppe theory it is 
4(1—7/T.). More accurate measurements near 7, may 
show up the difference. 


(b) Electronic Contribution in Pure Specimens 


For the purest specimens of tin, lead, and mercury 
the experimentally determined k¢/ken drops very sharply 
as the temperature is lowered below 7,. An indication 
of the size of this decrease is 


d(kes/Ken)/d(T/T.)&S, 


at T.. The very different shape of the plot of (kes/Ken) 
vs (T/T) for these specimens from that for the impure 
specimens indicates that the dominant scattering 
mechanism is not impurity scattering. It is generally 
believed to be lattice scattering. In Appendix A we 
calculate the ratio (kes/ken) near T, for the three cases 
of Sec. 4. The results are 


(1) Kes, Ken= 1—0.1¢,?, 
(2) Kes, ‘tc 1—0.3¢€0", 
(3) Kes/Ken= 1+0.05¢0". 


Since 
T dey?/dT~—10 at T., 


the gradient of the curve (kes/ken) vs (T/T, is for the 
three cases, (1) 1.0, (2) 3.0, and (3) —0.5. According 
to the variational principle the true kes/ken is greater 
than the greatest of our three values (assuming the 
approximation for x, to be accurate), so that the slope 
at T, is less than (—0.5). There is therefore disagree- 
ment between theory and experiment. To see whether 
there is disagreement at 7, only, we have calculated 
(kKes/Ken) for T=0.72T, (i.e., e4=2) and have found for 
case (1) that kes/Ken is 0.75 and for case (3) that kes/Ken IS 
0.78. The experimental value is approximately 0.3, 
showing that there is still disagreement at the lower 
temperature. The fact that the experimental value of 
(kes/Ken) is smaller than the theoretical one suggests 
that an extra mechanism for scattering may be acting 
more strongly in the superconducting than in the 
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Fic. 1. The ratio of the electronic thermal conductivity in the 
superconductor, K,, to that in the normal metal, K,, when im- 
purity scattering is predominant. 


normal state. One reason for this may be that in the 
superconductor the excitations near the Fermi surface 
have a smaller velocity than the corresponding electrons 
in the normal metal. Consequently, they are more 
likely to be scattered by larger obstacles. In this case 
one would have a mechanism that would be sensitive 
to the structure of the specimen. This possibility cannot 
yet be ruled out by experiment. 


(c) Lattice Contribution Limited by 
Electronic Scattering 


Unfortunately there are no experimental values of 
the thermal conductivity which can be unequivocally 
interpreted as lattice conductivity limited by electron 
scattering. At the lowest temperatures (less than 1°K) 
where it is certain that the electronic contribution is 
negligible, it appears that the lattice waves are scat- 
tered mainly by the boundaries of the crystal. At higher 
temperatures where it is certain that the lattice waves 
are scattered mainly by the electrons, the main con- 
tribution to the thermal conductivity comes from the 
electrons. In impure specimens and alloys the con- 
tribution of the lattice is not negligible at the higher 
temperatures, so some attempt has been made by 
Hulm,? Laredo,’ and Sladek’ to subtract out x, in order 
to obtain x,y. Since x, is then obtained as the small dif- 
ference of two large quantities this procedure is not 
reliable, particularly since the x,, obtained by Hulm 
does not have the 7? dependence predicted by theory 
and the results of the experimenters differ widely. In 
view of this, the comparison we now make must be 
regarded as tentative. In Fig. 2 we have plotted the 
curves of Hulm and Laredo for x,./kgn together with 
that obtained from Sec. 5. Laredo has suggested that 
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Fic. 2. The ratio of the lattice thermal conductivity in the 
superconductor, K,,, to that in the normal metal, Ky,, when 
electronic scattering is predominant. 


in the region of temperature, 0.4 T, to 0.6 T., his ratio 
Kys/Kgn May be proportional to T—*. It can be seen that 
the theoretical curve does follow a T~* law closely in 
this temperature range but that the theoretical values 
of the ratio are about three times the experimental ones. 

Sladek? has made measurements on single-crystal and 
polycrystalline samples of indium-thallium alloys and 
has found results which cannot be fitted by a universal 
function ky./kgn(T/T.). All the same, his results are 
greater than those of Hulm and Laredo and, particu- 
larly on the polycrystalline samples, are in fair agree- 
ment with the theory. In the temperature range from 
0.4 T, to 0.6 T, Sladek finds that x,;/kgn varies with 
temperature according to (T/T.)~", where 3<n<6. 

To draw a definite conclusion about the agreement 
of theory with experiment, we shall have to wait upon 
more clear-cut experimental results. 


APPENDIX A 


In this Appendix we calculate x../xke, near T., from 
the formulas of Sec. 4. 


Case (a) 


The integral y can be written 
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where an integration by parts has been performed to 
obtain the second equation. Therefore 
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where one has to take the principal part of the integral 


that has a singularity at e=0. The first term of 7 is 
just the value one has for the normal metal. Now 
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The thermal current is 
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Case (6) 


n can still be written in the form (A1) but in this case 
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Therefore 
Kes/Ken= 1—0.29 e,?. 
Case (c) 


Again 7 can be written in the form (A1) but in this 
case 
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The only term different from case (a) is that involving 
OF /de?, which in this case is zero. 
The thermal current is 
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APPENDIX B 
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If we put y=(E— eo) this integral becomes approxi- 
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where Ko and K;, are Bessel functions of imaginary 
argument. 

J» is nonzero only if u>2e. The exponentials are 
less than e~® throughout the interval, so that at low 
temperatures the integral is 
Si baad E’| €0" 

(-S ae 
EE’ 


} / 
—uteg | €€ 


u 
[r+ 
yt(y-+u)! 2 


Jy~ 


This integral can be evaluated exactly in terms of 
complete elliptic integrals and one finds 


T= 2[ (}ut €0) E(k) — ueo(3u+t eo) K(k) J, 
where 
k= (u—2e0)/(u+2e0). 
For small k, one has 
Jom (412+ 60?) / (Fut €0). 


When u> 2e9 and €9>2, one has J2>>2/;. If one takes 
J2 to be infinitely large when u>2e, one obtains a 
result which is accurate to within 10% when e9=2, 
and more accurate than this for larger values of €0. 
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The energy levels found in germanium irradiated by different particles seem at first to be mutually 
inconsistent. It is possible tentatively to reconcile the differences by consideration of clustering and associa- 
tion of defects. Four levels are ascribed to single vacancies and interstitials. A crude theory is constructed 
to explain these levels, particularly their asymmetrical distribution in the energy gap, and to assign each 
to a definite defect. This theory differs somewhat from a previous one due to James and Lark-Horovitz; 
some differences in experimental predictions are discussed in particular. 


INTRODUCTION 


CONSIDERABLE amount of the work on radia- 

tion damage in semiconductors has been directed 
toward determining the energy levels introduced by the 
defects. James and Lark-Horovitz! proposed a simple 
model (JLH) which has been used as a reference point 
for the discussion of experimental results. Indeed, 
Cleland, Crawford, and Pigg? have been able to fit their 
results on room-temperature neutron irradiation of ger- 
manium to this model very successfully. On the other 
hand, the results of low-temperature neutron bombard- 
ment and the Purdue results obtained with electron 
and deuteron irradiation have not been consistent with 
the JLH model. 

The experimental situation is summarized in Fig. 1 
taken from a recent Purdue report. Along the top row 
are listed the various bombarding particles with which 
results have been obtained. Below each are the levels 
observed after such bombardment, labeled with the 
energy difference in ev from the nearer band edge. The 
numbers in parentheses have been added for reference 
below. 

It is clear that for a detailed understanding of the 
levels introduced by radiation much more experimental 
work is required, and any conclusions based on currently 
available evidence are necessarily tentative. We believe, 
however, that such conclusions are in order, having 
suggestive value at least. A discussion of these points 
comprises Sec. I. Section II will be concerned with an 
alternative to the JLH level scheme. In Sec. III, the 
latter model will be described and compared to the 
present proposal. 

I 

A major difficulty in the interpretation of experiments 
such as those summarized in Fig. 1 is that neither ex- 
perimentally nor theoretically do we have any detailed 
picture of the defects. While it is true that we can 
scarcely imagine any defects other than vacancies and 
interstitials, we have very little knowledge of their 
spatial arrangement. 

ear James and K. Lark-Horovitz, Z. physik. Chem. 198, 107 
: Cleland, Crawford, and Pigg, Phys. Rev. 98, 17423(1955); 99, 
1170 (1955). 


Qualitatively we may consider two aspects of this 
problem. We shall call these association and clustering. 
By association we refer to a situation where two or 
more defects are so close together that the localized 
electronic levels must be considered as belonging to the 
group rather than to the individual defects. By clusters 
we shall mean groups of defects, usually larger than 
those found associated, which are significantly closer 
together than would be expected if the defects were 
distributed at random in the crystal but such that the 
effect of neighboring defects may be viewed merely as 
a perturbation. Neither of these notions is new, of 
course, though the definition of association is tailored 
for our present purposes. 

It is clear that association, if it occurs, will cause 
different states and energy levels from those found with 
isolated defects. From clustering we expect that the 
levels may be altered by the interaction of states on 
neighboring defects. We expect broadening in particular, 
though a shift is also quite possible. 

It is easy to conjecture how these two factors, associa- 
tion and clustering, may vary with type of radiation. 
In the case of electrons of 4.5 Mev, we expect that on 
the average only enough energy will be transferred in a 
collision to displace about 1 atom in addition to the 
primary knock-on.’ Thus clustering is minimized. As- 
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Fic. 1. Energy levels in Ge after various types of irradiation. 
Energies are indicated by the distance (in ev) from the nearer 
band edge. [Adapted from H. Y. Fan and K. Lark-Horovitz, 
Special Report, Purdue University, June, 1957 (unpublished) J. 


3F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305. 
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sociation, on the other hand, appears quite likely, for 
there are many small energy collisions, both primary 
and secondary, which will be unable to knock atoms 
very far. In the case of deuterons, there will be an aver- 
age of 10-15 secondaries per primary knock-on, so that 
small clusters are likely. In this case it is well to realize 
that roughly half the displacements will be made by 
atoms which have only enough energy left for one dis- 
placement. In these cases we expect the displaced atoms 
not to travel far from either its original site or the atom 
which knocked it out; thus, again, association seems 
likely. 

In the case of neutron irradiation, on the other hand, 
each neutron will collide only once in a typical specimen, 
giving up about 1% of its energy. This will be enough 
to produce of the order of thousands of displacements 
in a rather small volume, say 10° atoms‘; actually the 
release of such a large amount of energy in a small region 
will probably produce a “displacement spike,” a region 
of local melting.’ In this region we may expect the va- 
cancies and interstitials to be fairly randomly distributed 
as a result of the high temperatures; in particular, we 
do not expect a high degree of association, for pairs of 
defects which do not recombine will probably become 
separated during the period at high temperature. In 
short, neutrons may be expected to produce little asso- 
ciation, but, of course, a high degree of clustering. 

With these preparations, we may consider Fig. 1. We 
observe that the neutron column contains only four 
levels. While these are not the same as any of those in 
the column, we may imagine a relation between each 
and the levels in the other columns which have the same 
numeral in parentheses. These levels are rather close; 
furthermore they change monotonically as expected 
degree of clustering increases. The success of Cleland 
and Crawford in fitting their data to the JLH model 
suggests that there are equal numbers of all levels in 
the neutron case. This equality would be expected if 
the levels are situated at individual vacancies and inter- 
stitials, but not if some are situated at individual, and 
others at associated, defects. This conclusion is consis- 
tent with our previous analysis, according to which we 
expect a greater ratio of individual to associated defects 
under neutron irradiation. 

Further evidence for this assignment of levels to de- 
fects is based on the expectation that levels associated 
with individual defects should be present in all cases. 
Since the experiments indicate the levels cannot have 
the same apparent energy in all cases, it is natural to 
seek a rationalization in terms of clustering such as is 
given above. (We speak of apparent energy because a 
broadened level will not appear to be at its ‘‘center of 
gravity” in many of the experiments, such as those of 
Cleland and Crawford; the Fermi function acts as a 
weighting function tending to make the level appear 
closer to the Fermi level.) 


4J. H. Crawford and J. N. Cleland, in Progress in Semicon- 
ductors (Heywood and Company, 1957), Vol. II, p. 96. 
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We conclude that the levels not found with neutron 
bombardment belong to associated defects, but at 
present there is no possibility of suggesting a detailed 
scheme. 

In summary, despite the apparently conflicting and 
confusing experiments with deuterons and electrons, the 
general level scheme determined with neutrons is prob- 
ably valid, though the numerical values of the energies 
are probably seriously affected by clustering. The fact 
that the low-temperature results with neutrons do not 
agree with the model need cause no serious lack of con- 
fidence as yet. These experiments are rather fragmentary 
and are beset with much greater difficulties than the 
room-temperature results. These include mobility varia- 
tion under bombardment and the greater importance of 
photoconductivity due to the y flux in the pile.’ 


Il 


In this section, we shall give an extremely qualitative 
treatment of the levels associated with vacancies and 
interstitials in the diamond structure. We think in terms 
of a tight-binding model using hybrid sp* orbitals for 
the electrons. We assume at the start that all these 
orbitals are orthogonal except for those pairs situated 
on nearest neighbors and directed at each other. Further- 
more we assume that only these same pairs of orbitals 
have nonzero off-diagonal matrix elements of energy. 
In this case we can immediately set up the symmetric 
and antisymmetric combinations (the so-called bonding 
and antibonding orbitals) of each pair as a set of ortho- 
normal localized orbitals (Lowdin functions). The bond- 
ing and antibonding orbitals will differ in the diagonal 
matrix element of energy by A. The bonding orbitals 
will be predominantly occupied. 

When an interstitial atom is added to the crystal, it 
will be unable to form bonds; its electrons will in first 
approximation be in atomic orbitals rather than bonding 
orbitals. Thus their diagonal matrix element of energy 
will be roughly A/2 above those of the valence band, 
and a similar amount below the conduction band. When 
an atom is removed, its four orbitals are eliminated and 
the orbitals on neighboring atoms will be unable to form 
the bonding combinations with it; one electron on each 
will therefore also be essentially in atomic orbitals of 
similar energy to those on interstitials. 

In addition to A, another energy parameter is im- 
portant. In order to form bonding orbitals the atoms 
must change from their normal s*f’ configuration to 
sp®. This increases the energy of an atom, roughly by 
the difference in energy between s and p atomic orbitals, 
which we shall call 6. This change can occur only because 
$A is significantly larger than $6. When an atom has a 
neighbor removed, therefore, the electron in the affected 
orbital will be expected to revert toward a more s-like 
character, so that our estimate of the energy of this 
orbital becomes (}A—aéd) above the valence band where 
a is less than but not much less than 1. For an inter- 
stitial on the other hand, an electron removed or added 
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will be a # electron, so that the orbitals on the inter- 
stitial will be at (4+ 6) below the conduction band, 
where @ is of the same order as a. 

Let us now consider the situation when an extra elec- 
tron is present in the crystal. From the previous para- 
graph, we see that its energy is lower when it is in one 
of the orbitals on an interstitial or neighboring a vacancy 
that if it is in an antibonding orbital elsewhere in the 
crystal. In particular, its diagonal matrix element of 
energy is lower at an interstitial by (}4— 6), at a 
vacancy by (4A-+<aé). 

Similarly, when a hole is present, its energy is lower 
by (4+(6) when located at an interstitial ; ata vacancy 
it is lower by ($A—aé). In all cases, the hole or electron 
is attracted by the defect. 

We have above described, not solved, a problem. The 
energy values given are diagonal matrix elements for 
an electron (or hole) located in a particular orbital. 
They are not energy values for stationary states. To 
determine the energy levels even for our simplified 
model would be very complicated. We shall content 
ourselves with the observation that this problem is 
similar to a still simpler one considered by Slater.® In 
this problem the only perturbation is in the diagonal 
matrix element of one orbital. The energy of the bound 
state is then given for not too large a perturbation, by 


[V(0)—Ww} 


i~-——~-———,, (1) 
W 


where V(Q) is the perturbation, W is a parameter 
characterizing the width of the band, and y is a number 
of the order of 1. If V(0)<~yW, there is no bound state. 

We believe that at least the following features of 
Slater’s solution will be applicable to our problem. 
There will be a threshold value for the perturbing 
Hamiltonian below which no bound state will exist. This 
threshold will depend on the band width, which will 
also affect the binding energy in a manner similar to 
that of the denominator in (1). 

We may now put these points together, finding the 
following results: 


(1) The interstitial levels will be higher in the band 
than the corresponding vacancy levels; in other words, 
the vacancy level is deeper for the added electron while 
the interstitial level is deeper for the hole. This follows 
from the values for the perturbation given above in 
terms of A and 6. 

(2) The levels will be asymmetrical in the gap, be- 
cause the valence band is believed to be wider than the 
conduction band.® This implies that the hole levels 

5J. C. Slater, Technical Report No. 5, Solid State and Mo- 
lecular Theory Group, Massachusetts Institute of Technology 
(unpublished). 

6 See, for instance, F. Herman and J. Callaway, Phys. Rev. 89, 
518 (1953). A more detailed picture may be found in G. Dressel- 
haus, thesis, University of California, 1955 (unpublished). 
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Fic. 2. Energy levels schemes proposed by (a) the author, 
and (b) James and Lark-Horovitz. 


associated with the valence band are closer to it than 
the electron levels are to the conduction band. 


We are led to the assignment of the numbered levels 
shown in Fig. 2(a). On our model we could not predict 
whether levels (2) and (3) are as shown or reversed; 
this assignment has been made by a method used by 
Cleland and Crawford? and is based on the fact? that 
level (2) has a zero spin when vacant (occupied by a 
hole). This fact was determined from the statistical 
weights of the levels. 

III 


In this section, we shall describe the JLH model and 
compare it with our own. 

James and Lark-Horovitz arrived at their model by 
considering a Ge crystal with one Ge** ion removed. 
They considered the possibility that instead of 4 localized 
states being split upward from the band there are only 
3 or 2. Unable to make a theoretical preference for one 
of these, they chose the last, because of some indications 
that it fits the data better. Thus they concluded that 
an isolated vacancy has two tightly bound electrons but 
will attract two loosely bound holes, preserving neu- 
trality. These holes are said to be attracted primarily 
by the Coulomb force. Similarly an interstitial is ex- 
pected to have two tightly bound holes and two loosely 
bound electrons, the latter attracted primarily by the 
Coulomb force. The assignment of the numbered levels 
according to this model is shown in Fig. 2(b). Here again 
the assignment of levels (2) and (3) require the use of 
spin data and was made by Cleland and Crawford.” 

From the above discussion of the JUH model Fig. 2(b), 
it follows that if only vacancies are present, they act as 
double acceptors, and interstitials as double donors. On 
the other hand, when the two types of defects are pres- 
ent in equal numbers, the loosely bound electrons on 
the interstitial recombine with the holes on the vacan- 
cies. The roles of the two defects are thus reversed. 
This is the normal situation in radiation damage. 

We note that there are some distinct differences be- 
tween the two models: 

(1) In our model, each type of defect can act as 
either an acceptor or a donor, regardless of the presence 
of the other type. 
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(2) There are no doubly charged states in our model. 

(3) As a corollary, the two models predict different 
values of the charges of the centers for given Fermi levels. 

(4) The ranges of Fermi level over which a given 
level can act as a minority carrier trap differ on the 
two models. For instance level (2) can act as a hole trap 
on our model for any value of the Fermi level above its 
own energy. In the JLH model, however, level (2) does 
not exist when level (1) is occupied. 


All of these points may be susceptible to experimental 
check. We are aware of no definite evidence, but believe 
that some work by Shulman’ on a hole trap in n-type 
Ge may be relevant to item (3). He observed a trap 
with a depth® of 0.25 ev in electron-bombarded Ge. 

Naturally, we would hope that this trap can be 
identified with one of the levels in Fig. 1. We see that 
level (2) is the nearest one, and its value in electron 
bombarded Ge is close enough (0.23 ev) to 0.25 ev to 
make this identification reasonable, pending further 
evidence. According to the JLH model, this would be 
a positively charged level ; according to ours, negatively 
charged.’ Therefore, the trapping cross section would 
be different on the two models. The observed cross 
section is 3X10~ cm*. This lies between the typical 
values 10-" cm? for a negatively charged trap" and 
10~'* cm? for a neutral trap, and appears quite incon- 
sistent with the typical value for 10~ cm? for a posi- 

7R. G. Shulman, Phys. Rev. 102, 1451 (1956). 

* Shulman gives a value of 0.25 ev determined from the slope 
of a logarithmic plot of decay time vs 1/T, and a value of 0.30 ev 
obtained from the absolute value of the decay time. The former 
procedure seems to be more reliable. 

®The conductivities of Shulman’s samples indicate that the 
Fermi level is below level (1). For higher concentration, such that 
¢ is above level (1), this type would be impossible on the JLH 
model, as mentioned in item (4) above. 

 W. Crawford Dunlap, in Progress in Semiconductors (Heywood 
and Company, 1957), Vol. 2. 
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tively charged trap. This fact tends to confirm our 
model. Indeed, it was inability to reconcile the JLH 
model to this information which originally led to the 
considerations of Sec. II. 

Aside from possible experimental verification, we feel 
that our model has some theoretical preference over the 
JLH model. In the first place, it is qualitatively more 
definite. Whereas JLH could not make a theoretical 
choice between several alternatives, our reasoning 
though crude proceeds with no undetermined steps. 
JLH are also undoubtedly wrong in their belief that 
levels are hydrogenic, though this could not have been 
told when they wrote their paper, since the effective 
masses of electrons and holes were not then known. 
Finally, we believe that we have explained the asym- 
metrical distribution of levels. We also prefer a model 
which requires no doubly charged states, since crude 
estimates indicate that their energy would be too high. 

The basic theoretical model of Sec. II should be appli- 
cable to other diamond-type structures, but at present 
work" has been done only on Si and it is still insufficient 
for comparison with the two models. The work of Longo 
suggests the possibility that there may be only one level 
to each defect, which is possible on our model if V (0) is 
small enough in some cases, presumably those for which 
minus signs appear in Sec. IT. 
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Hall coefficient R and resistivity p of various p-type germanium samples which contained the same con- 
centration of acceptors V4 but different amounts of compensating donors Np have been measured between 
300°K and 1.3°K. The process of impurity conduction at low impurity concentrations differs from that at 
high concentrations in that it requires the presence of empty majority centers. As in the case of n-type Ge, 
the two different impurity conduction processes could be distinguished by observing the change of p result- 
ing from a change in the degree of compensation in the temperature range of impurity conduction. At large 
impurity concentrations (Va4=2.4X10!"/cc) the resistivity is independent of temperature only if the con- 
centration of mobile carriers is sufficiently large. The resistivity increases with a finite activation energy in 


strongly compensated samples. 


I. INTRODUCTION 


T has been emphasized by several authors! that at 

small impurity concentrations (V<2X10!®/cc in 
Ge) impurity conduction? is not possible unless com- 
pensating impurities produce empty majority centers. 
The reason for this is that an electron exchange inter- 
action between occupied impurity centers which are 
separated by more than a few “radii” of the ground- 
state wave function of an impurity can only yield an 
exchange of carriers but no transport of charge. One 
expects that if compensators are added, the resistivity 
p of impurity conduction first decreases because there 
are more empty centers into which carriers can jump. 
But at higher degrees of compensation, p should in- 
crease because there will be a decreasing number cf 
mobile carriers occupying majority centers. In the case 
of complete compensation, impurity conduction again 
vanishes because all donors are empty and all acceptors 
are occupied with electrons. 

At large impurity concentrations (V>10!"/cc in Ge) 
on the other hand, the localization of the carriers around 
individual impurities is sufficiently removed so that 
they can migrate through the crystal without the 
presence of empty centers and hence of compensators. 
On the basis of this one expects, in the high-N range, 
the resistivity p of impurity conduction to be finite for 
zero compensation, and to increase continuously until 
it becomes infinite for complete compensation. 

The initial decrease of p in the low-.V range and the 
increase of p in the high-V range upon adding com- 
pensating impurities has already been observed in 
n-type germanium.’ The two different processes for 
impurity conduction could be distinguished in this way. 

t Work supported by U. S. Signal Corps Contract. 

* Part of this work was written up after the recent death of 
Professor K. Lark-Horovitz. 

t Present address: Institute for the Study of Metals, University 
of Chicago, Chicago 37, Illinois. 
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of Zurich Seminar, 1955 (unpublished) ; E. M. Conwell, Phys. Rev. 
103, 51 (1956); N. F. Mott, Can J. Phys. 34, 1356 (1956). 

2C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950); 
96, 1226 (1954); C. S. Hung, Phys. Rev. 79, 727 (1950). 


3H. Fritzsche, Phys. Rev. 99, 406 (1955). 
4H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958). 


The present paper reports measurements of the effect 
of compensation on impurity conduction in p-type ger- 
manium at low and at high acceptor concentrations. 
They were performed to investigate whether the same 
criterion can be used to distinguish the two impurity 
conduction processes in p-type germanium. 


II. PREPARATION OF SPECIMENS 


p-type germanium containing various degrees of com- 
pensation were prepared in two different ways. In one 
the crystals were grown® from melts which contained 
pure germanium and zone-refined InSb. Because of 
the larger segregation coefficient® of Sb as compared 
to that of In in Ge, an additional amount of In-doped 
Ge had to be added to obtain crystals with the desired 
excess of In. 

Other samples were prepared by irradiating pure Ge 
with thermal neutrons.” The samples were exposed® in 
a facility that provides a cadmium ratio of 3.2, a 
thermal neutron flux of 1.3 10" neutrons/cm?/sec, and 
a fast (>0.1 ev, <1 Mev) neutron flux of 2.910! 
neutrons/cm?/sec. After waiting 3 months, i.e., about 
8 half-lives of the longer living Ge”, the specimens were 
annealed at 450°C for 24 hours to heal the damaging 
effect of the high-energy particles. The capture cross 
sections and the abundances of the Ge” and Ge” iso- 
topes yield a value of 3 for the ratio of the Ga 
(acceptor) to As (donor) concentrations produced by 
transmutation. 


III. RESULTS AND DISCUSSION 


In order to observe the effect of compensation on 
impurity conduction, samples will be compared which 
have the same concentration of acceptors V4 but dif- 
ferent amounts of compensating donors Np, i.e., dif- 


5L. Roth, Purdue University Quarterly Report, October 
December, 1956 (unpublished). 

6 J. A. Burton, Physica 20, 845 (1954). 

7K. Lark-Horovitz, Elec. Eng. 68, 1047 (1949); Cleland, 
Lark-Horovitz, and Pigg, Phys. Rev. 78, 814 (1950). 

8 We are very grateful to J. H. Crawford, Jr., and J. W. Cleland 
for irradiating these specimens in the Oak Ridge National Labora 
tory_reactor. 
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TaBLeE I. R and p at 290°K and 77°K. 


770 


298°K 77°K 


p 
(ohm-cm) 


0.0865 
0.137 
0.250 
0.024 
0.056 
0.154 
0.51 


(cm? coul™) 


1110 


Pp 
(cm?* coul™) (ohm-cm) 


0.484 
0.590 1390 
2880 1,25 2820 

d 25 0.029 27 
43 0.051 59 

122 0.123 220 

225 0.264 460 


Sample 


a 1200 
b® 1380 


* Neutron-irradiated specimens; sample e was measured by C. S. Hung 
and J. R. Gliessman, Phys. Rev. 96, 1226 (1958). 
> InSb added to the melt. 


TABLE IT. Sample properties. 


p at 2.5°K 
(ohm-cm) 
1.3X 108 
2.2 108 
3.0X 104 

0.03 


Na 
(cm~*) 


6.1 10"* 


Sample 


€3* 
K=Npb/Na (10-3 ev) 


0.05 1.6 
6.8X 10" 0.33 0.56 
6.5X 10" I 0.58 
2.5X 107 0 
2.3X 10" p 0 0.09 
2.4X 107 0.22 2.35 


2.4X 10!7 0.38 49 


® For the definition of es see reference 11. 


ferent degrees of compensation K=Np/N4. Three 
samples of the low-V range having approximately NV 4 
=6.5X10"/cc were selected and four samples of the 
high-V range with V4=2.4X10!"/ce. 

Table I lists the Hall coefficient R measured in a 
magnetic field of 600 gauss and the resistivity p at 
298°K and 77°K. The acceptor concentration V4 and 
the degree of compensation K of these samples are 
given in Table II. The values of V4 and K of the 
doubly-doped samples were calculated® from the ionized 
impurity scattering at 77°K using the Brooks-Herring 
formula." In the case of the neutron-irradiated samples, 
the values of K obtained from the mobility data could 
be compared with the values calculated more accurately 
from the scattering cross sections and abundances of 
the two germanium isotopes. The comparison showed 
an agreement of the K values to within +10% in the 
low-V range. At large impurity densities the values of 
K quoted in Table II for the samples f and g have 
significance only in their relative magnitudes. 

Figures 1 and 2 show the results of the Hall and re- 
sistivity measurements between 300°K and 1.3°K. One 
observes the sudden change of slope of the resistivity 
curves at the onset of impurity conduction. The maxima 
in the Hall curves occur at the temperatures at which 
the two competing conduction processes, valence band 
conduction predominant at higher temperatures, and 
impurity conduction predominant at low temperatures, 
are of equal magnitude. 

*P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 


1H. Brooks, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1956), 


Vol. 7, p. 87. 
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Comparing the resistivities due to impurity conduc- 
tion at a fixed temperature, say 2.5°K (see last column 
of Table II), one observes the expected minimum of p 
at small V4, and the continuous increase of p at large 
N44, as K increases. This qualitative result is unaffected 
by small differences in N4 within the two groups of 
samples because of the large resistivity changes result- 
ing from the changes in compensation. 

The activation energies e; determined" from the 
slopes of the resistivity curves at the lowest tempera- 
tures are listed in Table IT. The value of ¢; decreases 
in the low-N range from e;= 1.610 ev to e;=0.56 
X10-* ev as the compensation is raised from K=0.05 
to K=0.33. There is almost no further change of ¢3 
after increasing the compensation to K=0.6. Approxi- 
mately the same value of ¢;= (5.50.5) 10~ ev has 
been found in the case of many other samples in the 
range of concentrations 7X10%<N4<2X10!*®/cc and 
the range of compensations 0.3<K<0.8. Even the 
samples of the high-NV range seem to approach this 
value at large K. 
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Fic. 1. Effect of different degrees of compensation K=Np/Na 
on the Hall coefficient of p-type Ge. The upper three curves were 
measured on samples with NV 4=6.5X 10!5/cc, the lower four curves 
on samples with N4=2.5X10!7/cc. Table II lists the values of K 
for each sample. 


11 The temperature dependence of the conductivity o is approxi- 
mated by a sum of exponential terms o = 221°C; exp(—/RT), in 
which the last term represents o in the low-temperature limit. For 
details see references 3 and 4. 
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Fic. 2. Effect of different degrees of compensation K=Np/Na 


on the resistivity of p-type Ge. The lettering of the samples agrees 
with that of Fig. 1 and of the tables. 


The activation energy ¢«; has been interpreted by 
Mott! as being due to the Coulomb repulsion between 
the charge carriers and the charged compensating 
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impurities. Comparing ¢; of sample a with the value 
obtained from Mott’s model, using the statistical calcu- 
lation of Price," one finds that the experimentally 
observed value is larger than the calculated value by 
approximately a factor of two. Mott’s model can in its 
present form not be compared with the strongly com- 
pensated samples 6 and c, because in these almost 
every acceptor is a nearest neighbor of a donor so that 
a distinction between free states and trap states be- 
comes meaningless. At larger degrees of compensation 
the value of €; was found to be nearly the same in a 
wide range of impurity concentrations. This might be 
an indication of a different process which gives rise to 
a thermally activated impurity conduction. 

The resistivity curves of the strongly compensated 
samples f and g of the high-V range seem to show the 
presence of an impurity ionization energy between 
about 300°K and 50°K which decreases with decreasing 
K (or increasing concentration of mobile holes) until 
it vanishes at K=0. It seems as if bound states can 
exist even at these large acceptor concentrations, at 
which the overlap of the individual acceptor wave 
functions is substantial, provided the concentration of 
mobile carriers is small. This indicates that, as Lehman 
and James" pointed out, the screening effect of the 
mobile charges is important for reducing the energy 
difference between the various impurity centers. 

The Hall coefficients remain positive in the low- 
temperature range. At temperatures below the Hall 
maximum the Hall coefficient usually reaches a value 
which is lower by a factor between 1.5 and 2 than that 
at room temperature. The Hall curve of sample / con- 
tinues to rise at the lowest temperatures. Its slope is 
only about one-half the slope of the corresponding re- 
sistivity curve. 

2 P, J. Price, IBM J. Research Develop. 2, 123 (1958). 

18 G. W. Lehman and H. M. James, Phys. Rev. 100, 1698 (1955). 
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The reflectance, |r (A) |?, of single-crystal germanium was measured in the range 0.6 to 11.3 ev. The phase, 
6(\), was computed from these data using the Kramers-Kronig relation between the real and imaginary parts 
of the complex function Inr=In|r| +76. The optical constants, m and k, were then determined from the 
Fresnel reflectivity equation. The real part of the refractive index, m, has maxima of 5.5 at 2.07 ev and 4.2 at 
3.2 ev. Above 6 ev, the index is very nearly 1. The extinction coefficient, k, shows maxima of 2.0 at 2.5 ev and 
4.2 at 4.4 ev. Below 3.5 ev, the results are in good agreement with the recent measurements of Archer. 


Beyond this point, they depart from his extrapolated curve. 


INTRODUCTION 


IRECT experimental data relating to optical tran- 

sitions in single-crystal materials are difficult to 
obtain for quantum energies much above the threshold 
of intrinsic absorption. Absorption coefficients rise 
above 10° cm and techniques for preparing thin 
crystalline samples for transmission measurements be- 
come extremely tedious. Resort is often made to studies 
of thin evaporated films. However, such specimens are 
frequently found to have properties differing from those 
of the bulk material. 

Information may be obtained from measurements of 
reflectivity at non-normal incidence.'? Further, Robin- 
son’ has set forth a technique for evaluating the optical 
constants, » and k, from normal incidence reflectance 
data on bulk material. It appears to be particularly 
convenient. His method, based on the work of Bode,! is 
summarized by Jahoda® who used this technique to 
determine the optical constants of BaO near the funda- 
mental absorption edge. 

In brief, the procedure is as follows. The Fresnel 
equation for the reflection of normal incidence radiation 
1s 


r= (n—ik—1)/(n—ik+1)= |r\e”, (1) 


where n—ik is the complex index of refraction. The 
measured reflectance is |r|*, the square of the amplitude 
of r. The phase 6, for any frequency vo, is computed from 
these data using the Kramers-Kronig relation between 
the real and imaginary parts of the complex function 
Inr=In|r| +70. This relation, which may be written as* 


1 *% dln|r(v)| | | 
epee sri, 


T dy 


can be integrated with the aid of tables*.* or by computer 


1R. Tousey, J. Opt. Soc. Am. 29, 235 (1939); D. Avery, Proc. 
Phys. Soc. (London) B65, 425 (1952). 

2R. J. Archer, Phys. Rev. 110, 354 (1958). 

#T. S. Robinson, Proc. Phys. Soc. (London) B65, 910 (1952). 

4H. Bode, Network Analysis and Feedback Amplifier Design 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1945). 

5 F. C. Jahoda, Phys. Rev. 107, 1261 (1957). 

6D. E. Thomas, Bell System Tech. J. 26, 870 (1947). 


techniques.’ The Fresnel equation then relates |r| and 
6 to n and k. 

It is desirable to evaluate the integrand of Eq. (2) 
over as wide a frequency range as possible. Contribu- 
tions to @ are small, however, in the regions remote from 
vo and it is not necessary to know the entire reflectivity 
spectrum to arrive at meaningful values for 6. If the 
integral is computed for a value of vo in a region of 
optical transparency (k=0) any unknown contribution 
may be accurately estimated. 

This paper presents the optical constants for ger- 
manium in the spectral region 1 to 10 ev computed in a 
similar manner. The reflectivity was measured in the 
range 0.6 to 11.3 ev. This material was chosen for study 
primarily because of the bearing such measurements 
might have on the elucidation of the proposed models 
for the band structure of germanium.’ Secondly, ger- 
manium, with its small band gap,*:"” allows the Kramers- 
Kronig integral relation to be computed from experi- 
mental data obtainable with available optical apparatus 
over a wide frequency range. 

An extensive review of previous evaluations of the 
optical constants of germanium is presented in a recent 
paper’ and will not be repeated here. It clearly points 
out the distinct lack of agreement in this field and 
stresses the need for accurate measurements on carefully 
selected specimens. Values of m and & reported here 
agree with the work of Archer? who carefully evaluated 
the optical constants, in the spectral region 1 to 3.5 ev, 
from measurements of the ellipticity of reflected polar- 
ized light. The data are also consistent with direct 
measurements of optical absorption below” 1.8 ev and 
index of refraction below 0.7 ev." 


PROCEDURE 


Measurements of reflectance, at nearly zero angle of 
incidence, were obtained in the region 0.6 to 11.5 ev 


7 Nelson, Schainblatt, and Hartman, Bull. Am. Phys. Soc. Ser. 
II, 3, 272 (1958). 

8 F. Herman, Revs. Modern Phys. 30, 102 (1958); Physica 20, 
801 (1954). 

®G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 

10 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 

C. Salzberg and J. Villa, J. Opt. Soc. Am. 47, 244 (1957); 
H. B. Briggs, Phys. Rev. 77, 287 (1950). 
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Fic. 1. Spectral dependence of the reflectance of Ge. Below 0.7 
ev, these values are calculated from direct measurements of index 
of refraction (see reference 11). 


using a Cary spectrophotometer (0.6 to 2 ev), a quartz 
prism monochromator (2 to 6.5 ev), and a vacuum 
grating monochromator” (5 to 11.3 ev). The last named 
instrument was kindly placed at our disposal by 
Johnson. Data for etched single-crystal germanium 
surfaces at 300°K are shown in Fig. 1. The uncertainty 
in the value of reflectance is estimated, from repeated 
measurements on different samples, to be less than 5% 
in the region 0.6 to 7 ev. Above 7 ev, the inaccuracy may 
be considerably larger. 

Curves obtained on mechanically polished and on 
etched samples showed some variations, particularly in 
the region of high reflectance. The peak near 4.4 ev was 
much less pronounced and values of reflectance con- 
siderably lower when distorted layers produced by 
mechanical polishing were not removed by etching 
techniques.'* These effects were not studied in great 
detail in this work; however, it appears that useful 
information concerning surface damage might be ob- 
tained from more comprehensive measurements of re- 
flectivity in regions of high optical absorption. The 
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Fic. 2. Spectral dependence of the reflectance of Ge at 300°K and 
80°K in the region of the peak near 4.5 ev. 

2 P. D. Johnson, J. Opt. Soc. Am. 42, 278 (1952). 

13W. C. Dash, J. Appl. Phys. 29, 228 (1958). 
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REGION 1 TO 10 ev 1003 
results obtained from etched surfaces are more signifi- 
cant for the purposes of the present investigation. 

No corrections were made in these data for the 
presence of an oxide layer on the crystal surface.?- 
Values of reflectance measured immediately after etch- 
ing and again at a later time were not significantly 
different. 

For germanium surfaces, measurements of reflectivity 
appearing in the literature'® have been confined in 
general to the region below 4 ev. The values of Fig. 1 are 
in rough accord with these data although there are 
differences in some details. 

Limited reflectance data were obtained at 80°K in a 
special vacuum tube.'® These data were confined to the 
region of pronounced structure near 4.5 ev and are 
shown in Fig. 2. The peak is slightly sharper and is 
shifted about 0.06 ev toward higher energy at the lower 
temperature. 


RESULTS AND DISCUSSION 


Values for n and k derived from the reflectance data 
of Fig. 1 are shown in Figs. 3 and 4. The Kramers- 
Kronig integral was evaluated beyond 11.3 ev, with two 


5 
hy (ev) 


Fic. 3. Spectral dependence of the real part of the index of 
refraction of Ge. Below 0.7 ev, the values are taken from the 
literature (see reference 11). 












































Fic. 4. Spectral dependence of the extinction coefficient (the 
imaginary part of the index of refraction) of Ge. The absorption 
data of Dash and Newman are plotted below 1.7 ev. 


14R. J. Archer, J. Electrochem. Soc. 104, 619 (1957). 

15 Vavilov, Gippius, and Gorshkov, Tech. Phys. U.S.S.R. 28, 254 
(1958) [translation: Soviet Phys. Tech. Phys. 3, 230 (1958)]; 
S. Koc, Czechoslov. J. Phys. 7, 91 (1957); W. Brattain and H. 
Briggs, Phys. Rev. 75, 1705 (1949). 

16E. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1957). 
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requirements being imposed. First, the absorption coeffi- 
cient computed at 0.6 ev must be zero. Second, in the 
region 0.6 to 1.7 ev, it must agree with direct measure- 
ments of optical transmission of single crystals. Both 
conditions were satisfied by assuming the reflectivity to 
decrease logarithmically from its value of 10% at 11.3 ev 
to 1.7% at 30 ev. This extrapolation is somewhat arbi- 
trary and its exact shape may influence the values of n 
and & especially at higher energies, say above 7 ev. In 
the present case, calculated values of m fall slightly 
below 1.0 above 8 ev, a possible indication of small 
errors in the measured reflectance beyond 7 ev or in the 
extrapolated portion. The results agree quite well with 
those of Archer in the range covered by his experiments. 
Values of n and & are slightly smaller in the region of 2-3 
ev but show the same structural detail. 

Above 3.5 ev, the results differ from the curve pro- 
posed by Archer on the basis of results in the literature. 
The second peak in the extinction coefficient occurs at 
slightly higher energy than he indicates and is sharper. 
In addition, the extinction coefficient drops off much 
more slowly above 5 ev. If the index above 6 ev is 
indeed near one, then his extrapolation would require 
the reflectance to be almost zero at 10 ev, a value 
considerably beyond the limit of error estimated in the 
data presented here.'? 

In addition optical constants have also been computed 
here by using slightly different values for the reflectance 
than those of Fig. 1. The general character of the results 
was not altered. If the reflectance has a maximum of 
52% instead of 50% in the peak near 2.15 ev (a value 
just within the estimated experimental error) then 1 
and & values are almost identical with those of Archer. 
However, in this situation, exact agreement with the 
absorption measurements of reference 10 was not 
possible. 

A different perspective is given the values of Fig. 4 
if they are plotted as absorption coefficient, a=4ak/X. 
This plot is shown in Fig. 5 and more clearly indicates 
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Fic. 5. Spectral dependence of the absorption coefficient 
(a=4irk/d) of Ge. 


17 This situation could be checked by direct measurements of 
optical transmission or, in a more complicated way, by measure- 
ments of the spectral distribution of the photoelectric yield. For 
measurements of the energy distribution of emitted photoelectrons 
in this spectral range see, W. C. Walker and G. L. Weissler, Phys. 


Rev. 97, 1178 (1955). 
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Fic. 6. na as a function of wavelength for Ge. 


the edge like appearance of the absorption near 2 ev and 
the sharpness of the absorption peak near 4.4 ev. The 
extent to which this curve gives the complete absorption 
spectrum of germanium can be determined by applying 
the Kramers-Kronig relation between the real and 
imaginary parts of the complex dielectric constant, in 
the form?:'s 


1 ( €o— 1) -f nadx. (3) 
0 


Here €o is the dielectric constant which has the value 16 
for germanium.".'® The integrand of Eq. (3) is given by 
the curve of Fig. 6. Integrated graphically above 1000 A 
it yields a value ¢)-=15 only 6% smaller than the ac- 
cepted value. Optical absorption below 1000 A will 
make this difference even less. This agreement is con- 
sidered satisfactory in view of conceivable experimental 
errors in the reflectance measurements and extrapo- 
lation. 

No attempt will be made here to describe the absorp- 
tion spectrum in terms of proposed models of the band 
structure. The sharpness and strength of the peak near 
4.4 ev should be useful in testing and refining band 
structure calculations. 

These results show that sharp structure can occur in 
valence-conduction band optical absorption which pre- 


18 J. H. Van Vleck, Massachusetts Institute of Technology 
Radiation Laboratory Report No. 735, 1945 (unpublished). T. S. 
Moss, Proc. Phys. Soc. (London) B66, 141 (1953). 

1 W. C. Dunlap, Jr., and R. L. Watters, Phys. Rev. 92, 1396 
(1953). 
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sumably is not associated with exciton transitions.” 
Maxima occurring in the absorption spectra of the alkali 


halides," 1 ev or more beyond the valence-conduction 


band edge,'® have frequently been identified with 
exciton transitions. This interpretation may be valid, 
but until more information is available, detailed identi- 


20 EF. O. Kane has suggested this conclusion. Exciton absorption 
has been observed just below the direct gap in germanium 
[Zwerdling, Roth, and Lax, Phys. Rev. 109, 2207 (1958)]. One 
would not expect to find excitons with integrated absorption larger 
than that of the observed line since this transition is fully allowed 
having a finite cellular optical matrix element at the band edge and 
conserving crystal momentum. 

21 R. Hilsch and R. Pohl, Z. Physik 59, 812 (1930); E. Schneider 
and H. O’Bryan, Phys. Rev. 51, 293 (1937); Hartman, Nelson, 
and Siegfried, Phys. Rev. 105, 123 (1957). 
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fication of such structure should probably be considered 
tentative.” 
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2 Relatively sharp structure has been observed in the absorption 
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Transparent single crystals of WOs, in the form of plates as large as 10 mm X10 mm, have been prepared 
by a sublimation method. The domain structure of these crystals was investigated from room temperature 
to 1350°C, and a new and peculiar domain structure was found between 740°C and 810°C. This domain 
structure is probably associated with the change in crystal structure from orthorhombic to tetragonal. 
Lattice parameters determined optically from measurements of the angle between extinction positions of 
two neighboring domains agreed well with those obtained by x-ray analysis. The shift in the absorption 
edge to the infrared at 740°C was observed to take place for light polarized in a direction perpendicular to the 


c axis, but not for light polarized parallel to the c axis. 


I. INTRODUCTION 


N WO,, there exists a strong possibility of the exist- 

ence of ferroelectricity as in BaTiO, or of anti- 
ferroelectricity as in PbZrO3, owing to its pseudo-cubic 
crystal structure, its several transition temperatures, 
its domain structure, and its high permittivity. A 
number of investigations’ have been made to ascertain 
ferroelectricity or antiferroelectricity in WOs;, but no 
conclusive results have been obtained because of its 
high electrical conductivity and its volatility, which 
make measurements at high temperatures extremely 
difficult. 

Recently, we have succeeded in getting large clear 
single crystals of WO;, and have carried out a more 
thorough observation of their domain structure. 


* This work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

¢ On leave of absence from University of Tokyo, Tokyo, Japan. 

1B. T. Matthias and A. Wood, Phys. Rev. 84, 1255 (1951). 

2K. Hirakawa and T. Okada, Mem. Fac. Sci. Kyusyu Univ. 
Ser. B 1, 1 (1951). 

3S. Sawada, J. Phys. Soc. Japan 12, 1237 (1956). 

4S. Sawada, J. Phys. Soc. Japan 12, 1246 (1956). 


II. PREPARATION OF CRYSTALS 


Crystals of WO; can be prepared by a sublimation 
method. Small crystals are found on the surface of 
powder put into a platinum or quartz crucible, when the 
temperature of the crucible is maintained at about 
1350°C for a long time.®:* Somewhat larger crystals are 
obtained when the vapor of WO; is condensed on a 
quartz disk maintained at an appropriate temperature.’ 
Crystals obtained by these conventional methods, 
however, have dimensions less than 2 mm and the size 
of the single domains is usually very small. With such 
small crystals much difficulty has been experienced in 
attempts to determine the anisotropy of the physical 
properties of WO3. 

We have succeeded in getting larger crystals by en- 
closing the powder in a platinum vessel as perfectly as 
possible. Since it is not easy to have a completely closed 
platinum vessel, a platinum crucible (diameter 7 cm, 


5 R. Ueda and T. Ichinokawa, J. Phys. Soc. Japan 6, 122 (1951). 
6S. Tanisaki, J. Phys. Soc. Japan 11, 620 (1956). 
7R. Ando and S. Sawada, Repts. Inst. Sci. and Technol., Univ. 
Tokyo 4, 223 (1950). 
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Fic. 1. Arrangement for preparation of crystals. 








depth 3 cm) charged with WO; powder was set, upside 
down, upon a platinum plate and a ceramic weight was 
placed upon the bottom of the crucible, as is shown in 
Fig. 1. This system was kept at 1370°C in a Globar 
furnace (6 kw, internal space 13 cmX15 cm X28 cm) 
for several days. As is well known, platinum sheets 
adhere to each other very well at high temperatures, so 
the pressure of WO; vapor inside the system can be 
quite high at high temperatures. If the system is kept 
at the highest temperature for too long a time, the 
grown crystals may sublimate again. A period from a 
week to ten days seems to be best. A temperature 
gradient of about 30°C (the top is cooler than the 
bottom) seems to be desirable, although the tempera- 
ture gradient inside the system does not seem critical. 

Most of crystals obtained were plates having the 
c axis perpendicular to the plane of the plate (c crystal) 
and a maximum area of 10 mm X10 mm. These crystals 
showed a-b domains with the maximum area of a single 
domain about 6mm X6 mm. The plate thickness varied 
widely (10 uw to 1500 uw). The thick crystals could be 
cleaved easily with a razor blade in the direction of the 
b axis, but not in the direction of the a axis. The crystals 
were sensitive to mechanical stress (as reported pre- 
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Fic. 2. Tiny hillocks running in the a and 6 directions on 
the (001) surfaces of the ¢ crystal. 


ee, Oe 


DANIELSON 


viously for WO;). For example a c crystal becomes a 
single-domain by a lateral compression (the a axis of 
each domain turns to the direction of compression), and 
c-a domains are created in a c crystal by a compression 
normal to the plane of the plate. 

Discrete hillocks directed along the a axis or the 
b axis were found on the (001) surfaces of ¢ crystals 
prepared by the present method, as is shown in Fig. 2. 
These hillocks might be the result of impurity segrega- 
tions at high temperatures. The length and the width 
of a single hillock were about 10 uw and 1 y, respectively. 
An electron microscope showed that the height was less 
than 0.2 uw. A detailed investigation of these hillocks 
would be interesting, but was not attempted in the 
present research. 


III. DOMAIN STRUCTURE AND OPTICAL 
DETERMINATION OF LATTICE 
PARAMETERS 


Many papers**:® concerning the observation of the 
domain structure of WO; single crystals have been 
published. The domain structure of crystals prepared 
by the present method was observed, from room tem- 
perature to 1350°C, under a polarization microscope 
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directions of two neighboring a—-b domains in the c crystal, vs 
temperature. 


provided with a micro-furnace of the same type as 
reported in a previous paper.‘ Below 740°C, the tem- 
perature was directly measured by an alumel-chromel 
thermocouple inserted into the furnace; above 740°C, 
the temperature was obtained from the furnace current 
which had been calibrated by an optical pyrometer. 

As reported previously, no change in the structure of 
a-b domains in the c crystal was seen as the crystal was 
heated to 740°C. The dependence upon temperature of 
4», the deviation from 90° of the angle between extinc- 
tion directions of two neighboring domains, is shown in 
Fig. 3. An x-ray value calculated from the equation 
6.5= 2 cot!(b/a)—2/2, with b/a determined by x-ray 
analysis,’ is also shown in Fig. 3. The agreement is very 
good. 

As the crystal was heated, the a-b domains in the 
c crystal vanished at 740°C and a new domain structure 
appeared. Several examples of the new domain struc- 
ture are shown in Fig. 4. We must consider the new 
patterns as c-a domains, since it has been ascertained by 


8K. Hirakawa, Busseiron Kenkyu No. 26, 42 (1950). 
® Perri, Banks, and Post, J. Appl. Phys. 28, 1272 (1957). 





DOMAIN STRUCTURE 


x-ray analysis that the crystal structure above 740°C 
is tetragonal. Furthermore, a determination of the 
extinction positions of each domain in the plane of the 
plate and observations of 6 crystals at this temperature 
show us that, in the regions where fine parallel lines are 
observed, the c axis makes an angle of 45° with the 
edges of the crystal (that is, 45° to the @ and 6 axes 
below 740°C) and the c axes of the two neighboring fine 
domains make a 90° angle with each other, as shown in 
the enlarged figures at the lower part of Fig. 4. In regions 
where fine parallel lines are not observed, the c axis is 
usually perpendicular to the plane of the plate, although 
it occasionally lies in the plane of the plate as is shown 
in the uppermost example of Fig. 4. 
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Fic. 4. Domain structure of the ¢ crystal. A and B regions are 
shown in an enlarged scale at the lower part. 


This peculiar domain structure vanished gradually 
at about 810°C and, although the c axis became per- 
pendicular to the plane of the plate in nearly the entire 
area of the plate, narrow regions where the c axis lies 
in the plane sometimes remained as shown in Fig. 4. 
No change of the domain structure was seen as the 
crystal was further heated through the 910°C transition 
and up to 1000°C. Although the change around 810°C 
was gradual (and hence 810°C cannot be considered 
as a distinct transition point), the fact that an x-ray 
powder photograph, which is diffuse just above 740°C, 
becomes sharper when the crystal is heated above this 
temperature,” and the fact that there exists a smooth 
peak on the specific heat versus temperature curve 
around 800°C,’ may result from the change in domain 
structure at this temperature. It is not clear why the 
c axis lies in the plane of the plate between 740°C and 
810°C, but such behavior of the ¢ axis would probably 


10 Kehl, Hay, and Wahl, J. Appl. Phys. 23, 212 (1952). 
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Fic. 5. Domain structure of the 6 crystal due to the monoclini- 
city. a, 6, c are the crystal axes and a’, b’=b, c’ the optic principal 
axes. 


have an intimate relation with the process whereby the 
displacements of the W and O ions in the orthorhombic 
phase change to those in the tetragonal phase. 

It is now clear that insufficient transparency of the 
crystals, accompanied by the fact that the optical ab- 
sorption edge is suddenly shifted to the infrared region 
at 740°C," made the observation of such peculiar 
domain structures impossible in our previous 
investigations.‘ 

As reported previously, the } crystal at room tempera- 
ture has a domain structure due to the monoclinicity. 
This structure is shown in Fig. 5. @nono, the angle 
between extinction positions of two neighboring 
domains, is equal to twice the angle between the crystal 
axis c and the optic principal axis a’. Figure 6 shows the 
temperature dependence of @nono. We can see that the 
crystal structure distinctly changes from monoclinic to 
orthorhombic at 330°C. 

When the 6 crystal is compressed by an external 
stress on its lateral surfaces, a c-a domain structure 
(shown in Fig. 7) is easily created. These domains 
coexist with those due to the monoclinicity below 330°C, 
and the details of this type of coexistence have been 
discussed by Tanisaki.” In Fig. 8, the observed value of 
6.2, the deviation from 90° of the angle between extinc- 
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FIG. 6. Omono, angle between extinction positions of two neigh- 
boring domains due to the monoclinicity in the 6 crystal, vs 
temperature. 

1 Horie, Kawabe, and Iwai, Ann. Rept. Sci. Works, Fac. Sci. 
Osaka Univ. 4, 45 (1956). 

2S, Tanisaki, J. Phys. Soc. Japan 13, 363 (1958). 
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Fic. 7, a-c domains of the b crystal. 


tion positions of two neighboring domains, is shown 
together with the value of @._ calculated from the equa- 
tion 0.4=2 cot!(2c/a)—2/2, with 2c/a obtained from 
x-ray analysis.’ A good agreement is seen, as in the case 
of the c crystal. 

Below 330°C, such measurements cannot be carried 
out very well, because of the above-mentioned coexist- 
ence of two sorts of domains. Between 740°C and 810°C, 
the situation is complicated by the fact that there exist 
regions where the c axis makes an angle of 45° to the 
plane of the plate. Above 810°C, the determination of 
6a is difficult because radiation (unpolarized light) from 
the furnace interferes with the polarized light from the 
source and, also, the optical absorption edge of the 
crystal exists in the infrared region. The domain struc- 
ture itself, however, can be observed sufficiently up to 
higher temperatures. No change in the c-a domain 
structure of the b crystal was seen up to 1350°C, where 
the crystal sublimed in a very short time, making the 
observation impossible at higher temperatures. Hence 
it has become clear that the crystal structure is still 
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FIG. 8. Oca, deviation from 90° of the angle between extinction 
positions of two neighboring c-a domains in the 6 crystal, vs 
temperature. 


tetragonal at least up to 1350°C, in agreement with the 
results obtained by x-ray analysis.‘ 

Although it had been reported that the optical ab- 
sorption edge suddenly jumps to the infrared region at 
740°C," we have found this to be true only for light 
polarized in a direction perpendicular to the ¢ axis, but 
not for light polarized in a direction parallel to the 
c axis. A quantitative observation concerning this fact 
will shortly be reported by Horie e¢ al. 


IV. CONCLUSIONS 


Our optical observations have shown that the crystal 
structure of WO; is monoclinic below 330°C and tetrag- 
onal from 740°C up to at least 1350°C. We have verified 
that the coefficient of thermal expansion of b is negative 
above 330°C, as reported previously by x-ray analy- 
sis."-8 The peculiar domain structure between 740°C 
and 810°C seems to be a bridge connecting the ortho- 
rhomic and tetragonal phases, and a precise x-ray analy- 
sis of crystal structure in this temperature region would 
be desirable. 

18 Rosen, Banks, and Post, Acta Cryst. 9, 475 (1956). 
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A modified Chaulnes’ method using polarized light has been developed to measure the indices of refraction 
of WOs. By this method, the three principal indices of refraction of a crystal were obtained by observations 
in the direction of only one optic principal axis. For WO;, the mean value of the indices of refraction and 
the maximum value of birefringence at room temperature were found to be 2.5 and 0.42, respectively. The 
crystals were positive below 740°C and negative above this temperature. Distinct anomalies in the indices 
of refraction were observed at 330°C and 740°C. The results are compared with those for some other 


perovskite-type ferroelectrics and antiferroelectrics. 


I. INTRODUCTION 


N dielectrics, especially in ferro- or antiferroelectrics, 
the optical index of refraction is one of the important 
properties, because it is closely related to the electronic 
¢ This work was performed in the Ames Laboratory of the U. S. 


Atomic Energy Commission. 
* On leave of absence from University of Tokyo, Tokyo, Japan. 


polarizability and the local field inside the crystal. 
Since, particularly in perovskite-type substances, the 
birefringence is proportional to the square of the 
spontaneous polarization, the order of magnitude of 
the spontaneous polarization can be estimated from 
the observed value of the birefringence, even when a 
direct determination of the spontaneous polarization 
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cannot be made, as in the case of antiferroelectrics. A 
direct determination is difficult in the case of ferro- 
electrics having a high coercive force or high dielectric 
loss. 

The perovskite-type substances have, in general, 
large indices of refraction and a large birefringence; 
for example, 7=2.4, An=0.06 for BaTiO;,'? and 
ni=2.2, An=0.04 for PbZrO ;.3 WO; is one of thé 
perovskite substances which has attracted much interest 
because of the strong possibility of the existence of 
ferroelectricity or antiferroelectricity*® in this sub- 
stance. However, the index of refraction and the 
birefringence of this substance have not yet been 
measured. We have recently succeeded in preparing 
very clear crystals of WOs, as reported in the preceding 
paper,® and have measured the three principal indices 
of refraction of these crystals from room temperature 
to 850°C. 


II. PRINCIPLE OF MEASUREMENT 


To measure the index of refraction of a tiny crystal, 
especially at high or at low temperatures, Chaulnes’ 
method, in which the index of refraction is obtained 
as a ratio of the apparent thickness to the true thickness 
of a crystal, is the most convenient. This method, 
however, gives only a mean value of indices of refraction 
nm, when unpolarized light is used. The birefringence 
must be determined separately, for example by the 
compensator method, which does not, of course, give 
the index of refraction itself. It is theoretically possible 
to get both the index of refraction and the birefringence 
by Chaulnes’ method when polarized instead of 
unpolarized light is used. As far as we know, however, 
this idea has not yet been applied to any crystal, 
obviously for the reason that it would be very difficult 
to distinguish apparent thicknesses for different polar- 
izations unless the crystal is extremely clear and has 
extremely high birefringence. In WO;, however, we 
have found that these conditions are fortunately 
satisfied and the three principal indices of refraction 
can be determined by Chaulnes’ method. 

When linearly polarized light is projected perpen- 
dicularly onto the lower surface of a uniaxial crystal 
plate having the optic axis c perpendicular to the plane 
of plate, a paraxial conical flux emerging from a point 
on the lower surface becomes also a paraxial conical 
one having a different vertical angle after passing 
through the crystal, as is shown in Fig. 1. If the thick- 
ness of the plate is denoted by D and the principal 
indices of refraction by m, and n,, the depth dp of the 
vertex of the latter flux (apparent thickness of the 


1 Busch, Flury, and Merz, Helv. Phys. Acta 21, 212 (1948). 

2 P. W. Forsbergh, Phys. Rev. 76, 1187 (1949). 

3 Jona, Shirane, and Pepinsky, Phys. Rev. 97, 1584 (1955). 
4B. T. Matthias, Phys. Rev. 76, 430 (1949). 

5S. Sawada, J. Phys. Soc. Japan 12, 1246 (1956). 

6S, Sawada and G. C. Danielson, preceding paper [Phys. Rev. 
113, 1005 (1959) ]. 
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Fic. 1. Behavior of a paraxial conical flux emerging from a 
point on the lower surface of a uniaxial crystal plate having the 
optic axis perpendicular to the plane of plate, when polarized 
light is projected in the direction of optic axis. After passing 
through the crystal, the flux is also a paraxial conical one having 
a different vertical angle. 


crystal) for an ordinary ray and the depth d, for an 
extra-ordinary ray are given by the equations 


do/ D=1/na, (1a) 
and? 


d./D=n,/n2. (1b) 


The first equation is well known and the second can 
easily be proved by the conventional method if account 
is taken of the anisotropy of the wave surface inside 


_ the crystal. A more generalized formula is derived in 


the Appendix. 

When linearly polarized light vibrating in the 
direction of an optic principal axis (e.g., a’ axis) is 
projected perpendicularly onto the lower surface of a 
biaxial crystal plate having an optic principal axis 
(e.g., c’ axis) perpendicular to the plane of the plate, a 
paraxial conical flux emerging from a point on the 
lower surface is still paraxial after passing through the 
crystal, as shown in Fig. 2. The flux is no longer conical, 
however, because the angle of refraction on the upper 
surface of the crystal depends upon the azimuthal 
angle around the direction of incidence. As shown in 
Fig. 3, the latter flux appears as if it were ejected from 
two focal lines which are located at different positions 
on the line of incidence and which are, respectively, 
parallel to each of two optic principal axes in the plane 
of the plate (a’ and 0’ axes), as is well known from the 
elementary theory of astigmatism in geometrical 
optics. That is, a point on the lower surface of the 
crystal is observed as two focal lines in the direction 
perpendicular to the plane of the plate. Observation 
of the two focal lines corresponding to one point is 
difficult except in the case of a thick plate which is 
7The ordinary and extraordinary rays propagate, of course, 
with the same velocity in the direction of the optic axis. However, 
the apparent thicknesses of the crystal for both rays are different 
from each other, since the curvatures of the wave surface are not 
the same even in this direction. 





1010 S. SAWADA AND 
quite clear and has sufficiently high birefringence. In 
WO,;, however, two focal lines can be clearly observed, 
when two kinds of lines, respectively, parallel to each 
of the two optic principal axes (a’ and b’ axes) are 
drawn on the lower surface of the crystal. Considering 
the two focal lines corresponding to each point on one 
line drawn parallel to one optic principal axis (e.g., 
a’ axis), we see that the effects from each point re- 
inforce in the principal axis direction. The other focal 
line is clearly observed for the same reason in the 
other direction (b’ axis). As mentioned in the preceding 
paper,® the c crystal of WO; has two sets of discrete 
hillocks on the surfaces of the plate and these hillocks 
are parallel to either the a axis or the b axis. We found 
these hillocks to be very useful in measuring the optical 
indices by the present method. When such natural 
lines were not found, artificially scratched lines were 
quite satisfactory. 

Taking account of a well-known relation between the 
form of the wave surface and the direction of polariza- 
tion inside a biaxial crystal, we see from Eqs. (1a) and 
(1b) that, when polarized light vibrating in the direction 
of the a’ optic principal axis of a plate crystal (thickness 
































Fic. 2. Behavior of a paraxial conical flux emerging from a 
point on the lower surface of a biaxial crystal plate having an 
optic principal axis c’ perpendicular to the plane of plate. After 
passing through the crystal, the flux is still paraxial but no 
longer conical. 
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Fic. 3. The flux after passing through the crystal in Fig. 2 
appears as if it were ejected from two focal lines which are located 
at different positions in the c’ direction and are respeciively 
parallel to each of two optic, principal axes in the plane of the 
plate (a’ and b’ axes). 





D) having its c’ optic principal axis perpendicular to 
the plane of the plate is projected upward through the 
plate in its c’ direction, the apparent depths of the 
scratches in the a’ direction and those in the 6’ direction 
on the lower surface of the crystal, daa and da», are 
given by the equations 


i.) D=1/R,. (2a) 


and 


(2b) 


where the first suffix denotes the direction of polariza- 
tion of the incident ray and the second suffix the 
direction of the scratches. 

Similarly, when the incident ray vibrates in the 
direction of the 6’ axis, the apparent depths of the a’ 
and 6’ scratches are given by the equations 


dta/D=n,/n2, 


dap/ D=n./n-, 


(3a) 
and 


dyp/D= 1/ny. 


When polarized light vibrating in an arbitrary direction 
is used, these four focal lines are observed, their 
relative intensities depending upon the direction of 
polarization. 

For crystal plates perpendicular to other optic 
principal axes, we have equations similar to Eqs. (2a), 
(2b), (3a), and (3b). It is seen at once from these 
equations that three principal indices of refraction are 
obtained by only one set of observations in the direction 
of one principal axis and one excess relation is available 


(3b) 
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TABLE I. Values of indices of refraction obtained by the present 
method and those already reported. 





Barium 
titanate 
(artificial) 
a crystal 


Rutile 
(artificial) 
c crystal 
2.621 
2.616* 


Calcite 
(natural) 


Crystal 


Type 


fobs. 
tha \tab. 
2.900 
2.903* 


m fobs. 
° \tab. 

2.374 

2.401» 


0.057 
0.055° 


2.714 
2.712" 


fobs. 


n=} (2na+n-) \tab. 


—0.279 
—0.287* 


fobs 
An=na—n perry 
or \tab. 


* American Institute of Physics Handbook (McGraw-Hill Book Com- 
pany, Inc., New York, 1957), pp. 6-12. 

> Busch, Flury, and Merz, Helv. Phys. Acta 21, 212 (1948). 

¢ P, W. Forsbergh, Phys. Rev. 76, 1187 (1949). 


for a check. This fact is an important feature of the 
present method, since very often crystal plates are 
obtainable only in special directions. 


III. EXPERIMENTAL PROCEDURE 


The apparatus was the same as that used for the 
observation of domain structure in the preceding 
paper.® A scale on the microscope was used to determine 
the magnitude of the vertical displacement of the ob- 
jective to an accuracy of 0.5 yw. Because ordinary 
monochromatic sources, such as sodium or neon lamps, 
were found to be insufficient in intensity, white light 
from a tungsten lamp was always used. The true 
thickness of the crystal was measured by a micrometer. 
A thickness of 200 to 300 u was found to be the most 
desirable, because a thickness too large prevented an 
accurate determination of the position of the focal line, 
and a thickness too small introduced a significant 
error in the measurement of the thickness itself. 

Table I shows values of the indices of refraction for 
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Fic. 4. Indices of refraction of WO; vs temperature. 
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several crystals measured by the present method 
compared with values previously reported. From these 
results we see that the present method is quite reliable. 


IV. INDICES OF REFRACTION OF WO, 


The values of the indices of refraction of WOs, 
obtained for the ¢ crystal at 23°C are 
Ng= 2.703+0.035, 
ny = 2.376+0.035, 
n,= 2.283+0.035, 
nm =2.454+0.035. 
Hence, at 23°C, 
Na— N= 0.327, 
Na—Nn-= 0.420, 
n,—n-= 0.093. 

The dependence of the indices of refraction upon 
temperature is shown in Fig. 4. In the figure, mean 
values obtained on heating and on cooling are shown 
along with an indication of the magnitude of the error. 


TaBLE II. Comparison of properties of perovskite-type substances 
in the orthorhombic phase. 


Direction of 
polarization Indices of refraction 


(An) m 


Axial ratio 

ao: bo: co é 8 2 Me Mn 
1.006:1.004:1" y 2.4! 0.064 — 
1.012:1.012:1> FJ B 2.28 0.048 — 
1.009:0.974: 1° tte x 0.08% — 
0.949 :0.969: 14 the 0.42 + 


Substance Sign 


BaTiO; 
PbZrO; 
NaNbO; 


WO; 2.5 


aH. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949), 

b Sawaguchi, Maniwa, and Hoshino, Phys. Rev. 83, 1078 (1951). 
¢ P, Vousden, Acta Cryst. 4, 373 (1951). 

4 Perri, Banks, and Post, J. Appl. Phys. 28, 1272 (1957). 

¢ Direction of major polarization. 

f Busch, Flury, and Merz, Helv. Phys. Acta 21, 212 (1948). 

« Jona, Shirane, and Pepinsky, Phys. Rev. 97, 1584 (1955). 

b P, W. Forsbergh, Phys. Rev. 76, 1187 (1949). 


The measurement was impossible between 740°C and 
810°C because of the complicated domain structure 
mentioned in the preceding paper,® and also impossible 
above 850°C owing to the radiation from the furnace. 
Below 330°C Eqs. (2a), (2b), (3a), and (3b) are not 
strictly applicable, since the crystal structure is mono- 
clinic in this temperature region. A correction arising 
from the monoclinicity, however, was not necessary, as 
shown in the Appendix. The same results were obtained 
for the 6 crystal, but no measurements were possible 
for the a crystal since such crystals were not obtainable 
in plate form. 

Figure 4 shows that, in WOs, the index of refraction 
is high, the birefringence is extraordinarily large, the 
crystal is positive below 740°C, negative above 740°C, 
and there exist distinct anomalies at 330°C and 740°C. 


V. DISCUSSION 


Table II shows the axial ratio, the direction of 
polarization and the indices of refraction of several 
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perovskite-type substances in the orthorhombic phase. 
The axial ratio refers to the pseudo-cube; a, 8, and y 
are the indices of refraction arranged in increasing 
order of magnitude, 7 the mean value of indices of 
refraction and (An), the maximum value of bire- 
fringence. From this table, we see the following: 


(1) The perovskite-type substances have always a 
high index of refraction. 

(2) The lattice constant is a maximum and the 
index of refraction is a minimum in the direction of 
polarization. 

(3) Only WO; is a positive crystal. 


Item (1) could be the result of a large local field in 
the perovskite structure, and item (2) may be due to 
a minimum ion density in the direction of polarization. 
Whether a crystal is positive or negative does not seem 
to be so critical and item (3) does not seem to have a 
simple explanation. However, the fact that the direc- 
tions of the orthorhombic axes coincide with those of 
the original cubic axes only in WO; may have some 
relation to item (3). 


APPENDIX. AN EQUATION APPLYING WHEN THE 
OPTIC PRINCIPAL AXES ARE INCLINED TO 
THE PLANE OF THE PLATE 


Although it is obvious that, even when the optic 
principal axes are inclined to the plane of the plate, 
the equations for the apparent thickness do not need 
to be changed for the ordinary ray, they should be 
modified for the extraordinary ray. Here, only the 
case in which one optic principal axis still lies in the 
plane of the plate will be discussed. 

In Fig. 5, z=0 is the lower surface of the plate and 
z>0. The optic principal axis y’ 
the coordinate axis y, and the optic 
principal axes 2’, x’ make an angle 8 with the co- 
ordinate axes 2, x, respectively. a and ¢ are the semi- 
axes of the wave surface at an arbitrary time which 
has started from the origin O. The apparent thickness 
for the paraxial ray existing in the yz plane is obtained 


the plate exists at 
coincides with 











Fic. 5. Wave surface inside a uniaxial crystal plate when the 
optic axis z’ makes an angle 8 with the tetragonal axis z. For the 
paraxial ray existing in the yz plane, a in the equations for B=0 
should be replaced by OC. 
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Fic. 6. Plane of wave and direction of ray velocity of the paraxial 
ray existing in the zx plane. 


by putting (m,? cos*8+n. sin’?@)! in place of mq in 
Eq. (1b),® that is, 


a 


For sin8<1 
d ) 
D z=0 


( 


The apparent thickness for the paraxial ray existing 
in the zx-plane should be calculated from the beginning 
by the method used in deriving Eq. (1a). As shown in 
Fig. 6, when a plane wave is projected on the lower 
surface of the plate in a direction making an angle @ 
with the normal of the plate, the wave plane inside the 
crystal is, by Huygens’ principle, a tangent plane 
drawn from a point P(/,0) on the x-axis to an ellipse 
which has its center located at O, its principal axes 
coinciding with the optic principal axes z’, x’, and its 
semiaxes given by the equations 


nN cos*B-+n2Z sin?8)! 


(4) 


ne 


Ne Ne ; 
1—3- -sin’8 }. 
2 No? 


Ne 


(4a) 


a=/siné/n, and c=/sin6/n,. (5) 


When the tangential point is denoted by Q(é,f) 
=0(é',¢’), OQ is the direction of the ray velocity. 
(é,£) and (’,¢’) are related to each other by 

&=£' cosB—(’ sing, 
f= sin8+¢’ cos@. 
y 80C= ac/(a? sin?8+-c? cos?B)! = ana/ (na? cos?8-+n. sin’s)}, since 


c/a=M/Ne. So m, in Eq. (1b) should be changed to a(n? cos’8 
+n sin®8)!/ng= (ma? cos?B-+-n2 sin?/B)}. 


(6) 
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The equations of the ellipse and the tangent are Eq. (8), 
li’ cosB It’ sing 

(7) C a 

As Q(é’,¢’) exists on the ellipse, 
¢” ¢”? 

(8) = 


2 @ 


=1. (10) 


respectively. As the coordinates of P(/,0) referring When the angle between OQ and the z axis is denoted 
to the (x’,2’) axes, namely (/ cos8,—/ sin), ned by ¢, Eqs. (9), (10), and (6) give 


é P(c?—a?) sinB cos*B+a2c? sind-+¢ cos6LP(a* cos’ Bre sin 8) —a*c?}} 
tand=-= ¢ ROE ES : 


¢ P(e sin?8+a? cos’B) cosB—a’c? cosB-+e? sinB[ ?(a? cos 24 2 sin 23) — ect} 2} 





Using Eq. (5), we have 


Me(Ma! — Me: ) sing cos? BN. sin’6 sin6-+n, sin@ cose ( ma: § sin? inne 2 cos? 8) —sin*é } 
tan¢=———_ a —— (12) 
Ne (me? sin B42 cos 28) o£ Ne sin’ cosB-+n, sind sing[( (n2 sin Btn? ‘cos’@) —sin? 29}i 


Putting 0=0, 
(n2— — ne) sing coss 
tan¢o=— ——, (13) 


Ng sin*B- tn? cos’G 





For siné«1, Eq. (12) becomes 
NaN 1 
tand= tango, 1+ . 
Ng —n~2 sin8 cos8 
1 


p< 2 i 
(nq? sin?8-+n cos®B)! 








sind}. (14) 


As Fig. 7 shows, the apparent thickness for the paraxial 
ray is given by 
d= AE=AC cot@=(AB+ BC) coté 
= D(tan@— tango) coté. (15) 











Using Eqs. (14) and (13), we have 


Fic. 7. Effective thickness for the paraxial ray. 


d NaNe 
(—) = cos 
DJ yuo (na sin?8+n? cos’B)} Equations (4) and (17) become Eq. (1b) for B=0 
ee and become 1/n for any value of 8, if ma=n.=n. An 
Putting +0, intermediate formula between Eq. (4) and Eq. (17) 
d NaMe would hold for a paraxial ray in an arbitrary azimuthal 
( ) = 7) angle around the z axis. In any case, Eqs. (4a) and 
0 Na 


2 sin?B-+n2 cos’s)! (17a) show that the correction arising from an inclina- 
tion of the optic principal axes to the plane of the 
For sing, plate is very small as long as the angle of inclination is 
minute. Since 82° at room temperature in WOs, as 


d Na Ne—ne : : 3 . i 
anit =—( 1—3———-sin’8 (17a) was mentioned in the previous paper,® even the maxi- 
DJ yao Ne Ne mum correction given by Eq. (17a) is less than 0.1%. 
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G. W. Lupwic anp H. H. Woopsury 
General Electric Research Laboratory, Schenectady, New York 


(Received October 10, 1958) 


Electron spin resonance absorption proportional in intensity to the Ni~ concentration has been detected 
at 14 kMc/sec in germanium crystals. The spectrum, which consists of six main lines having anisotropic g 
values, is interpreted in terms of a Jahn-Teller distortion of the nickel ion in any cubic direction. The 
principal axes of the g tensor are the cubic direction and two mutually perpendicular [110] directions 
having g values of 2.0294, 2.0176, and 2.1128, respectively. Hyperfine structure due to Ni® in enriched 
samples shows the same principal axes and principal values of < 1.6, 12.2, and 10.3, respectively, in units of 
10~* cm™, and establishes the spin of that isotope as }. Hyperfine interaction with Ge in the two nearest 
neighbor positions toward which the nickel atom moves in the Jahn-Teller distortion has been resolved and 
ranges from 19.8 10~ cm™ for the magnetic field in the Ni-Ge™ direction to 16.5 10~* cm™ at right angles 
to this axis. Above 20.4°K the Jahn-Teller distortion reorients with increasing rapidity. The line broadening 
and eventual merging has been studied and estimates have been made of the activation energies for re- 


orientation by inversion and by rotation. 


INTRODUCTION 


ICKEL introduced as an impurity into germanium 
shows two acceptor levels, one 0.22 ev from the 
valence band and one 0.30 ev from the conduction 
band.! Crystals containing 7X10'® Ni/cm* introduced 
by diffusion® at 850°C were examined by spin resonance 
methods. The filling of the two acceptor levels was con- 
trolled by the amount of arsenic introduced into the 
germanium crystals at the time they were pulled from 
the melt. Spin resonance absorption® was detected pro- 
portional to the percentage of the lower acceptor level 
which was filled. It decreased, however, proportional to 
the percentage of the upper acceptor level which was 
filled. These observations further confirm the double- 
acceptor model for nickel, according to which both ac- 
ceptor levels are associated with the same impurity site. 
When both levels are empty or full, the nickel is in the 
form Ni° or Ni>, respectively. If only the lower level 
is full, the nickel is in the form Ni-, which is the charge 
state for which spin resonance absorption is detected. 
Spin resonance measurements on nickel in the form 
Ni** have been reported in the literature for a number 
of compounds.‘ In these compounds an orbital singlet 
lies lowest, the configuration is 3d°, and the effective 
spin equals the actual spin (S=1). The g tensor is nearly 
isotropic, and no hyperfine structure due to the isotope 
Ni® (natural abundance 1.25%) has been reported. 
Nickel in germanium thus represents the first case for 
which resonance due to Ni~ (with an effective spin 3) 
has been observed, and also the first case in which the 
hyperfine interaction with Ni®* has been detected.® 


1 Tyler, Newman, and Woodbury, Phys. Rev. 98, 461 (1955). 

2W. W. Tyler and H. H. Woodbury, Bull. Am. Phys. Soc. Ser. 
II, 2, 135 (1957). A more complete discussion will be published. 

*G. W. Ludwig and H. H. Woodbury, Bull. Am. Phys. Soc. 
Ser. II, 3, 135 (1958). 

4K. D. Bowers and J. Owen, in Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304; W. Low, 
Phys. Rev. 101, 1827 (1956). 

®°H. H. Woodbury and G. W. Ludwig, Phys. Rev. Letters 1, 16 
(1958). 


Mn™ is the only other impurity in germanium 
for which spin resonance information appears in the 
literature.® 

EQUIPMENT 


A balanced bolometer homodyne detection system is 
used. A Varian VA92-C klystron, stabilized on an ex- 
ternal cavity using a Pound dc stabilization scheme, is 
the microwave source. A Varian V-4012-3B magnet, 
which can be rotated in a horizontal plane, is scanned 
in field to detect resonance. The sample is contained in 
a TEo mode reflection cavity overcoupled to minimize 
FM noise when the spectrometer is tuned to absorption.’ 
The brass construction of the cavity permits penetration 
of the audio-frequency modulation of the magnetic field 
and results in nearly constant cavity Q and coupling 
coefficient as a function of temperature. The cavity 
terminates one arm of a magic tee bridge, which is 
normally operated at balance. The signal power from 
the bridge goes to another magic tee, the detection tee, 
where it is split to feed two bolometers. These bolometers 
are biased with power fed through the fourth arm of the 


8, 
9, = 2.1128 Nu 


pid 
Ge 


Fic. 1. Model for the Ni- site in the germanium lattice. Due to 
the Jahn-Teller distortion the nickel atom moves from the substitu- 
tional site in a cubic direction (e.g., toward the position of the black 
ball). g= (gi? cos*#,-+-gs" cos*62+-g3* cos*6;)#, where gi, ge, gs are the 
principal values of the g tensor, and 6, 0s, 03 are the angles between 
the magnetic field and the principal axes of the g tensor. 


6G. D. Watkins, Bull. Am. Phys. Soc. Ser. II, 2, 345 (1957). 
7G, Feher, Bell System Tech. J. 36, 449 (1957). 
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detection tee. A phase shifter in the fourth arm allows 
adjustment of the phase of the bias voltage relative to 
that of the signal voltage making the system sensitive 
to the real part x’ or the imaginary part x” of the 
magnetic susceptibility of the sample as desired. In 
operation, up to 40 mw of microwave power at approxi- 
mately 14 kMc/sec is incident on the sample cavity. 
The klystron frequency is measured with a Hewlett- 
Packard 540A Transfer Oscillator and a Hewlett- 
Packard 524 B Frequency Counter. The magnetic field 
is measured using the same counter and a Numar Pre- 
cision Gaussmeter. The field is modulated (usually at 
80 cps) using separate coils fastened to the pole faces. 
A lock-in amplifier and detector at the modulation fre- 
quency are employed when recording the signal. 


SPECTRUM EXCLUSIVE OF HYPERFINE 
STRUCTURE 


At 20.4°K the Ni- spectrum consists of six main lines 
having anisotropic g values. From the symmetry of the 
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Fic. 2. g values for the main lines in the Ni spectrum for the de 
magnetic field in the plane perpendicular to the [110] direction. 


spectrum and the equal intensities of the lines it is con- 
cluded that each nickel site shows only one resonant 
transition (effective spin 3), but there are six geometri- 
cally nonequivalent nickel sites distributed with equal 
probability throughout the crystal. 

The model we have adopted to explain this behavior 
is depicted in Fig. 1. The nickel impurity occupies a 
substitutional site in the germanium lattice. The con- 
figuration of the Ni~ ion is not known; however, it may 
be 3d° with a bound hole in the valence shell. The spin 
of the d shell would then be one, that of the valence 
shell one-half, and the two could together give the ob- 
served spin one-half. The bound hole would make the 
ground state wave function of the Ni- ion orbitally 
degenerate, and the ion would be expected to undergo a 
Jahn-Teller distortion to remove this degeneracy. A 
Jahn-Teller distortion occurring with equal probability 
along any one of the (+) directions corresponding to 
the three cubic axes accounts for the observed number 


RESONANCE 


IN Ni-DOPED 


Ge 


Fic. 3. Photographs of an oscilloscope display of the Ni~ spec- 
trum as seen in absorption, showing the broadening and merging 
of the lines as the temperature is raised above 20.4°K, 


of lines and the principal axes of the spectrum. One finds 
that the g value for any one line is given by the formula 


g= (gi? cos*8: +g.” cos*O2+ g3” cos”63)!, (1) 


where the principal axes of the g-tensor are the cubic 
axis along which the distortion takes place and two 
mutually perpendicular [110] axes (see Fig. 1 for nota- 
tion). Since there are six different orientations for the 
g ellipsoid, one observes a six-line spectrum. 

The spectrum was examined in crystals having a [110] 
axis vertical with the dc magnetic field in the hori- 
zontal plane. With this arrangement one sees at most 
four lines of intensities 1:1:2:2, since two pairs of lines 
always coincide (see Fig. 2). The principal values of the 
g tensor are indicated in the figure. The solid curves are 
the theoretical g values obtained by substituting gi, go, 
and g; into Eq. (1). 

At angles near 120° line C appears as a closely spaced 
doublet; the splitting is due to a slight misorientation 
of the crystal ({110] axis ~2° from the vertical as de- 
fined by the magnet). 


TEMPERATURE DEPENDENCE OF THE 
MAIN SPECTRUM 


Figure 3 shows the spectrum observed for three simple 
directions of magnetic field, the [110], the [111], and 
the [001 |, as a function of temperature. At 20.4°K the 
lines have a full width between maxima on the absorp- 
tion derivative of 4.2 gauss and the over-all spread of 
the spectrum is of order 200 gauss. As the temperature 
is raised the lines broaden and then merge. After merging 
the resultant (isotropic) line narrows (minimum width 
~28 gauss) and then widens above 50°K. 

The Jahn-Teller distortion is frozen in at sufficiently 
low temperatures, but reorients with increasing fre- 
quency as the temperature is raised. As the frequency 
of reorientation approaches the low-temperature line 
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Fic. 4, Correlation time for reorientation of the Jahn-Teller 
distortion as calculated from line broadening for various lines in 
the Ni~ spectrum. The dashed line is an estimate to 1/r for re- 
orientation by inversion only (see text). The numbers in paren- 
theses above the lines are their relative intensities. 


width, the lines broaden; as it approaches the over-all 
splitting between lines, the individual lines merge. If no 
other broadening mechanism entered, one would expect 
the width of the single resultant line to approach, at 
high temperatures, a width no greater than that of the 
individual lines at very low temperatures. 

The widths of a number of lines were measured as a 
function of temperature. The lines are designated by 
their relative intensities, namely 1, 2, 3, or 4 according 
to whether they represent a single one of the six lines 
seen for arbitrary magnetic field direction or the super- 
position of 2, 3, or 4 of these lines. The results were 
analyzed assuming that the effects of motion on line 
width could be represented by an exponential correla- 
tion function for the persistence of a given orientation. 
For the temperature region where the individual lines 
were broadening, the correlation time was estimated 
from calculations’ of the motional broadening of an 
originally Gaussian line to a Lorentzian shape. For the 
two equally intense lines in the [111] direction (see 
Fig. 4) the correlation time in the temperature region 
where the single resultant line is narrowing was calcu- 
lated using a formula derived from results of Gutowsky 
et al.* The formula assumes a Lorentzian line shape; it 
was used only during the initial stages of narrowing when 
the line shape is Lorentzian to a good approximation. 

The inverse of the correlation time calculated for 
various lines is shown in Fig. 4. It is not surprising 
that the inverse correlation times and their temperature 
dependences differ for different lines. Any reorientation 
of a site corresponding to a line of unit intensity will 


§ G. D. Watkins has kindly furnished us with the results of such 
a calculation. 

® Gutowsky, McCall, and Slichter [J. Chem. Phys. 21, 279 
(1953), Eq. (41)]. Experimentally, one-half of the peak-to-peak 
derivative width was measured at various temperatures. This 
frequency difference was assumed equal to the value of Aw at 
which dRe(@)a,/8(Aw)?=0. To obtain a formula for 7~ in closed 
form, it was assumed that r/7:<1. 
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transform the site into one having a different g value. 
Some reorientations of a site contributing to a line of 
greater than unit intensity will transform it into a site 
having the same g value, and hence are less effective in 
line broadening.” Moreover there are two types of re- 
orientation for the Jahn-Teller distortion, inversion, and 
rotation. For example, a distortion in the [001] direc- 
tion can reorient by inversion to the [001] direction 
and by rotation to the [100], [100], [010], and [010] 
directions. 

The line of intensity one broadens rapidly and follows 
the uppermost solid line in Fig. 4. The lines of intensity 
four, which are changed in g value by two of the four 
rotations, and not by inversion, broaden least rapidly 
and follow the lowest solid line in Fig. 4. One notes that 
the lines of intensity three for the magnetic field in the 
[111] direction broaden about as rapidly as the line of 
intensity one. Sites corresponding to these lines are 
transformed in g value by inversion and by two of the 
rotations. Moreover the line of intensity two in the 
[001 ] direction (changed in g value by all roations but 
not by inversion) broadens almost as slowly as the lines 
of intensity four. 

One may see from Fig. 4 that the data for spectral 
lines representing sites which change g value only by 
rotations can be fitted reasonably well by straight lines. 
This is evidence that one is dealing with a thermally 
activated motion. The activation energy shown by the 
straight lines (0.018 ev) is considered an estimate to the 
energy barrier to rotation. To obtain an estimate of the 
energy barrier to inversion, the contribution to 1/7 from 
reorientation by rotation was subtracted from the data 
representing broadening by both inversion and rotation. 
The dashed line of Fig. 4, showing an activation energy 
of 0.022 ev, resulted. This energy is also an estimate of 
the Jahn-Teller energy. Despite the somewhat higher 
energy barrier, reorientation by inversion competes with 
reorientation by rotation between 20°K and 40°K be- 
cause of a higher frequency factor (see Fig. 4). The near 
equality of barrier heights is not understood." 


Ge?’ HYPERFINE STRUCTURE 


One might expect hyperfine interaction of the nickel 
center with Ge™ (nuclear spin J=9/2) occupying the 
nearest neighbor sites (see Fig. 1). Since there are four 
such sites one anticipates four sets of ten hyperfine lines 


10 Reorientations which leave the g value unchanged may con- 
tribute to line broadening because of phase accumulation during 
the reorientation. Competing with this, hyperfine interactions 
contributing to line width could be partially averaged out by the 
reorientation. 

FE. O. Kane of this laboratory calculated the Jahn-Teller 
energy assuming a hole in a j=} state localized on the Ni atom 
and ignoring the d shell. The energy was assumed to be a parabolic 
function of normal coordinate about the symmetric site excluding 
the energy from the bound hole. An energy term linear in the 
normal coordinate was added, representing the Jahn-Teller energy 
of the hole. Although this simplified model correctly predicted 
a [100] distortion as the minimum energy position, it indicated 
that the energy barrier to inversion was nine times that to rotation. 
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associated with each main line for arbitrary direction 
of the magnetic field relative to the crystalline axes. 
However, the Jahn-Teller distortion moves the nickel 
atom closer to two of the four nearest neighbors and 
farther away from the other two. Only two sets of ten 
well-resolved hyperfine lines are observed; these are 
attributed to a Ge” isotope in either of the two closer 
positions. Figure 5 shows the hyperfine structure associ- 
ated with a particular line for the magnetic field in the 
[110] direction. For this direction of magnetic field the 
two sets of ten well-resolved hyperfine lines coincide. 
Four of these lines are clearly resolved in Fig. 5. An 
indication of the fifth line is seen at the position where 
it would be expected, based on the equal spacing of these 
lines. There remains an extra line between (4) and (5), 
which is attributed to interaction with Ge” in either of 
the two farther nearest neighbor positions. Presumably 
it represents the outermost hyperfine line. Assuming 
ten equally spaced lines (as is found for the resolved 
hyperfine structure), the splitting between adjacent 
lines would be ~4 gauss. Since the peak-to-peak deriva- 
tive width is also ~4 gauss, the inner lines would tend 
to cancel on a derivative display of the absorption, 
which explains why they are not observed. 

The expected intensity for a given hyperfine line rela- 
tive to that of the main line can be calculated on the 
basis of the known abundance of the Ge” isotope (7.7%). 
The probability of obtaining the main line is the proba- 
bility (1— p)*, where p=0.077, that none of the nearest 
neighbors is Ge”. The probability of obtaining a given 
hyperfine line is the probability (1—)* that a given 
one of the nearest neighbors is Ge” while the others are 
not, times the probability 0.1 of encountering a given 
magnetic quantum number m;. Thus the relative in- 
tensity of a given hyperfine line is predicted to be 
0.1p(1— p)*/(1— p)*=0.0084. Within 10% this is the 
relative intensity observed. The observation of ten lines 
in a set (27+1=10) and the [111 ] principal axis for the 
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Fic. 5. Absorption derivative on the high-field side of the 
highest field line (line A) for the magnetic field in a [110] direc 
tion. The lines marked 1-5 are attributed to hyperfine interaction 
with Ge® in either of the two nearest neighbor positions toward 
which the Ni atom moves in the Jahn-Teller distortion. The extra 
line is attributed to hyperfine interaction with Ge” in either of 
the two farther nearest neighbor positions. 
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Fic. 6. The splitting AH between adjacent hyperfine lines due 
to interaction of the Ni~ site with Ge” in either of the closer two 
of the four nearest neighbor positions. 


resolved hyperfine interaction further confirm the view 
that one is seeing hyperfine interaction with nearest 
neighbor Ge” atoms. 

In the absence of resolved hyperfine interaction with 
Ge”, one could not decide whether the assignment of 
g values in Fig. 1 is correct, or whether g; and gs should 
be interchanged. However, assuming that the resolved 
hyperfine structure is due to Ge” in the nearest neighbor 
positions toward which the nickel atom moves, one can 
assign g values uniquely. For line B (see Fig. 2) the two 
sets of resolved lines always coincide ; hence line B corre- 
sponds to the Jahn-Teller distortion depicted in Fig. 1, 
and the g values in the three principal directions are as 
given in that figure. 

The resolved hyperfine interaction with Ge® is un- 
usual in that the principal axes describing the inter- 
action differ from those of the g tensor. Since the inter- 
action represents a small perturbation with respect to 
the external field, a theoretical expression’ for the 
splitting AH between adjacent hyperfine lines is readily 
derived. The electron spin S is quantized along the direc- 
tion g-H, and the nuclear spin J of the Ge™ along the 
direction H-g-T, where T is the hyperfine interaction 
tensor. T is assumed to have principal values 7), along 
the Ni-Ge®™ direction and 7, for any direction perpen- 
dicular to that axis. To solve the problem to first order, 
one may transform H- to the principal-axis system of 
T. In the case of line A the correct transformation is a 
rotation of the coordinate axes by an angle a (equal to 
+54°44’) about the [110] direction, while for line B 
the same rotation should be performed about the [110] 
direction. 

For the magnetic field in a (140) plane making an 
angle g with the [110] axis, one finds for line A, 


AH =[ AH,?(cosa cosy—sina sing)? 
+ (gigo (AH,)? (cosa cosy—sina cos¢g) ]*, (2) 
where the small anisotropy in the g value for line A has 


2 We are indebted to E. O. Kane for examining this problem. 
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Fic . 7. The absorption derivative at 20.4°K for line B (see Fig. 
2) in the [110] direction in a sample A doped with nickel of normal 
isotopic abundance and in a sample B doped with nickel enriched 
to contain 83% Ni®. The nickel content of the two samples is about 
the same, but the gain of the spectrometer was about five times 
greater for recording B. 


been neglected (g taken as go= 2.02), AH, is the maxi- 
mum splitting for line A, and AH, is the minimum 
splitting for line B. 

Similarly, for line B, 


AH= g *T (goAH,)?(g2 COSa@ sing)? 
+ (g:AH,)?(g;? cos*g+ ge? sin’a sin?g) ]!. (3) 


Measured hyperfine splittings for lines A and B are 
shown in Fig. 6. Additional experimental values were 
difficult to determine because of overlapping of hyper- 
fine lines with each other and with the main lines of the 
nickel spectrum, but were consistent with the data 
shown. One notes that the experimental points lie on 
slightly different curves than the solid lines which are 
plots of Eq. (2) and Eq. (3). Such a displacement would 
be expected if the nickel atom moved a finite distance 
in the Jahn-Teller distortion, since the motion would 
distort the angles between the nickel and the nearest 
neighbor germanium atoms. A motion of 0.2 A, which 
corresponds to a change in bond angle of about 4°, 
would bring the experimental and theoretical curves 
closer to coincidence. 

The resolved hyperfine interaction, attributed to Ge” 
in either of the two closer nearest neighbor positions, 
has principal values 7;,= 19.8 10 cm~ and 7,= 16.5 
X10~* cm™. It is a factor of 4 or 5 stronger than that 
with Ge” in either of the two farther nearest neighbor 
positions. 


AND 
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Ni*! HYPERFINE STRUCTURE 


In samples prepared with nickel enriched in Ni®, the 
main lines of the nickel spectrum show additional hyper- 
fine structure.’ Figure 7 shows line B for the [110] 
direction in a sample A containing nickel of normal 
isotopic abundance and in a sample B enriched to con- 
tain 83% Ni®. In sample B one sees five lines. The small 
center line has a g value identical to that of sample A, 
and arises from the 17% abundant Ni isotopes of spin 
zero. The other four lines correspond to the four possible 
orientations of the Ni® nucleus and indicate a spin of 3 
for that isotope. To our knowledge this is the first experi- 
mental determination of the spin of Ni®. 

The Ni® hyperfine structure is anisotropic, but has, 
as expected, the same principal axes as the g tensor. 
Referring to the notation of Fig. 1, the principal values 
A, As, and A; for the hyperfine interaction with Ni® are 
10.3, < 1.6 and 12.2, respectively, in units of 10~* cm~. 


SUMMARY 


Ni- in germanium shows an effective spin S=} and 
an anisotropic g tensor at 20.4°K and below. The ani- 
sotropy is attributed to a Jahn-Teller distortion in a 
cubic direction, giving, for example, as the principal axes 
of the g tensor the [001 ] direction of the distortion, the 
[110] direction from one to the other of the nearest 
neighbor germanium atoms toward which the nickel 
atom moves, and the [110] direction at right angles to 
the two previous directions. The principal values of the 
g tensor are go= 2.0294, g;= 2.0176, and g;= 2.1128, re- 
spectively. The Ni®™ hyperfine interaction has the same 
principal axes, and principal values A2< 1.6, A3;=12.2, 
and A,=10.3, respectively, in units of 10~ cm™. Re- 
solved hyperfine interaction is observed with Ge” in 
either of the two nearest neighbor positions toward 
which the nickel atom moves. The hyperfine interaction 
is a maximum when the magnetic field points in the 
Ni-Ge® direction (7),=19.8X10- cm~) and a mini- 
mum for the magnetic field at right angles to this axis 
(T,=16.5X 10 cm-). 

As the temperature is raised above 20.4°K the Jahn- 
Teller distortion, which was frozen in at low tempera- 
tures, reorients with increasing rapidity, and the lines 
broaden and eventually merge. Different lines broaden 
at different rates since some reorientations leave the 
g value unchanged (for particular directions of the ex- 
ternal field) and since two types of reorientation, in- 
version and rotation, must be considered. The barrier 
to inversion is about 0.02 ev. 
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Fundamental Optical Absorption in the ITA-VIB Compounds* 
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The fundamental optical absorption in the range of Av from 2.5 to 5.8 ev has been measured on well- 
annealed thin films of the following compounds: BaO, SrO, BaS, SrS, CaS, BaSe, SrSe, CaSe, MgSe, BaTe, 
SrTe, CaTe, and MgTe. The absorption peaks are ascribed to excitons and are observed to shift to lower 
energies for increasing atomic numbers of either the IIA or VIB elements. A doublet splitting is observed 
which is close to the values for the spin-orbit splitting of the free negative VIB ions for the selenides and 
tellurides but which is somewhat larger for the heavier oxides and sulfides. 


INTRODUCTION 


HE IIA-VIB compounds, that is the oxides, sul- 

fides, selenides, and tellurides of the alkaline 
earth metals, may be regarded as the divalent counter- 
parts of the alkali halides, the IA-VIIB compounds. 
Most of the compounds of both of these groups have 
the same cubic crystal structure,! and all are made up 
of ions .having closed-shell electronic configurations 
similar to those of the rare gases. As a result of this 
basic simplicity and regularity of structure, the alkali 
halides have long proved useful for testing various 
theories pertaining to ionic solids.? From this point of 
view, comparable data for the IIA-VIB compounds 
would be very desirable. However, except possibly for 
the oxides, there has been very little information pub- 
lished on these materials. In the present investigation 
we have carried out a preliminary survey of the funda- 
mental optical absorption for thirteen of the sixteen 
IITA-VIB compounds. As data for MgO have been 
reported previously, only CaO and MgS remain to be 
investigated. 

Most of the previous work on the fundamental optical 
absorption of the ITA-VIB compounds has been on the 
oxides. Okumura’ and Zollweg‘ investigated the absorp- 
tion in thin films of BaO and Jahoda® obtained similar 
results by analyzing the reflectance from single crystals. 
Measurements on thin films of SrO have been reported 
by Sproull.® The reflectance from single crystals of MgO 
has been measured by Nelson’ and by Reiling and 
Hensley* who also made absorption measurements using 
thin films. Cheroff, Okrasinski, and Keller? obtained 
qualitative results on the fundamental absorption edge 
in single crystals of SrS. Since the completion of the 

* Supported in part by the Office of Naval Research. 

{ Now at General Electric Research Laboratory, Schenectady, 
New York. 

1 All have NaCl structure except CsCl, CsBr, and CsI which 
have CsCl structure and MgTe which has a wurtzite structure. 
Mg is included here as a ITA element; however, Be is not. 

2 F. Seitz, Revs. Modern Phys. 18, 384 (1946); 26, 7 (1954). 

3 Koji Okumura, Phys. Rev. 96, 1704 (1954). 

4R. J. Zollweg, Phys. Rev. 97, 288 (1955). 

5 F. C. Jahoda, Phys. Rev. 107, 1261 (1957). 

6 R. L. Sproull, Phys. Rev. 78, 630 (1950). 

7J. R. Nelson, Phys. Rev. 99, 1902 (1955). 

8G. H. Reiling and E. B. Hensley, Phys. Rev. 112, 1106 (1958). 

9 Cheroff, Okrasinski, and Keller, J. Chem. Phys. 27, 330 (1957). 


present investigation, a paper by Zollweg” has appeared 
on the fundamental optical absorption and _ photo- 
emission for the oxides, sulfides, selenides, and tellurides 
of barium and strontium. Since Zollweg has duplicated 
about half of the new results to be reported here and 
since we are in essential agreement with his conclusions, 
our results will be given in greatly condensed form. 


EXPERIMENTAL PROCEDURE 

The optical absorption measurements were made with 
a single-pass, double-beam, quartz prism, spectro- 
photometer similar to Perkin-Elmer’s Model 13. A low- 
pressure hydrogen arc was used as a radiation source, 
and an RCA 1P28 photomultiplier tube was used as a 
detector. The resolution was better than 0.005 ev over 
most of the spectral range covered. 

The samples were prepared and measurements made 
in tubes of the type indicated in Fig. 1. The thin-film 
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Fic. 1. Construction of optical absorption tube. 
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samples are formed on a quartz plate which can be 
moved along a track to various stations. At the middle 
station are evaporators from which small amounts of 
the desired elements can be evaporated onto the sample 
holder. At the lower station is a tantalum cylinder which 
can be heated by induction, thus providing an oven for 
heat-treating the sample. The upper station is on the 
optic axis of a pair of quartz windows, where optical 
measurements can be made on the sample. In this third 
position, the sample is inside a copper block which may 
be cooled to liquid air temperature during the optical 
measurements. 

The one-inch diameter quartz windows are sealed on 
with an epoxy resin." This resin cement limits the out- 
gassing temperature of these tubes to 125°C. Because of 
this some tubes were built with a section of the main 
body of the tube made of 9741 ultraviolet transmitting 
glass, which served as a window in place of the quartz. 
These tubes could be baked at the usual 450°C tempera- 
ture and were used for preparation of the oxide and 
sulfide samples. 

The samples were prepared by first evaporating a 
small amount of the desired alkaline earth metal onto 
the substrate and then introducing the VIB element on 
top of this. Three different procedures were required 
for selenium and tellurium, for sulfur, and for oxygen. 
Selenium and tellurium could be easily kept in evapora- 
tors and thus evaporated directly onto the alkaline 
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Fic. 2. Logarithm of opacity of alkaline earth sulfides 
measured at liquid air temperature. 


4! Hysol 2030 with type C hardener, obtained from Houghton 
Laboratories, Inc., Olean, New York. 
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earth metal film. After evaporation of the Se or Te, the 
sample holder was placed in the tantalum induction 
furnace and heated to cause chemical reaction and for- 
mation of the compound. 

Sulfur had a higher vapor pressure and had to be kept 
in an ampule in a side arm until after evaporation of the 
alkaline earth metal film. The ampule could then be 
broken open and sulfur vapor admitted to the tube. The 
entire tube was then placed in an oven and baked to 
cause formation of the sulfide. Excess sulfur was then 
removed from the tube by condensing it in a side arm 
placed in liquid air. 

Oxygen could be admitted to the tube through a 
silver side arm which becomes porous to oxygen when 
heated to about 800°C. Again, as for sulfur, the entire 
tube was heated to cause formation of the sample. 
Excess oxygen could then be removed by flashing a 
tantalum filment and a Batalum getter. 

After the initial formation of the sample as described 
above, during which the sample was usually heated to 
about 300°C, it was necessary to anneal the sample. As 
the annealing temperatures for these materials were 
unknown, the samples were heated for one hour at 
successive 100°C intervals. The absorption spectrum 
after each heating was noted, and the best spectra 
obtained in this manner are presented here. Most of the 
samples annealed well at temperatures between 600 and 
800°C. Heating to higher temperatures would cause 
destruction of the spectrum possibly due to the reaction 
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Fic. 3. Logarithm of opacity of alkaline earth selenides 
measured at liquid air temperature. 
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TABLE I. Positions of optical absorption peaks. 





AEob* 
0.28 


Salt Absorption peaks in ev 


Bae 10 4.38 
SrO¢ t 
Mg0O4 : 8.8 


BaS 
SrS 
CaS 
BaSe 
SrSe 
CaSe 
MgSe 
BaTe 
SrTe 
CaTe 








Sra 
aun 


® Observed separation of first peaks. 

b Spin-orbit splitting of free ion obtained from Fig. 5. 

¢ Measured at room temperature. All others measured at liquid air 
temperature. 

4 Data obtained by Reiling and Hensley (see reference 8). 

¢ Not resolved. 

f Second peak not observed probably due to instrumental limitation. 

© Not applicable since MgTe has wurtzite structure. 


of the sample with the substrate or residual gas in the 
tube. 
EXPERIMENTAL RESULTS 


As a check on the experimental methods employed 
here, samples of BaO and SrO were prepared and meas- 
urements made on them at room temperature. Little 
effort was made to anneal these samples. Absorption 
maxima were observed at 4.10 and 4.38 ev in BaO, and 
at 5.77 ev in SrO. These values are in good agreement 
with the room temperature values obtained by the 
earlier workers.>-® 

Figures 2, 3, and 4 show plots of the opacities vs 
quantum energy for the sulfide, selenide, and telluride 
compounds. Some of the curves have been shifted verti- 
cally to prevent the lines from crossing each other. The 
spectra presented here are for annealed samples at 
liquid air temperature. The absorption peaks were 
found to sharpen both on annealing the sample and on 
cooling to liquid air temperatures. 

Absolute values of the absorption constants are not 
given since the film thicknesses were not measured. 
However, an estimate of the absorption constants can 
be made as follows: The thin metal films transmitted 
about twenty percent of visible light before reacting. 
After reacting, the films transmitted about twenty per- 
cent of the light in the regions of maximum absorption. 
Thus the absorption constants in the fundamental region 
of these compounds are about the same magnitude as for 
metals, i.e., about 10° cm“, 


DISCUSSION 


The optical absorption bands observed are sum- 
marized in Table I. The interpretation of these bands 
has been discussed by Zollweg,! Overhauser,” 


. 2 A.W. Overhauser, Phys. Rev. 101, 1702 (1956). 
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Fic. 4. Logarithm of opacity of alkaline earth tellurides 
measured at liquid air temperature. 


Krumhansl," and Goodman." This structure is un- 
doubtedly intrinsic to the pure compounds because of 
its independence to the purity of the materials and to 
the method of preparation. Evidence that this structure 
is due to the formation of excitons is based on the large 
value of the absorption constant, the fact that the peaks 
become sharper with decreasing temperature and the 
similarity to the structure observed in similar materials 
which has been correlated with excitons. The values 
obtained for the barium and strontium compounds are 
in good agreement" with those reported by Zollweg.” 

From the data presented in Table I, it will be ob- 
served that the energy of the first absorption peak shifts 
to lower energies for increasing atomic number in either 
of the two columns of the periodic table. This is quite 
13 J. A. Krumhansl, Proceedings of the Conference on Photoconduc- 
tivity, Atlantic City, 1954, edited by R. G. Breckenridge ef al. 
(John Wiley and Sons, Inc., New York, 1956), p. 455. 

4B. Goodman, Proceedings of the 1958 International Conference 
on Semiconductors (to be published). 

15 Zollweg’s data are somewhat sharper and extends further into 
the ultraviolet than the data reported here. Although in his paper 
Zollweg suggests this may have resulted from his films being better 
annealed than ours, we believe this simply reflects the superior 
merits of a double monochromator such as used by Zollweg over 
the single-pass instrument we used. The larger fraction of scat 
tered light present in a single-pass instrument makes it difficult to 
work with samples which have a transmission much less than 10%. 
The reduction of this scattered light in a double monochromator 
permits the use of thicker films which reduces the relative effect 
of reflection from the front surface of the film. This is clearly seen 
in Fig. 1 of Zollweg’s paper in which the optical density is shown 
for a sequence of films of increasing thickness. Our data correspond 
most closely to the two lower curves in this figure. 
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Fic. 5. Plots of the spin-orbit splittings AE of the ions in the 
isoelectronic series of O~, S~, Se~, and Te~. Z is the atomic number 
and p is the number of electrons in the completely filled shells. 


different from the behavior in the alkali halides in which 
the energy of the first peak depends primarily on the 
halogen alone. 

Many of the peaks in the observed spectra may be 
interpreted as doublets similar to those observed in the 
alkali halides.'® This is consistent with the usual model 
for the formation of excitons in these materials in which 
an electron from one of the doubly charged negative 
ions is excited to a state localized on the neighboring 
positive ions. The ground state of the resulting singly 
charged negative ion may be split due to the spin-orbit 
interaction. To the extent that the wave function for 


16N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), p. 99. 
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the hole representing this missing electron is not in- 
fluenced by the neighboring ions, this splitting will be 
similar to that occurring in a free ion. 

Experimental values for the splitting in singly charged 

VIB negative ions are not available since their excited 
states are probably unstable. However, Vier and 
Mayer" estimated the splitting for the free O~ ions by 
plotting JogAE vs log(Z-p) for the O~ isoelectronic series, 
where AE is the doublet splitting, Z is the atomic 
number, and p is the number of electrons in the filled 
core shells. Following this procedure we made the plots 
shown in Fig. 5 for the isoelectronic series of O-, S~, 
Se~, and Te~. Values for the doublet splittings of the 
various ions appearing in this plot were obtained from 
the literature.!* The extrapolated values for the splitting 
in the free VIB ions from these plots are shown in the 
last column of Table I. 
_. The separation of the first two peaks of the observed 
spectra is interpreted as corresponding to the splitting 
discussed above and is listed in the next to the last 
column of Table I. For the selenides and tellurides there 
appears to be fairly good agreement with the values 
determined for the free ion listed in the last column. 
However for the heavier oxides and sulfides the observed 
splittings appear to be much larger than the free-ion 
values. Krumhansl" has suggested that this could be 
understood if the hole were partly associated with the 
neighboring metal ions since the heavier of these have 
a larger spin-orbit interaction. In support of this view, 
it is noted that the anomalous splitting decreases for 
decreasing atomic number of the metal ions. 
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Surface Properties of Etched Tungsten Single Crystals* 
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An examination of the surface properties of chemically etched W single crystals has been made to deter 
mine the possibility of developing a macroscopic surface with adsorption properties equivalent to an ideal 


crystal plane. 


Crystals up to three inches in length have been grown in 0.003-inch W wires by a thermal gradient tech 
nique. The crystals completely filled the wire cross section. 

The etching appeared to have produced a surface which was homogeneous on a microscopic level. Thermi- 
onic emission was observed to be identical for the three crystallographic directions, [112], [112], and [110], 
with a value of ¢o* = 5.25+0.05 v. Surface ionization measurements gave the same value of the work function 


within experimental error. 


INTRODUCTION 


I’ the past, a number of attempts have been made to 
produce a surface consisting of an ideal single- 
crystal plane. Cleaved or cut surfaces may have most of 
the properties of such a plane ; however, there are always 
uncertainties as to the structure at the microscopic 
level. After the development of the field emission micro- 
scope,’ it was possible to observe microscopically smooth 
single planes. With the field emission microscope it is 
possible to measure the properties of such planes and in 
particular, one may study the adsorption properties 
provided that the adsorbate changes the work function 
of the plane.? However, there are a number of useful 
techniques for studying surfaces which require a macro- 
scopic surface area. Among these are the flash filament 
technique,’ surface ionization,’ and measurement of 
secondary emission properties.° 

Recent work in germanium crystallography, suggested 
the possibility that an etched surface might expose only 
one type of crystallographic plane, and thus, have many 
of the properties of an ideal crystal plane. Ellis®* found 
that it was possible to develop preferentially a number 
of the low-index planes by using various chemical etches 
on Ge spheres. Earlier, Taylor’ stated that his ‘‘aging”’ 
technique for tungsten filaments produced a surface 
consisting of many small dodecahedrons made up of 
(110) planes. The “aging” may be termed ‘thermal 
etching” since, presumably, it results from preferential 
migration of tungsten atoms. 

For this work, tungsten single-crystal surfaces have 


* Supported by Office of Ordnance Research. 

t Now at Brown University, Providence, Rhode Island. 

1E, W. Muller, Z. Physik 120, 261 (1943). 

2J. A. Becker and C. H. Hartman, J. Phys. Chem. 57, 157 
(1953). 

3S. Datz and E. H. Taylor, J. Chem. Phys. 25, 389 (1956). 

41. L. Kofsky and H. Levinstein, Phys. Rev. 74, 500 (1948). 

5H. D. Hagstrum, Phys. Rev. 96, 325 (1954). 

®R. C. Ellis, Jr., “Etching of single crystal germanium 
spheres,” AJME Meeting, February 2, 1954 (unpublished). 

7J. B. Taylor and I. Langmuir, Phys. Rev. 44, 423 (1933). C. 
Herring and M. H. Nichols [ Revs. Modern Phys. 21, 185 (1949) ] 
have given a very complete discussion of the requirements of 
thermodynamic stability of surfaces undergoing thermal etch. 


been produced by several etching techniques and ex- 
amined for homogeneity. The thermionic work function 
was used as a primary measure of homogeneity. Since 
this method has the fault that any distribution of 
surfaces with different work functions will appear 
heavily weighted with respect to the lowest work 
function, the work function has also been determined 
from the surface ionization of sodium. In this method 
the highest work function in a distribution will have the 
heaviest weight. 


EXPERIMENTAL 
Crystal Growth 


The tungsten single crystals were grown in the appa- 
ratus shown in Fig. 1. A 0.003-inch diameter wire® was 
slowly passed through a short heated zone produced by 
a small tungsten spiral heated to 2600°K. The wire was 
protected from oxidation by H2 gas at atmospheric 
pressure. Owing to the background of light from the 
spiral, accurate pyrometer measurement of the wire 
temperature was impossible. However, it was estimated 
to be above 2400°K. At this temperature, a gradient of 
about 2000°K/cm existed at the ends of the heated 
zone. 

A growth rate of 4 cm/hr was found satisfactory. 
Although no careful investigation was made, the tension 
of the wire during crystal growth appeared to affect the 
growth process. 

Under these conditions, it was possible to grow 

crystals several inches in length which completely filled 
the cross section of the wire. X-ray diffraction’ showed 
that the usual orientation existed with the [110] axis of 
the crystal parallel to the wire axis." 
8 Obtained from Kulite Tungsten Company, Union City, New 
Jersey. The list of impurities given by the manufacturer contains 
the usual manufacturing fluxes. We have found that single crystals 
made from this wire contain about 1/100th of the alkali impurity 
contained in crystals made from the ‘‘G.E. 218” wire and that 
there is no spectroscopically observable carbon content. 

9 The authors are indebted to Dr. L. Luedemann for the x-ray 


work discussed in this paper. 
1 R. P. Johnson and W. Shockley, Phys. Rev. 49, 439 (1936). 
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Surface Preparation 


A number of different etch techniques were tried: 
(1) heating to 2600°K in O2 at 5X10-§ mm Hg for 
several hours; (2) immersion in boiling H2O. for 30 
minutes; (3) immersion in a room temperature solution 
of 70% HNO;:30% HF for 2 minutes. Under the optical 
microscope, the results of all three methods appeared 
similar, so the HF: HNO; etch was chosen for the rest 
of the work. 

A photomicrograph of a crystal etched with HF: HNO; 
is shown in Fig. 2(A). The section for the photograph 
was made by drawing Nonex glass tubing over the wire, 
cutting with a diamond saw, and then sand-blasting the 
surface for photographic contrast. The outline around 
the photomicrograph shows the actual shape of the 
cross section. 

The surface consists of four large fairly smooth 
surfaces, which are normal to the [112] directions and a 
series of smaller surfaces which are arranged in “‘steps”’ 
along a plane which is normal to the [110] directions. 
Although it was not possible to make goniometer 
measurements, it is believed that the faces of the 
“steps” are crystallographically the same as those of the 
four large surfaces. 

Figures 2(B) and 2(C) show the wire as viewed from 
the [110] and [112] directions. The inked lines between 
2(A) and 2(B) indicate the relationship between the 
“steps” (as viewed from the cross section) and the 
corresponding longitudinal faces of the steps (as viewed 
from a position perpendicular to the wire). Note the 
parallel “grooves” shown on the surface normal to the 
[112] direction in Fig. 2(C). They are at an angle of 
about 60° with respect to the wire axis and are about 
1 apart and 1,y deep. Electron micrographs" show 


1 The authors wish to thank Dr. W. A. Cote for the electron 
microscopy. 
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that these “grooves” are also present on the faces of the 
“step” structure. High-temperature heating, in high 
vacuum for several hours, partially smoothes but does 
not remove the “grooves.” 

Thus it appears that, on a macroscopic level, the 
surface is made up of many crystallographically equiva- 
lent (112) planes. The presence of the “grooves,” 
however, indicate that these are not “ideal” (112) 
planes on a microscopic level. In fact, the work to be 
discussed later indicates that the surface has a super- 
structure of (112) planes with a uniform microstructure 
consisting of (110) facets. 

After etching, it was apparent that with this growth 
technique, there is an axial twist of about 5°/inch along 
the crystal. This checked with the observation that the 
x-ray Laue patterns were tilted slightly with respect to 
the wire axis. The twist does not seem to be the result 
of the die drawing of the wire since two adjacent single 
crystals in a wire have been found to twist in opposite 
directions. 


Thermionic Work Function Measurements 


The experiment consisted in the determination of @o* 
for various crystal directions from the equation: 


ip =A *T?10-08000°/T 1 QEV'/7, (1) 


where a is the area, A* is the experimental Richardson’s 
constant, ¢o* is the experimental field-free work func- 
tion, and G is the geometrical constant relating the 
applied potential V to the electric field at the wire 
surface. 

It should be noted that the data are given in terms of 
crystal directions rather than crystal planes. That is, the 
emission from the [112] direction is not expected to be 


[12] 
R 


[112] 


Fic. 2. (A) Wire 
cross section, (110) 
plane, 450X; (B) 
view normal to wire 
in the [110] direc- 
tion, 100X ; (C) view 
normal to wire in 
the [112] direction, 
240X. 
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Fic. 3. (A) Thermionic emission electrode arrangement: a, 1.4 kv; 
S, 0.7 kv; C, 1.4 kv; (B) surface ionization tube. 


characteristic of the (112) plane, due to the surface 
microstructure. 

The apparatus, similar to that of Nichols,! is dia- 
gramed in Fig. 3(A). An etched single crystal, W, was 
mounted at the axis of a circular cylinder, a, with pro- 
vision for rotating the wire about its own axis. Thus 
different portions of the wire circumference could be 
presented to the slit system S’ and S”. Thermal 
electrons were drawn radially from the wire to the 
cylinder and some were passed through the slit system 
and measured at the collector, C. The geometry was 
constructed to give 3° resolution. With this geometry 
and slits 1 cm long, only those electrons were collected 
which originated on a strip of projected area of 2X 10~ 
cmX 1 cm. 

The function of the electrode S was to suppress 
secondary electrons from the collector. Plots of collector 
current, iy, versus suppressor voltage (at constant 
collector voltage) were made for several wire tempera- 
tures. The collector current rose with suppressor voltage, 
indicating inefficient suppression at low fields. At higher 
voltage it flattened out, and again dropped at voltages 
near those of the collector. This was presumably due to 
collection of part of the current by the suppressor. Thus 
the electrode seemed to be behaving as desired as long 
as the suppressor voltage was set within the plateau 
range. 

The electrons were collected with high radial electric 
fields at the surface in order to remove space charge 
effects, and to overcome any tangential fields produced 
by work function variation on the surface. Nichols” and 
Smith'® have given a very complete discussion of the 
latter requirement. Both investigators used a polished 
circular wire to produce a known geometry. The precise 
nature of the etched surface was, of course, not known. 
As will be shown later, the tube appeared to have good 
projection properties, even though it is probable that 
many surface microcrystals were not oriented normal to 
the field. 


22M. H. Nichols, Phys. Rev. 57, 297 (1940). 
3G. F. Smith, Phys. Rev. 94, 295 (1954). 
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The electrode structure shown in Fig. 3(A) was sealed 
in a Pyrex envelope and conventional bakeout and 
degassing techniques were used. The wire was heat 
treated for several hours at 2600°K at a pressure of 
5X 10-" mm Hg. The pressure was measured with an 
Alpert inverted ionization gauge. Since each data point 
was taken immediately after a 2300°K flash at a pres- 
sure of 5X10~” mm Hg, no prolonged wire cleanliness 
measurements seemed necessary. However, flash fila- 
ment checks indicated that after 30 hours at 1100°K the 
wire had adsorbed residual gas corresponding to about 
10" atoms/cm?. 

Wire brightness temperatures were measured with a 
micro-optical pyrometer with a precision of about 
+2°K. Emissivity corrections were taken from Forsythe’s 
tables." Over the experimental range, no end-loss cor- 
rections were necessary. The current measurements 
were made with a Keithly Model 410 micro-microamme- 
ter. High-voltage measurements were made with a 
potentiometer and precision resistors. 

The procedure consisted of the following: a measure- 
ment of iy versus T, the determination of (—5050¢0* 
+GV*) from a Richardson plot, and then the calculation 
of G from the slope of a Schottky plot. Figure 4 shows 
the Richardson plots for each of three crystallographic 
directions. The field-free value of ¢o*=5.25+0.05 v was 


012) d= 5.20 v 
(12) $= 5.27 v 
* 
a— 010 = S27 v 


Va2 1400¥ 





10 a a ee 


53 55 6.0 10/7 ("«) 65 





Fic. 4. Experiment plot of Eq. (1); work function data 
: is ‘“‘field-free.” 
4 W. E. Forsythe and A. G. Worthing, Astrophys. J. 61, 146 
(1925). 
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obtained. The work function was the same within 0.02 v 
for angles +10° about the indicated crystallographic 
directions. 

For a polished circular wire, Nichols” and Smith" 
obtained values ranging from 4.32 v in the [111] direc- 
tion to an estimated 5.26 v in the [110] direction. Even 
assuming a variation in work function of 0.05 v, it is 
obvious that etching produces a great increase in surface 
homogeneity. 

It should be noted that this increase in homogeneity 
is not so pronounced for imperfect crystals. Cross 
sections of the emission crystal made after completion 
of the measurements disclosed an imperfection near one 
end, occupying the corner of the crystal opposite the 
(110)—(112) corner. The Richardson plot in this direc- 
tion was nonlinear with a slope of @o*=5 v. 

With the etched surface, no area measurements were 
possible. Values of aA* taken from the plots of Fig. 3 
fall in the region, 3947 (amp/deg’). Nichols” and 
Smith," with much more precise apparatus, found 
deviations of 5-10% in A* for equivalent crystallo- 
graphic directions. Thus, the +15% deviation in aA* 
for different directions is probably not significant from 
the standpoint of homogeneity. The values of A* would 
be useful as indicators of surface inhomogeneity. Since 
they were not available, it seemed desirable to obtain 
information with another technique such as the surface 
ionization process. 

The Schottky plots also give information concerning 
the surface structure. At an accelerator voltage, V. 
= 1400 v, the computed surface fields are about 320 000 
v/cm. The drop in current from the Schottky line oc- 
curred near the relatively high value of 100 000 v/cm. 
There seemed to be no significant differences between 
the data for [112] and [110] directions. The values of G 
in Eq. (1) were 27+2 (deg/volt!) for the three crystallo- 
graphic directions. 


Surface Ionization Measurement 


If an atomic beam of alkali metal impinges on a hot 
tungsten wire, the atoms are adsorbed on the surface. 
After steady state conditions are reached, a surface 
population will exist and ions and atoms will evaporate 
from the surface.'® For surface concentrations below 
about 10" atoms/cm’, the alkali atoms do not interact 
with one another'® and the Langmuir-Saha equation!’:!® 
gives the ratio of the number of positive ions desorbed 
per cm? per second, m;, to that of neutral atoms desorbed 
per cm? per second, mq. 


Ny Wj e(@—T) 
aan ewp(+ ) (2) 


Na Wa kT 


187. Langmuir and K. H. Kingdon, Proc. Roy. Soc. (London) 
A107, 61 (1925). 

16 J. A. Becker, Ann. N. Y. Acad. Sci. 58, 723 (1954). 

177. Langmuir, Phys. Rev. 21, 380 (1923). 

18M. N. Saha, Phil. Mag. 46, 534 (1923). 
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The ratio of weighting factors, w;/we, is } for alkali 
metals; J is the alkali ionization potential and ¢ is the 
work function for the surface. Since the appearance of ¢ 
results from the use of Richardson’s equation in the 
theoretical deviation of Eq. (2), ¢=@o*. 

Figure 3(B) shows the experimental tube for the 
surface ionization measurements. The alkali beam was 
produced through the aperture, O, and struck the 
etched crystal, W. Positive ions were drawn from W to 
the collector, C, with a potential of 45 v. The crystal 
was arranged so that the beam struck the surface at an 
angle about midway between the [112] and. [110] 
directions; thus ions were drawn simultaneously from 
the surfaces normal to these directions. 

The alkali chosen for the work was Na with J/=5.12 v. 
It was originally intended to bracket the ¢o* value by 
using both Na and Li (J=5.35 v). However, Li attacked 
Pyrex so rapidly as to be useless. 

The Na was triply vacuum distilled from C.P. grade 
starting material. The tube was baked and degassed 
until pressures of 5X 10~ mm Hg were obtained. After 
bakeout, the break-off seal was broken with the mag- 
netic slug and the side-arm was baked for several hours 
at 450°C. The magnetically operated shutter, S, was 
closed during this time. After this treatment, the pres- 
sure was 1X10-§ mm Hg when the Na side-arm was 
heated sufficiently to deliver a usable beam. At this 
pressure, the possibility of residual gas contamination 
arose. 

In an auxiliary apparatus similar to Becker’s,? it was 
found that, for pressures below 10-7 mm Hg, and etched 
W surface temperatures above 1100°K, the residual gas 
sticking probability is of the order of 10~ or less. Thus, 
data taken within a few seconds after a 2300°K flash, in 
a pressure of 10-* mm Hg, will be essentially clean data. 
This is supported by the fact that the Na ionization 
fraction remained unchanged after 30 minutes of residual 
gas adsorption. 

Ion currents were measured with the Keithly micro- 
microammeter. During the bakeout of the Na side arm, 
Na was deposited on the walls of the tube. This pre- 
vented accurate pyrometer temperature measurements; 
therefore, the ion current was initially determined as a 
function of wire heating current. After all measurements 
were complete, the Na side arm was removed and re- 
placed by a side-arm with an end window. The tube was 
then cleaned of Na residue, evacuated, and wire temper- 
atures versus wire heating current data were taken. Ion 
current versus temperature was then determined. With 
this method, the temperature was reproducible to 
“SK. 

The ion current is proportional to the ion current 
density, ;, of Eq. (2). With this method, m_ may not be 
determined directly. However, with the technique of 
Johnson and Phipps," one may measure the total beam 


9A. A. Johnson and T. E. Phipps, J. Chem. Phys. 7, 1039 
(1939). 
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current, V=n,+n,, and thus determine the ionization 
fraction. The method requires that the work function be 
raised to the point where total ionization occurs. This is 
accomplished by adsorbing oxygen on the surface. In 
the presently described experiment, the wire was cooled 
to 300°K with the shutter closed and the Alpert gauge 
grid was heated. The pressure rose to 5X 10-° mm Hg. 
The tube was then pumped back down to 1X10-8 
mm Hg, the shutter opened, and the wire temperature 
slowly raised. The maximum ion current obtained was 
taken to be the total beam, NV. The steadiness of the 
beam intensity was monitored by periodic observations 
of the ionization current at a standard reference 
temperature. 

Since, as the wire temperature rises, oxygen is 
desorbed from the surface and the work function ap- 
proaches its clean value, it was difficult to keep enough 
oxygen adsorbed to measure the total Na beam. In the 
auxiliary apparatus mentioned above, crude duplication 
was made on the oxygen desorption experiments de- 
scribed by Hagstrum*” and Ehrlich. Desorption of 
oxygen and residual gas containing oxygen was found to 
take place in three stages. That is, if one adsorbs the gas 
at 300°K and slowly raises the wire temperature, a 
burst of gas is desorbed at ~ 500°K, 1150°K, and 1750°K. 
Becker’s desorption curves” for O» on various planes of 
a field emission point are roughly the same. They indi- 
cate that the work function will be of the order of 6 v or 
greater until the second desorption stage is completed, 
at which time the work function drops to approximately 
5.5 v. The difficulty in keeping oxygen adsorbed was due 
to the fact that the second desorption stage began only 
slightly above the temperature of the surface ionization 
threshold. By heating the wire extremely slowly from 
the 300°K adsorption temperature, it was possible to 
retain the second adsorbed stage until the surface 
ionization threshold was reached. An error in total beam 
measurement will only move the ionization fraction to 
lower ¢, by a constant amount. 

The data were plotted in the form: 


¥ Wa e(o—1)\ J" 
ane Cae ep(-——)] . (3) 
Nit+N,g W; kT 


Figure 5 shows the results. With the precision ob- 
tained, it is estimated that no more than 10% of the 
surface could be of work function greater than 5.25 v. 

As mentioned above, Eqs. (2) and (3) should be 
applicable only if the Na surface concentration, 8, is low 
enough to prevent Na-Na interactions. The data are not 
available to relate n; or NV to 6. However, n;=6/r where 
7 is the mean life in seconds of adsorbed Nat ions. The 
lifetime is temperature dependent and varies with the 
type of surface. Values of r for Rb on the etched surface 


HH. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 

1G. Ehrlich, J. Chem. Phys. 23, 1543 (1955). 

2 J. A. Becker and R. G. Brandes, J. Chem. Phys. 23, 1323 
(1955). 
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Fic. 5. Surface ionization ratio for Na on etched W;; theory plot is 
Eq. (3) for different values of ¢. 


are available.?? Evans*4 has measured 7 for Rb and Na 
on another type of tungsten surface. By assuming that 
the ratios between the 7 values for Na on the two 
different surfaces are the same as the ratios of the r 
values for Rb on the two surfaces, an order of magnitude 
estimate may be obtained for vy, on the etched surface. 
At T= 1100°K and ion currents of the order of 10~* amp, 
6~5X 10° atoms/cm? At higher temperatures, 6 will be 
much less. Thus, the ionization fraction will be inde- 
pendent of the Na surface concentration. 


DISCUSSION 


As mentioned before, the primary objective of this 
work has been to investigate the possibility of de- 
veloping a macroscopic surface which would exhibit the 
adsorption and electrical properties of a nearly perfect 
crystallographic plane. From this standpoint, homo- 
geneity of the surface becomes the primary considera- 
tion, and the various surface properties are to be 
regarded only as parameters which confirm or deny the 
hypothesis. At present, there is too little supplementary 
information available for such surfaces to permit one to 
consider the parameters as physical constants. In this 
connection, it may be mentioned that the spectral 
emissivity for such surfaces is not known and may be 
slightly different from that of mechanically prepared 
surfaces.” It is within this restricted frame of reference 
that the results will be discussed. 

There are several points to be considered: (a) the high 
value of electric field required to produce a linear 
Schottky plot; (b) the unusually high value of aA*, and 
(c) the experimental significance of the relationship 
p= go". 

The phenomena of (a) and (b) appeared to be related 
and to be the result of microcrystal development on the 
surface. The Schottky plots resembled those obtained 
by Smith" for the [110] directions. He attributed the 


23 F. L. Hughes and H. Levinstein, Phys. Rev. 113, 1029 (1959), 
following paper. 

*R. C. Evans, Proc. Roy. Soc. (London) A139, 604 (1933), 

25 A. G, Worthing, Astrophys. J. 36, 345 (1912), 
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effect to spurious secondary electrons from the ac- 
celerator, (a, of Fig. 3), produced by electrons emitted 
from low-work-function areas of the W surface. This 
possibility seems unlikely in the present case since it 
requires a suppressor characteristic of a form much 
different from the one which was observed. 

Another consideration was the possibility of variation 
in work function within a distance which is small com- 
pared to the resolution of the slits. Becker®® has de- 
veloped a successful model for polycrystalline surfaces 
which predicts a Schottky plot resembling that obtained 
for the etched surface. In this theory, he assumes a 
varying work function with periodic boundary condi- 
tions fixed at the edges of a “checker board” pattern on 
the surface. The Schottky emission is found to depend 
on the “checker” dimension and the variation in work 
function. For the etched surface, the “checker” dimen- 
sion should be of the order of the optically observed 
microstructure, that is, about 10~* cm. Reasonable 
values for the work function variation should be of the 
order of a few tenths of a volt. With these values the 
model predicts a Schottky plot which is linear to much 
lower fields than are actually observed and thus does not 
seem applicable to the etched surface. 

In view of the close agreement between the values of 
@ and @o*, it is felt that while there is a periodic geo- 
metrical variation on the surface, the “facets” of the 
“hill and valley” structure have a fairly uniform struc- 
ture and work function. If one assumes that the 
Schottky emission arises from a smooth surface of 
effective radius, r;, then the observed values of G give, 
r;~1X10~ cm. With the emission tube geometry, 
structure of this kind will inevitably result in fields 
tangental to some or all of the “facets.’? Thus, one 
should not expect”’ the measured aA* to be that equal to 
the ‘theoretical’ value of 120a. It is interesting to note 
that,?* where thermionic data exists for a number of 
surface preparations of the same metal, the high values 
of A* are associated with high values of ¢o*. 

As was mentioned previously, one would expect, on 
theoretical grounds, that ¢=¢@o*. Surface ionization fora 
surface with areas of different work functions, would be 
represented theoretically by a sum over terms of the 
type in Eq. (2). The experimental value of ¢ for such a 
surface would be weighted to the high-work-function 
areas since those areas would produce more ions per unit 
alkali concentration. However, since the alkali is mobile 


26 J. A. Becker, Revs. Modern Phys. 7, 95 (1935). 

27W. B. Nottingham, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 21, p. 28. 

28S. Dushman, Revs. Modern Phys. 2, 381 (1930). 

#9 J. Zemel, J. Chem. Phys. 28, 410 (1958). 
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at the operating temperatures,” one must consider the 
possibility that migration may be concentrating most of 
the alkali on the lowest-work-function areas of the 
surface. It seems to be true that the binding energy of 
Na on W is highest on low-work-function surfaces.” 
However, the ratio: probability of migration/proba- 
bility of evaporation ~e~4¢/*?, where AQ is the differ- 
ence between the migration activation energy and the 
desorption energy.** For Na on W in the temperature 
region of interest, this ratio is approximately 10*, that is 
one would expect a Na atom to “hop” about 10‘ times 
before evaporating as an ion. At these low alkali surface 
concentrations, the situation is very different from the 
usual one where migration takes place due to a concen- 
tration gradient. With the values of 6 which were used, 
there will be about one alkali atom per 105 lattice sites 
and, therefore, the problem of migration of an atom 
should be governed by “random walk” statistics. This 
implies that the most probable migration distance be- 
tween the deposition and the evaporation sites will be of 
the order of 10? lattice constants. Thus, the migration is 
not expected to affect appreciably the initial alkali 
surface concentration on microcrystals of linear dimen- 
sions of 10 000 lattice constants. 


CONCLUSIONS 


Thermionic work function measurements have been 
made in each of three crystallographic directions on an 
etched W single crystal. The values were the same within 
experimental error and fall within the limits ¢o*=5.25 
+0.05 v. The value agrees with that obtained by 
surface ionization measurements. 

The data indicates that at least 90% of the surface is 
of the same structure. The surface appears to consist of 
microcrystal “facets” with dimensions of the order of 
1X10~ cm. The measured value of ¢o* suggests that 
these are (110) planes."*. 

It would be desirable to make retarding potential 
measurements on etched surfaces with a more favorable 
geometry such as that attained by Shelton.* 
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Using an interrupted atomic beam technique, the mean adsorption lifetime, 7;, has been measured for Rb 
ions adsorbed on an “essentially clean,” etched tungsten surface. Etching produced a homogeneous surface 
with a uniform work function. An estimated 90% of the surface consisted of microcrystal facets of the same 
crystallographic plane. The maximum Rb concentration was about 10'° atoms/cm’. 

The data may be represented by the equation 7;=7;° exp(Q;/kT), in the region 1100<7T<1300°K. The 
weakly temperature-dependent term 7;° appears to be affected by the shape, near the minima, of the ionic 


potential barrier of height Q,. 


Lifetime measurements indicated that 7;° and Q; are strongly affected by the physical state of the metal 
and by the type and degree of contamination. It was found that 7,° as well as Q; must be used in charac- 


terizing “chemical” adsorption processes. 


I. INTRODUCTION 


HE surface ionization process! may be described 
in the following way. An atom, adsorbed on a 
clean metal surface, may lose a valence electron to one 
of the higher Fermi levels of the metal. The probability 
for ionization is high if the electron work function of the 
metal is equal to or greater than the ionization potential 
of the free atom. At sufficiently high surface tempera- 
tures, the adsorbed particle migrates about on the 
surface and may eventually evaporate as a positive ion. 
Since the ions can be readily detected, the process 
provides a very direct method of observing the desorp- 
tion rate. From the variation of the desorption rate 
with temperature, surface conditions, and contamina- 
tion, one can obtain information concerning the atom- 
metal interaction. 

The desorption rate can be expressed as 71;= —n,P,, 
where m; is the surface concentration of atoms/cm?, and 
P; is the evaporation or desorption probability/second. 
For high values of m; the desorption probability depends 
on m; and the measured rates will not only be charac- 
teristic of the atom-metal binding but will include 
effects due to the atom-atom interaction. For low values 
of n, therefore, the value of P; is the significant term. 

Early values of P; for alkali metals adsorbed on 
tungsten,”* were obtained by measuring 7%; and n, 
separately. Several years ago, a technique was de- 
scribed*~* which makes possible the direct measurement 
of P;. In this method, a periodically interrupted atomic 
beam provides short bursts of atoms which are allowed 
to become adsorbed ‘on a metal, usually in the form of a 
wire. The atoms remain on the wire for a period of 
time. Some of them evaporate as ions and are measured 
electrically. For suitable boundary conditions, the ions 


* Supported by the Office of Ordnance Research. 

1T, Langmuir and K. H. Kingdon, Proc. Roy. Soc. (London) 
A107, 61 (1925). 

27, Langmuir, Phys. Rev. 22, 357 (1923). 

3 J. B. Taylor and I. Langmuir, Phys. Rev. 44, 423 (1933). 

‘T. L. Kofsky and H. Levinstein, Phys. Rev. 74, 500 (1948). 

5 F. Knauer, Z. Physik 125, 278 (1948). 

°C. B. Starodubtsev, J. Exptl. Theoret. Phys. U.S.S.R. 19, 216 
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resulting from an individual pulse of atoms will produce 
a decaying exponential ion current of the form exp(— Pf). 
In analogy to other physical processes with similar 
behavior, it was natural to define the mean life of the 
adsorbed particles as 7r;=1/P,. 

In the work to be described, a rotating, slotted disk 
was used to interrupt a Rb atomic beam which struck a 
specially treated tungsten filament. The mean life of the 
adsorbed Rbt was measured as a function of temper- 
ature for various surface conditions and with several 
kinds and amounts of foreign atom contamination. 

The reasons for venturing into such an overworked 
field were twofold. (1) The divergent results®* obtained 
by different investigators with this method for the 
surface ionization of potassium indicated that some 
significant parameters had been ignored; it seemed 
worthwhile to investigate the effects produced by 
varying some of the obvious parameters such as con- 
tamination and surface crystal structure. (2) Recent 
work with molecular beams has required an extremely 
sensitive detection system; for beams which can be 
detected by the surface ionization process, the “chopped” 
beam method, with its high signal-to-noise ratio, ap- 
pears to have great advantages over the constant-beam 
detection method. 


II. EXPERIMENTAL (PART A) 
1. Apparatus 


Figure 1 shows the experimental tube. The oven and 
collector chambers were separately pumped with large, 
three-stage, mercury diffusion pumps. Two liquid nitro- 
gen-cooled traps were inserted in each pump line. 

The Pyrex oven contained Rb which had been triply 
vacuum distilled from C.P. grade metal. The oven was 
heated by passing current through a spiral of colloidal 
silver paste connecting electrodes at each end of the 
oven. At the operating temperature, enough Rb was 
produced to coat the walls of the oven chamber with a 
monolayer of Rb every second. The chamber thus 
served as a getter pump which reduced the oxygen 
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Fic. 1. Rb atomic beam, vacuum system. 


content of the residual gas to a low value. Because of the 
high Rb concentration in the oven chamber, the baffle 
slit acted as virtual source for the atomic beam. 

After passing through the baffle slit, the Rb beam 
encountered a slotted disk “chopper” which was driven 
by a small induction motor. The chopper served as a 
periodic shutter, passing a low-duty-cycle beam. Since 
no commercially made motor seemed suitable for 
vacuum work, a specially designed motor was built 
which operated at high current and low voltage (3 amp, 
0.2 volt, 250 cycles/sec). It was possible to use only 30 
turns of field coil winding with Teflon insulation. The 
rotor was supported by “Miniature Precision” ball 
bearings which were lubricated by MoS». The speed 
could be varied between 3000 and 10 000 rpm. 

The pulsed beam emerging from the chopper struck a 
hot 0.003-in. diameter tungsten filament and the posi- 
tive ions produced at the wire were drawn to the 
collector. The cylindrical collector had electrical guard 
rings at each end and was mounted co-axially with the 
tungsten wire. A small hole in the collector permitted 
the observation of the wire with a disappearing-filament- 
type optical pyrometer. 

The optical pyrometer was checked against a cavity 
blackbody and Pt-Pt: Rh thermocouple for the tempera- 
ture range of interest. Tungsten brightness temperatures 
were converted to true temperature by tables prepared 
by Forsythe.’ End loss effects were negligible. 

Ion collection was made at 45 volts. Data taken by 
Zemel*® indicated that the field was too low to affect the 
desorption process. The collector current was passed to a 
preamplifier, a Hewlett-Packard Model 450A wide-band 
amplifier, and thence to a Tektronix Model 513 oscillo- 
scope. Ion current versus time data were taken with a 
Polaroid record camera. The over-all gain was such that 
a pulse containing 10° Rb atoms produced a one-volt 


7W. E. Forsythe and A. G. Worthing, Astrophys. J. 61, 146 
(1925). 
8 J. Zemel, dissertation, Syracuse University (unpublished). 


AND H. 


LEVINSTEIN 


peak at the oscilloscope input. Several orders of magni- 
tude could have been gained by using secondary emis- 
sion multiplier techniques. 

Using the amplifiers, the shortest ion pulse obtainable 
was analyzed with a General Radio Model 736A wave 
analyzer. The significant frequency components were 
well within the distortion-free region of the amplifiers as 
determined by frequency and amplitude response and 
phase-shift measurements. Since all of the available 
information about the ion desorption was contained in 
the shape of the ion current versus time curves, an 
additional check was made for amplifier distortion. 
Using a spike pulse through an RC network, the decay 
characteristics of the ion current were simulated. The 
decay times were varied over the range of measured ion- 
current decay times (adsorption lifetimes) with no 
observable distortion due to amplifiers. 


III. DATA 


Figure 2 shows the oscilloscope traces for ion current 
versus time at various wire temperatures. Note that the 
Polaroid print presents time increasing to the left. The 
traces are all on the same time base, of about 10 
sec/division, and the amplifier gain increases from the 
top to the bottom trace. Time base measurements were 
made with an audio-oscillator which was checked 
against a standard 2000-vibration/sec tuning fork. 

The first trace of Fig. 2 was taken at such a high 
tungsten temperature that the lifetime was negligible, 
and thus it represented the shape of the chopped atomic 
beam pulse. If this pulse has a distribution in time of 
f(t) atoms/cm? sec, then the ion current will be given 


Fic. 2. Rb* ion current versus time for various wire temperatures. 
Time is plotted to the left. 
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by the expression 


d t 
= “le anf pitvernat 
dt 0 


and the mean lifetime will be 
7s=[(d/dt) InI,+(1/1,)(df/dt) P. (2) 


For data taken for times after f(#)=0, the second 
term on the right in Eq. (2) could be neglected and there 
was no need to know the exact shape of the chopped 
pulse shape. A value for 7; at each temperature was 
taken from a plot of In/, versus time. Figure 3 shows a 
set of values of 7, as a function of 1/T for a clean, etched 
W crystal. The inset shows the In/,—time plot for the 
temperature marked by the arrow. 

It was found that the data could be represented by 
the equation 

7i=7° exp(Q,/kT). 


The significance of the parameters Q; and 7,° will be 
discussed in the next section. 

The slope of the In7; versus 1/T curves, 0; was repro- 
ducible to within +0.05 ev. With the known accuracy in 
temperature (+5°K) and time (+2%), the absolute 
accuracy of the measurement is expected to be also 
about +0.05 ev. 


IV. THEORETICAL BACKGROUND 


It was obvious from the behavior of 7; with tempera- 
ture that a reaction rate of some kind had been meas- 
ured. Since a number of different processes are known to 
take place, it was not equally obvious that the measured 
rate was that resulting from passage across a desorption 
barrier. The following events are assumed to occur: 


(a) Adsorption from the beam: The evidence ob- 
tained by Taylor,’ for Cs on W, seems to indicate that 
the adsorption is not activated, i.e., the adsorption rate 
is not temperature dependent. 
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Fic. 3. Rb+ mean desorption lifetime versus 1/T for an ‘‘essentially 
clean” etched W crystal. 
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Fic. 4. Assumed potential for the Rb* surface interaction as a 
function of ion-surface separation, r. 


(b) Ionization of the Rb: Very few data exist con- 
cerning the rate of ionization. It is expected to be of the 
order of electronic transitions, i.e., 10!°/sec. We have 
data’ which show that the mean adsorption lifetime of 
the Rb which evaporates as neutral atoms, is different 
from r;. This indicates that atoms and ions exist on the 
surface in two discrete states and thus the ionization 
must take place rapidly compared to the lifetime on the 
surface. 

(c) Surface migration after adsorption and before 
desorption: Previous measurements” indicate that the 
migration activation energy for alkali metals on 
tungsten is of the order of 1 ev, or about half that which 
we have observed from the In/,—-(1/T) plots. 


It seems certain, therefore, that the desorption rate 
was determined by a surface barrier. Another point, 
which should be mentioned, is the effect of Rb-Rb 
interactions when the surface concentration becomes 
high. Becker" has found that the interaction is negli- 
gible for Cs concentrations on W below about 10” 
atoms/cm?. In the present experiments, the desorption 
rate remained constant when the surface coverage was 
varied from 10° to 10" atoms/cm’. 

The adsorption process may be represented by a 
group of non-interacting particles trapped behind a po- 
tential barrier of the form shown in Fig. 4. All that can 
safely be assumed is that for large r, the potential should 
be a classical image potential. The particles are assumed 
to be in quasi-equilibrium with the tungsten lattice at 
temperature 7. The particles are assumed to escape 
from the potential well at such a low rate that the 
methods of the so-called irreversible thermodynamics 
can be applied. Calculation of escape rate for such a 
system has been made in several ways.!*!* For the 
present purpose, however, we have chosen the “‘transi- 

9 F. L. Hughes, following paper [Phys. Rev. 113, 1036 (1959) ]. 

10 J. A. Becker, Trans. Faraday Soc. 32, 1402 (1936). 

J. A. Becker, N. Y. Acad. Sci. 58, 723 (1954). 

12H. A. Kramers, Physica 7, 284 (1940). 

13$, Chandrasekhar, Revs. Modern Phys. 15, 65 (1943). 
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tion state” approximation, because it appears to give 
some physical insight into the significance of the 
parameter 7;°. The rate will be given by™ 


= 1/7r5= (RTF'/hF) exp(—Q,/kT); 
Te=hF/RTF’, (3) 


where (), is the barrier height, F and F’ are, respectively, 
the statistical mechanical partition functions for the ion 
in the adsorbed state and in the transition state, and 
k, h, and T have their usual significance. 

According to the theory, Eq. (3) should be valid, 
provided that the particles in the adsorbed state are in 
equilibrium with the particles in the transition state. 
For this problem, at least, the transition state is ill- 
defined and no calculations for F’ can be made. This 
may be a reflection of the fact that the “transition 
state” is not a physical observable state in the usual 
sense of the word. 

The equilibrium requirement may be restated in two 
equivalent ways. The theory should be valid if, in the 
process to be described, (a) the value of 7, is long 
compared to the lattice-ion collision time (which is 
approximately equal to 7,°), or (b) the relationship 
Q,;>20kT is approximately true. Thus Eq. (3) should 
apply to the ion desorption case. There is another 
requirement which may be stated (in Chandrasekhar’s 
theory, the “dynamical friction” is required to be small) 
in terms of information theory: the rate of change of 
population in the adsorbed state must not be greater 
than the rate at which information about the change is 
propagated to the exterior of the potential well. 

In the past, a number of authors'®’® have assumed 
that (r,°)— should be a constant of the order of the 
highest lattice vibration frequency of the adsorbing 
surface, that is, about 10'*/sec. To see that this is not 
exactly the case, one need only consider a one-dimen- 
sional, semi-infinite lattice of atoms with an atom of 
different species bound to one end of the chain. It is 
obvious that the finite termination of the lattice will 
modify the classical vibrations which the lattice imparts 
to the adsorbed atom and equally obvious that the 
adsorbed atom’s behavior will depend strongly upon the 
way in which the atom is bound. An additionai pertur- 
bation would occur if a contamination atom were 
inserted between the lattice and the adsorbed atom. 

Some insight into the physical significance of r,° may 
be obtained by a crude calculation of the partition 
function F, Assuming a harmonic potential for adsorbed 
ion movement normal to the surface, and assuming 
almost free, two-dimensional, gas statistics for motion 
parallel to the surface, then 


7a [1—exp(—hwo/kT)]}>(2em*kT/h?), (4) 
44 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), p. 354. 
16 J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, Oxford, 1946). 
16 J. H. DeBoer, The Dynamical Character of Adsorption (Oxford 
University Press, Oxford, 1953). 
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where wo is the zero-point vibrational frequency and m* 
is the effective mass of the particle in surface migration. 

For the high-temperature region, the harmonic oscil- 
lator contribution is approximately (wo)! which, to 
some extent, is justification for Frenkel’s argument. The 
value of m* will depend on the periodic lattice potential 
over which the migration occurs and should be affected 
by lattice disorder or by impurities imbedded in the 
surface. 

From these considerations it seems reasonable to 
interpret variations in 7,° as due primarily to changes in 
adsorbate environment very near the surface, and in 
particular, to changes which affect the shape of the 
potential well near its minimum. 


IV. EXPERIMENTAL (PART B) 
1. Tungsten Surface Preparation 


For surface measurements, it is desirable to have as 
uniform a surface as possible. This implies a well- 
defined, ideal crystallographic plane of a single crystal. 
Although surface properties are expected to be quali- 
tatively the same for two different crystallographic 
planes of the same substance, measurements made on a 
surface containing a distribution of different planes may 
give results which will not resemble those for any one of 
the planes. The reason for this is that the ion/atom 
ratio,'” evaporation probability, surface mobility (for 
high alkali concentrations), and electron work function 
are dependent on the crystallographic plane. A macro- 
scopic surface, with several planes exposed, will have 
surface ionization properties in which all the above 
parameters enter in an exceedingly complicated non- 
linear “‘average.”’ 

Since previous surface work has shown such phe- 
nomena as straight-line Richardson plots for thermionic 
emission, etc., it appears that the investigations were 
made upon surfaces which had inadvertently been made 
uniform or nearly so. Taylor’s*’ method of ‘aging’ 
tungsten, to produce a stable surface, apparently also 
produced a homogeneous surface. His data, showing the 
behavior of the Cs-W ionization fraction during the 
“aging” process (reference 3, p. 431), are very illu- 
minating. 


Fic. 5. Schematic of 
the etched W cross sec- 
tion; (110) plane paral- 
lel to paper. The arrows 
indicate directions for 
which thermionic work 
function data were 
taken. The dotted circle 
indicates approximately 
the original cross sec- 
tion. 


17 This term is found from the Langmuir-Saha equation [see J. 
Zemel, J. Chem. Phys. 28, 410 (1958) ]. 
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For the purposes of this work, an attempt was made 
to produce a macroscopic surface which would have the 
properties of a single crystallographic plane of tungsten. 
This was accomplished by etching a tungsten single- 
crystal wire.!*.% 

Figure 5 shows a schematic view of the crystal cross 
section after etching. The plane of the paper is the (110) 
plane of the crystal. The surface consists of four large 
fairly smooth surfaces, which are normal to the (112) 
directions, and a series of smaller surfaces which are 
arranged in ‘“‘steps” along a plane which is normal to the 
[110] directions. Although it was not possible to make 
crystallographic goniometer measurements, it is be- 
lieved that the faces of the steps are crystallographically 
the same as those of the four large surfaces. A series of 
parallel “grooves” were found on both the “‘step”’ faces 
and on the large faces normal to the [112] directions. 
The “grooves” are at an angle of about 60° with respect 
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Fic. 6. Rb* lifetime data for a polycrystalline wire and for the 
etched crystal; contamination was about 1.06). 


to the wire axis and are about 1 yu apart and 1 uw deep 
(these are shown in micrographs, reference 18). Thus it 
appeared that, on a macroscopic level, the surface was 
made up of many crystallographically equivalent (112) 
planes. The presence of the “grooves,” however, indicate 
that these are not “‘ideal” (112) planes on a microscopic 
level. Work function measurements'® indicate that the 
surface has a superstructure of (112) planes with a 
uniform microstructure of (110) planes. 

Thermionic work function measurements were made 
with an apparatus like that of Nichols.”® Emission in the 
[110], [112], and [112] directions was the same, 


18 Hughes, Levinstein, and Kaplan, preceding paper [Phys. 
Rev. 113, 1023 (1959) ]. 

19 Obtained from Kulite Tungsten Company, Union City, New 
Jersey. The list of impurities given by the manufacturer shows the 
usual manufacturing fluxes. It has been found that single crystals 
made from this wire contain about 1/100th of the alkali impurity 
contained in crystals made from the “G.E. 218” wire and that 
there is no spectroscopically observable carbon content. 

2” M. H. Nichols, Phys. Rev. 57, 297 (1940). 
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Fic. 7. Flash filament data; AP is proportional to the amount 
of residual gas contamination accumulated in At seconds after 
cleaning. The temperature, 7, is the wire temperature during the 
interval of contamination deposit. See text for explanation of 6; 
and (At);. 


go*=5.25+0.05 v. The value was confirmed by Na 
surface ionization fraction measurements with a Na 
beam which simultaneously covered the surfaces normal 
to the [110] and [112] directions indicated by Fig. 5. 

Figure 6 shows the Rb* lifetime for a polycrystalline! 
and an etched single-crystal tungsten wire under com- 
parable contamination conditions. The data for con- 
taminated wires are shown since the polycrystalline 
surface could not be completely cleaned by high-tem- 
perature heating without changing the crystal structure. 
It was estimated from etched-wire contamination re- 
sults, that the ‘“‘clean”’ value of Q; for the polycrystalline 
surface would be about 2.15 ev as compared to the 
“clean” value for the etched crystal of 1.90 ev (see 
Fig. 3). 


2. Residual Gas Contamination Effects 


Contamination measurements were made by use of 
the “‘flash filament” technique.” The wire was cleaned 
by a 2300°K “flash” for one second and cooled to a 
lower temperature 7». After a time interval, Af, the 
wire was again flashed. The residual gas which had been 
adsorbed during the interval was desorbed by the flash 
and caused a rise AP, in the system pressure. If the 
area, A, of the wire and the system volume, V, are 
known, then the contamination concentration, after 
time Aj, is given by” @=8.7X 10"(V/A) (AP)/cm?. 

Figure 7 shows the results. Although T)= 1100°K was 
chosen as the standard reference temperature, the 
dotted curves show approximately the behavior at 
T,=300°K and 1400°K. Even though the system pres- 
sure remained constant over several days the time, 
(At),, required to produce a contamination 6; (see 
Fig. 7), increased from an initial value of 30 seconds to 3 

21 No irreversible changes were observed in the raw wire until it 
had been heated above 1800°K. 

22 J. A. Becker and C. H. Hartman, J. Phys. Chem. 57, 157 
(1953). Recent evidence, to be discussed later, indicates that the 
technique, as used here, is not suitable for work with oxygen. 
However, it is expected that the results are qualitatively correct 
and reproducible enough so that mean Rb* lifetimes may be 
measured with “relative” contamination as a parameter. 
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Fic. 8. Rb* lifetime data for the etched W crystal for various 
contamination concentrations. 6; is of the order of 10° atoms/cm?. 
(See text.) 





minutes. This indicated that the contamination con- 
stituent of the residual gas (perhaps O2, CO, or CO2) 
was being removed by the gettering action of the oven 
chamber. 

Since the vacuum system (Fig. 1) had a large pump 
manifold, the volume V could not be precisely de- 
termined. Therefore an auxiliary mercury-pumped 
vacuum system resembling that of Becker” was con- 
structed. With this system it was possible to make 
measurements like those shown in Fig. 7 for oxygen- 
containing gases ranging from pure oxygen, and dry air, 
to the equilibrium residual gas. It was found that for 
To= 1100°K, there was comparatively little variation in 
6, (0.8X10"%<6,<1.110" atoms/cm?) although the 
corresponding value of (At); was shorter for the greater 
oxygen partial pressures. The work indicated that the 
contaminating gas is, or contains, oxygen. The equi- 
librium residual gas in the auxiliary system, after bake- 
out and degassing, still contained a much greater partial 
pressure of cpa gas than the gettered main 
system (Fig. 1). The contamination rate was found to be 
the same for ae auxiliary system at 5X10~-° mm Hg, 
and the gettered system at 5X 10-7 mm Hg. 

The desorption experiments of Hagstrum™ and 
Ehrlich were duplicated crudely. The wire was cleaned, 
allowed to adsorb contamination a few minutes, and 
cleaned by increasing the temperature very slowly. The 
desorbed gas came off in three distinct bursts at ap- 
proximately 500°K, 1150°K, and 1750°K, indicating 
three different adsorption states. The desorption thus 
fits the pattern observed by Becker and Brandes” for 
oxygen desorbed from a plane of a field emission point.”* 


%H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 

% G. Ehrlich, J. Chem. Phys. 23, 1543 (1955). 

#5 J. A. Becker and R. G. Brandes, J. Chem. Phys. 23, 1323 
(1955). 

26 Until fairly recently, 


“chemical” adsorption was visualized 
as occurring in “layers” each layer consisting of about 10* 
atoms/cm*. Now, however, it seems more reasonable to view the 

rocess as a filling of adsorption ‘‘traps,” each kind of “trap” 
cour a different binding energy. In particular G. Ehrlich By 
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For low partial pressures of oxygen, the desorbed gas 
peaks occurred at the three previously mentioned tem- 
peratures and in addition there was a peak, at about 
1000°K, representing an unknown gas. For most condi- 
tions observed, the unknown gas was less than 10% of 
the total quantity of absorbed gas. 

As mentioned above,” the flash filament technique, at 
least in its present form, is not suitable for quantitative 
work with reactive gases. Hickmott”’ and Becker®* have 
found that the ionization gauge effects the measure- 
ments and that some desorbed oxygen passes off as WO» 
when the wire is flashed. For present purposes, however, 
a relative-contamination parameter was valid and was 
taken to be the fraction of 6, atoms/cm?. That is, if the 
Rb* mean lifetime data were taken after x seconds of 
contamination deposit, under conditions which build up 
a contamination 6, in (At); seconds (J>=1100°K), then 
the lifetime data were labelled with the parameter 
[x/ (At); ]@:. The true contamination level is expected to 
be at least twice® that indicated by assuming the 
measured value of 6;~ 1X10" atoms/cm’. 

Figure 8 shows the effect of contamination on the 
Rbt* lifetime on etched tungsten. It should be noted that 
a drastic change in adsorption energy occurred with 
fairly moderate changes in the mean life. At least for 
this system, the reaction rate is not totally specified by 
the activation energy. 

A number of miscellaneous effects have been observed 
which have a bearing on contamination effects. Since 
there are very few data available, these effects will 
merely be listed. 

(1) Carbon contamination of less than one part in 10° 
(produced by heating the tungsten for 10 minutes at 
2600°K in a system with oil diffusion pumps) lowered 
the value of 7,° by a factor of three but did not change 
Q; from the uncontaminated value. Becker*® has ob- 
served carbon on field emission points. Apparently, at 
low concentrations, the carbon atoms remain below the 
surface for most of the time. Occasionally an atom will 
rise to the surface, remain for a while, and diffuse back 
into the surface. Thus, this form of contamination 
would, on the average, be expected to affect the form of 
the Rb* binding energy only at small distances from the 
surface. 

(2) No significant differences have been observed in 
7; for Rb* obtained from Rb metal, RbCl, and RbI. 


Chem. Phys. 24, 482 (1956)] has found that even in the early 
stages of adsorption after cleaning, several of the different “traps” 
may contain nonequilibrium concentrations of atoms and that 
some, if not all, of the atoms are mobile. 
Pies W. Hickmott and G. Ehrlich, J. Chem. Phys. 24, 1263 
956). 
*8 J. A. Becker, Third Field Emission Symposium, Pennsylvania 
State University, June 27, 1957 (unpublished). 

*9 Independently, ee Becker has observed desorption structure 
such as that of Fig. 7 (reference 28). By measuring desorption by 
pressure decrease in a controlled-flow dynamic system, he has ob- 
tained data without WO: formation. He estimates (private com- 
munication) that about 50% of the adsorbed material is lost during 
flashing (presumably as WO:). 

*® J. A. Becker (private communication). 





MEAN 


Furthermore, no differences were observed after flushing 
the system with Cl, gas (producing an estimated Cl, 
partial pressure of 1X 10-7 mm of Hg). 


V. DISCUSSION 


The reasons for desiring a uniform surface require no 
emphasis. Until further work is done with etched W 
surfaces, however, it cannot be absolutely certain that 
etching produces the uniformity indicated by the above- 
mentioned work function, surface ionization, and oxy- 
gen desorption data. It would be very desirable to 
obtain velocity distribution measurements of thermionic 
electrons under conditions such as those obtained by 
Shelton.*! 

In the specification of surface cleanliness, the phrase, 
“atomically clean” is sometimes used. This implies that, 
even on an atomic scale, there are no foreign adsorbed 
atoms. This condition can only be realized for tungsten 
above 2000°K, and for a field-ion microscope® point 
under certain operating conditions. A more practical 
definition of a clean surface is given by the term 
“essentially clean’; that is, the surface is so clean that 
any further decrease in contamination will not affect the 
surface parameter which is being measured. 

Figure 9 shows a curve for the desorption energy at 
various levels of residual gas contamination. The con- 
cave-down slope of the curve in Fig. 9 agrees with crude 
theoretical calculations for low contaminations. It is 
expected that any decrease in contamination will change 
the value of Q; by a quantity that is less than the experi- 
mental error of +0.05 ev; thus data taken at the 
smallest value of contamination may be classed as 
“essentially clean.”” These data were taken within five 
seconds after cleansing the wire in a gettered system. 
The gas contamination rate corresponded to that meas- 
ured in the equilibrium residual gas of an ungettered, 
mercury-pumped system at 5X10-° mm Hg. At ex- 
tremely high contamination values (greater than 26) 
the experimental slope increases and Q; becomes greater 
than the clean value. 

As mentioned previously, the flash filament data can 
have, at best, only qualitative value. However, in view 
of the rather unusual structure exhibited by the AP-A/ 
curves of Fig. 7, some discussion seems warranted. If the 
sticking probability, S, is defined at the ratio of 
atoms/cm? adsorbed to atoms/cm’ striking the surface, 
then AP/At is proportional to S. It is tempting to as- 
sociate the three values of S (at T>=300°K) with the 
three desorption energies. With this line of reasoning, 
one could assume that the initial value of S would 
persist until the lowest desorption state was filled. Then 
the second value of S would correspond to the filling of 


31H. Shelton, Phys. Rev. 107, 1553 (1957). 
82 FE. W. Muller, Z. Naturforsh. lla, 88 (1956). 


ADSORPTION LIFETIME 


OF Rb ON W: IONS 1035 


oe 
Exp. Error(+0.05 ev) 


—Steeeea 








lL 
100, 
Contamination 


1 
050, 


Fic. 9. Rb* desorption energy Q;, for various 
contamination concentrations. 


the next lowest state, and so on. This simple picture, 
however, is complicated by two facts: (1) The adsorbed 
particles are likely to be mobile above 1000°K,” and (2) 
in the present work, it has been found that (at 

o=300°K) all three adsorption states attain some 
population while the initial value of S still prevails. A 
satisfactory theory must be complex enough to fit these 
additional facts. 

VI. SUMMARY 


The mean adsorption lifetime has been measured for 
Rbt ions adsorbed on “essentially clean,’ etched 
tungsten single crystals. No Rb-Rb interaction was 
observed at the Rb surface concentrations used. 

Adsorption lifetime parameters, 7,° and Q;, were 
found to be strongly dependent on surface crystal 
structure. All observations indicate that the etched 
surface is extremely uniform, with properties that ap- 
proximate those of a crystallographically pure plane of 
tungsten. 

Contamination measurements indicate that the best 
data are ‘‘essentially clean.” The measurements suggest 
that the residual gases in conventional ungettered 
vacuum systems contain a great deal of strongly 
adsorbing gas and that data taken with such a system at 
5X 10~° mm of Hg may be slightly contaminated within 
a few seconds after surface cleaning. Assuming con- 
servatively that the experimental value of 6; (1 10~™" 
atoms/cm”) is too low by a factor of ten, the best value 
of Q; (Fig. 9) will be changed by 0.01 to 0.02 ev by a 
contamination concentration of 10’ atoms/cm’; that 
is, by contamination of one percent of a conventional 
“monolayer” (see reference 27). 
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Mean Adsorption Lifetime of Rb on Etched Tungsten Single Crystals: Neutrals* 
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The mean adsorption lifetime has been measured for the fraction of adsorbed Rb which was desorbed as 
neutral atoms from an etched W surface. The lifetime was found to be greatly different from that obtained 
in the case of Rb ions. Experimental values have been found to be consistent with a theoretical model which 
assumes that, in a surface ionization process, the adsorbed particles may occupy either of two discrete states 


with distinctly different types of binding. 


I. INTRODUCTION 


N the surface ionization process, some of the adsorbed 
particles are desorbed as ions and some as neutral 

atoms. For steady-state conditions where desorption is 
balanced by additional incoming particles, the ratio of 
desorbed ion current density to desorbed atom current 
density is given by 1/;/Ia=(wi/wa) exple(@—J)/kT ].! 
The ratio of weight factors, w;/wa, is for alkali metals, 
@ is the surface electron work function, and J is the 
alkali ionization potential. Past work with the alkali 
metal-tungsten system, including experimental verifica- 
tion of the Langmuir-Saha equation above, was con- 
sistent with the hypothesis that there are both an 
ionic state and an atomic state of the adsorbed particle. 
This view was strongly supported by Taylor’s? measure- 
ments which gave a different desorption rate for ions 
and atoms. Gurney,’ however, has given theoretical 
arguments which imply that, in the adsorbed state, the 
alkali and surface interact in such a way as to make 
ion and atom indistinguishable. The relative probability 
of ion/atom desorption was assumed to be determined 
by relative valence electron probability density inside 
outside the surface barrier. This view implies that 
experimental measurements of the mean adsorption 
lifetime for particles desorbed as ions would be the 
same as that measured for particles desorbed as 
neutral atoms. 

The present work was designed to check this predic- 
tion. The mean desorption lifetime on “essentially 
clean,” etched W crystals has been measured for Rb 
which was desorbed as Rb neutral atoms.‘ This was 
accomplished by using a second surface ionization 
filament to detect the neutral atoms from the surface 
under examination. 


II. EXPERIMENTAL 


Most of the apparatus and methods have been 
described previously. The major modification is shown 


* Supported by Office of Ordnance Research. 

1T. Langmuir and K. H. Kingdon, Proc. Roy. Soc. (London) 
A107, 61 (1925). 

? J. B. Taylor and I. Langmuir, Phys. Rev. 44, 423 (1933). 

®R. W. Gurney, Phys. Rev. 47, 479 (1935). 

‘The crystal preparation, surface cleanliness measurements, 
and ion lifetime measurements have been discussed by F. L. 
(199) and H. Levinstein, preceding paper [Phys. Rev. 113, 1029 
(1959) ]. 


in Fig. 1. A chopped Rb atomic beam impinged upon 
the etched tungsten filament, W;. Neutral Rb atoms 
which were desorbed were permitted to drift with 
thermal energy to the second filament, W»2, where they 
were adsorbed a second time. The desorbed ions from 
the second filament were focused and accelerated by 
the electrode, A. After passing through A, the ion 
pulse was amplified by the secondary emission multi- 
plier. The signal was passed into conventional electronic 
amplifiers and displayed on an oscilloscope in the same 
manner as for the ion pulse work which was previously 
described. With the exception of a small Boltzman 
“tail,” due to the thermal drift in part of the trajectory, 
the oscilloscope trace of the neutral pulse had the same 
appearance as that shown for the ion pulse. 


1. Electronics 


For Rb on etched tungsten (¢=5.25 v), the ion/atom 
current density ratio is ~2.5X 10 at 1200°K. In order 
to keep the surface coverage low, it was necessary to 
operate at about the same beam intensity as was used 
for the ion work.’ In addition, the geometrical losses of 
neutral atom current between W, and W». was of the 
order of 10°. The additional gain required over that 
required by the ion work was thus of the order of 10°. 

The additional amplification required was obtained 
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. 1. Apparatus for measurement of neutral Rb 
adsorption lifetime. 


5 In this measurement, the coverage was about 10" atoms/cm’. 
Rb-Rb interaction effects are expected to be much less than the 
experimental error. 
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Fic. 2. Rb+ and Rb® adsorption lifetime versus 1/T, 
for Rb on clean, etched W. 





700 


with the secondary emission multiplier. The multiplier® 
was a half-scale Allen’ type with Ag-Mg alloy dynodes. 
Since nothing was known about the effect of mercury 
on this alloy, cold traps were used constantly to 
prevent the entrance of mercury pump vapor into the 
detector chamber. The electrodes from We, through A, 
to the first dynode, D, were arranged by use of electro- 
static plots made on conducting paper. The plots 
indicated that with the arrangement and the voltages 
shown on Fig. 1, the structure focused the ions from 
Ws to the proper part of the first dynode. 

The dynode power supply was a 2-5 kv rf supply® fed 
from a separate regulated 300-volt dc supply.’ At 3 kv 
the rf ripple was of the order of millivolts. It should be 
noted that for these short pulses, the distortion due to 
variation in multiplier gain and electron transit time 
will be negligible for even a conventional 60-cycle 
supply with a few hundredths of a percent ripple. This 
results from the fact that the pulse is essentially com- 
pleted in a small portion of the 60-cycle ripple period. 


2. Neutral Atom Data 


The procedure for obtaining Rb atom adsorption 
lifetimes was the same as for the ion work. Figure 2 
shows a plot of mean life versus 1/T for the neutrals. 
The Rb* mean life is shown for comparison. The percent 
experimental error is about the same as for the ion 
work. The parameter values were 0.= 2.60-+0.1 ev and 
Ta? = 2.5 10-® sec. 


3. Contamination 


No detailed measurements were made of the lifetime 
as a function of contamination; however, the behavior 
was qualitatively the same as that found for the ion 


6 Obtained from National Company, Inc. The manufacturer 
specified a gain of 10° when used for 3.0-kv K* ions. 

7J. S. Allen, Rev. Sci. Instr. 18, 739 (1947). 

8 D. Marple, dissertation, Syracuse University (unpublished). 

®W. C. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 373. 
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work. The data of Fig. 2 are clean within the meaning 


previously defined.‘ 


4. Transit Time Effects 


Under the experimental conditions, the neutrals drift 
with thermal energies (7~1400°K) from W, to W», 
(Fig. 1). Since particles have a Boltzman velocity 
distribution,” the shape of the neutral pulse will be 
affected by the temperature of W, and the W,—W, 
distance (~3 mm). The kinetic theory velocity spread 
for these conditions will cause a difference of approxi- 
mately 5X10~* sec between the slowest atom and the 
fastest atom transit times. This is not expected to 
affect lifetime measurements in the range of 10~ sec. 
For lifetimes shorter than about 5X10~* sec, however, 
the effect will be important. 

The time delay caused by adsorption on W,. can be 
reduced to any desired level by operating W» at such a 
high temperature that the ion adsorption lifetime is 
negligible. The transit time through the _photo- 
multiplier from W's is less than 5X10~7 sec and is 
constant for all neutrals in the pulse. 


III. THEORETICAL 


Figure 3 shows the theoretical model. It is similar to 
that used by Varnerin"™ and Hagstrum.” If the ioniza- 
tion energy, J, is added to a Rb atom at a distance far 
from the surface, the subsystem (Rb* and its electron) 
is raised to the level, A. If the electron is removed and 
placed in the Fermi “sea” of the metal, then the ion 
level will drop by an energy, ¢, and thus the ion level 
will be at C. The ion is moved toward the surface, and 
the ion-surface potential will be that of curve C. Since 
there are a number of unfilled levels in the metal, 
however, the electron may also be placed in a number 
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Fic. 3. Energy scheme for Rb on W as function of particle-surface 
separation. Inset shows the kinetic diagram. 


“1 N. I. Ionov, J. Exptl. Theoret. Phys. U.S.S.R. 18, 96 (1948). 


1L. J. Varnerin, Phys. Rev. 91, 859 (1953). 
2H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
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of discrete states ranging from the vacuum level down 
to @ electron volts below the vacuum level. This will 
produce a band of ion states ranging from curve A to 
curve C. Curve B represents one of these states between 
the two extremes. 

The atom level represents the potential as an atom 
moves closer to the surface. Judging from the magnitude 
of the experimental neutral desorption energy, the 
binding appears to be due to exchange forces. 

Transitions between ion and atom states are possible 
at points where the potential curves cross. Very little 
is known about the potential shapes and relative 
positions of the potential minima. For the potentials 
shown in Fig. 3, there are so many crossing points that 
there is access to and from any ion-atom level. 

The inset in Fig. 3 shows the diagram in terms of 
transition and desorption probabilities/second. The 
transitions P; and P» are included to account for the 
possibility of ion-atom interchange. With initial ion 
and atom surface concentrations m,; and mg, respectively, 
the time variation in these concentrations is given by 


n= —(P.tP.)metPini, 
n= Poma— (PHP )nj. 


Owing to the number of parameters involved, the 
general solutions of Eq. (1) cannot be used. It is 
possible, however, to show that the equations are 
consistent with the experimental situation. The follow- 
ing boundary conditions were applied : 

(a) Assume that the ion and atom pulse time decay 
is a true exponential and that the lifetime variation 
with 1/T is a true exponential. Within experimental 
error this assumption is valid. However, semilogarithmic 
plots covering many decades are usually necessary in 
order to be certain 

(b) Assume that the Langmuir-Saha equation is 
valid under pulse conditions. This assumption will be 
valid if the particles have time to come into quasi- 
equilibrium with the lattice.‘ 

From (b), we have 

1 /Ta=P nj/ Pan= (w;/wa) exple(o—I)/kT J, (2) 


{1) 


and 
n= (w;Pa/waP;) exple(d—1)/kT |Jna=B(T) Mma. (3) 
Equation (1) becomes 
Ne = — ( Pot P.- P;B)na, 
and (4) 
n= — (Pi— P2/B+Pi)ni. 
The experimental desorption probabilities will be given 
by 
P,(experimental) = Pat P2— P38, 


(5) 
P;(experimental) = P;— P2/8+P,. ; 


Equation (5) satisfies the part of condition (a), con- 
cerning exponential pulse decay. However, the condition 
on the temperature dependence of lifetime can be 
satisfied only if (1) Pi P<P;, P=: or if (2) P, 'P,=B 


HUGHES 


Since P; and P2 represent electronic transitions which 
are expected to occur in ~10~" sec, the first possibility 
is unlikely. If the desorption probabilities are written 
in the form 


P; a= (1:,0°)' exp(—Q,,0/RT), and P:/P,=B, (6) 


then the experimental boundary conditions are satisfied. 
Since AO=¢—J+0;—Qa, where ¢ and 7 are now ex- 
pressed in electron volts, Eq. (3) can be written 


B= (wi79/ware®) exp(AQ/kT) = P2/ Py. (7) 


Equation (7) has the form to be expected from 
statistical mechanics. The pre-exponential factor should 
represent the ratio of the densities of the vibrational 
states in the ion and atom levels. Becker’s® calculation 
for the ratio, m;/ma, under steady-state conditions pro- 
duced a term resembling 8. 


1. Effects of Retarding Field 

As is shown in Fig. 1, a retarding field was applied 
to W, to suppress ion evaporation. Originally, it was 
intended to operate W, with a low accelerating field. 
Under those conditions, however, it was found difficult 
to prevent stray ions from entering the space of C». 
The following considerations show that the neutral- 
lifetime results will not depend on field polarity. 

The effect on the ion-surface potential depth caused 
by an applied exterior field will be of the form of a 
Schottky term, e(e£)}, since the potential is primarily 
an image potential. From thermionic electron emission 
from the etched surface, the term was found to be less 
than 0.01 ev, with a C;—W, potential difference of 50 
volts. The field effect on the neutral atom-surface 
potential should be much less. 

Therefore, the energy diagram will be the same as 
before. Equations (3) and (4a) are still valid and the 
result is P.(experimental)=P,. The ion state popula- 
tion thus furnishes a reservoir of particles but does not 
affect the neutral evaporation rate. 


Iv. CONCLUSION 


The mean desorption lifetime of Rb has been meas- 
ured for Rb desorbed as neutral atoms from “essentially 
clean,” etched W. The values were different from the 
lifetime measured for Rb desorbed as ions. 

The data have been found to be consistent with a 
model which assumes that, in surface ionization, ion 
and atom states are discrete and different. The ion 
state is primarily due to image forces. The atomic state 
appears to be due to exchange forces. 
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Thin iron films produced by vacuum deposition are observed to display a magnetic anisotropy dependent 
on the geometric location of the evaporating filament. A fiber axis structure is induced during the evapo 
ration. If the direction of incidence of the metallic flux varies from a normal to the substrate this fiber axis 
tilts in a similar direction. As soon as the fiber axis is no longer normal to the plane of the film, magnetic 
anisotropy is produced. The variation of the tilt of the fiber axis correlates with and can be shown to account 
for the geometric dependence of the observed anisotropy. Calculations of the magnetic anisotropy expected 
in a film with a fiber axis structure and an anisotropic tensile stress in the plane of the film agree with the 
experimental observations for those films which show only rotational switching. Anisotropies of 3X 10* 
ergs/cm* have been observed in iron films about 350 A thick prepared without the use of applied magnetic 
fields either during deposition or during a subsequent thermal anneal. 


INTRODUCTION 


HIN ferromagnetic films prepared by vacuum 
deposition are found to display various types of 
magnetic anisotropy.'~® The authors would like to 
point out that the references listed here are merely 
indicative of the work being performed and are in no 
way intended to be a comprehensive listing. Most of 
the work has been done in specimens evaporated in a 
strong magnetic field or subsequently annealed at high 
temperatures in such a field. These conditions are 
known to induce uniaxial anisotropy in the films, but 
the exact reason for this is not, as yet, clearly defined. 
Magnetic measurements are taken dynamically in a 
loop tracer or statically in a torque magnetometer. 
Anisotropy has also been determined by observing 
domain walls in the specimen with the familiar “Bitter 
technique.” 

In recent years considerable interest in thin ferro- 
magnetic films has developed because of the advantages 
of employing these films as memory storage units in 
high-speed computational devices.’ For this application 
films possessing a uniaxial anisotropy are desired. 
Hence, most of these investigations have been performed 
in films in which such an anisotropy has been induced. 
An easy direction of magnetization is established 
parallel to a magnetic field applied during the depo- 
sition or during magnetic anneal of the specimens. 
Observations have indicated that the strength of the 
field necessary to produce such uniaxial anisotropy in 
iron films is in the range of a few oersteds if not the 
earth’s field, itself.’ 

* Now at the University of Dayton, Dayton, Ohio. 

1R. L. Conger, Phys. Rev. 98, 1752 (1955). 

2M. S. Blois, Jr., J. Appl. Phys. 26, 975 (1955). 

3K. Zaveta, Czechoslov. J. Phys. 6, 473 (1956). 

4S. Chikazumi and T. Oomura, J. Phys. Soc. Japan 10, 842 
(1955). 

5 R. L. Conger and F. C. Essig, Phys. Rev. 104, 915 (1956). 

6D. O. Smith, J. Appl. Phys. 29, 264 (1958). 

7See, for example, Proceedings of the Conference on Magnetism 
and Magnetic Materials, Boston, October, 1956 (American Institute 
of Electrical Engineers, New York, 1957); also Proceedings of the 
Conference on Magnetism and Magnetic Materials, Washington, 
D. C., November, 1957, J. Appl. Phys. 29, 237-548 (1958). 


In the experiments to be described, the origin of 
magnetic anisotropy in thin films is in itself studied 
more extensively than any effects that might arise 
from such an anisotropy. The films are produced under 
carefully controlled conditions and the change in 
anisotropy is observed as these conditions are varied. 


EXPERIMENTAL PROCEDURES 

The films used in this investigation were formed by 
vacuum evaporation of iron from hot tungsten fila- 
ments. The metal was deposited at a rate of 60 angstrom 
units per second, on glass substrates held at 75°C. 
Pressures during the deposition were 1.5X10~* mm of 
Hg or less, obtained after overnight outgassing of the 
complete vacuum system and using liquid nitrogen and 
charcoal trapping during the evaporation. Upon re- 
moval from the vacuum system the iron films displayed 
a bright shiny metallic appearance and have retained 
this luster for two years. This results from the oxide 
layer which quickly forms on pure iron as reported by 
Nelson.® 

Magnetic measurements were made in a separate 
60-cycle loop tracer under normal atmospheric condi- 
tions. These measurements were begun as soon after 
the deposition as possible and within fifteen minutes 
after the sample was exposed to atmospheric pressure. 
Nelson reports that an oxide layer about 15 A thick 
forms rapidly under such conditions and that any 
further oxidation is negligible. Measurements of the 
electrical resistivity in this laboratory during the 
opening of the vacuum system and weeks later agree 
with Nelson’s observations that most of the oxidation 
occurs immediately upon exposure to atmospheric 
pressure. Hence, the necessity of exposing the sample 
to room conditions for the magnetic measurement 
actually results in a study of iron films covered with a 
thin layer of oxide. The only effect this oxide layer has 
on the magnetic properties of the underlying film is a 
decrease in the film’s ‘‘magnetic thickness.” If the 
specimen is thin enough, a decrease in the value of the 


“8H. R. Nelson, J. Chem. Phys. 5, 252 (1937). 
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saturation magnetization is observed’ and this decrease 
would then change the magnitude of the anisotropy. 
The films observed for this report are well within the 
range of thickness to possess “bulk” magnetic proper- 
ties. Therefore, this oxide layer in no way effects the 
results of this particular investigation. 

Under these conditions of evaporation the magnetic 
properties of the iron films are reproducible. The 
samples show the bulk value for saturation magnet- 
ization in iron of 1700 gauss.” Bozorth reports a value 
of 1714 gauss at 20°C for iron crystals. The value of 
1700 gauss is well within the error of this investigation 
and is therefore used for the computations. The field 
necessary to saturate these specimens is about 45 
oersteds. The magnitude of this field is affected by the 
conditions of preparation. Lower rates of evaporation, 
higher pressures, or dirty substrates increase the value 
of the field necessary for saturation significantly. 
Annealing of the specimens decreases the value to 
20 oe or less. 


EVAPORATION GEOMETRY 


The methods of preparing the samples are similar to 
those discussed elsewhere’ but will be repeated here 
briefly. 

Figure 1 is a schematic drawing of the vacuum system 
showing the parts of most interest to this experiment. 
The tungsten evaporating filament is located in the 
bottom of the system in a five-sided copper box, 3.8 cm 
by 5 cm by 5 cm, which is water-cooled during an 
evaporation. Two specimens are deposited in each 
evaporation, a rate strip which monitors the thickness 
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Fic. 1. Evaporation system viewed parallel to long 
dimension of sample. 


®E. C. Crittenden, Jr., and R. W. Hoffman, Revs. Modern 
Phys. 25, 310 (1953). 

1 R. M. Bozorth, Ferromagnetism (D. Van Nostrand and 
Company, Inc., 1951), p. 867. 

1H. S. Story and R. W. Hoffman, Proc. Phys. Soc. (London) 
B70, 950 (1957). 
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Fic. 2. Evaporation geometry viewed perpendicular to 
long dimension of sample. 


and the sample whose thickness is controlled by a set 
of mechanical shutters. Each specimen is mounted in 
a furnace which allows temperature control of the 
substrate. The sample furnace is a copper block 0.7 cm 
by 2.3 cm by 6.4 cm through which two longitudinal 
holes are bored. Stainless steel tubing is inserted in the 
lower of these borings and used as support for the 
block as well as a path for coolants to the sample 
furnace. The other hole holds a 100-watt light bulb 
filament which serves as a source of heat to the block. 
The rate furnace can only be heated. This is accom- 
plished by means of a set of coiled tungsten filaments. 
There are four coils wound in series electrically such 
that each pair produces magnetic fields in opposition. 
All heater currents are supplied by ac power including 
the current to the evaporation filaments. 

The glass substrates are clamped into the furnaces 
by means of chamfered steel jaws which also define the 
width of the deposited specimens. The rate films are 
0.39 cm in width while the sample films are 0.36 cm 
wide. The jaws holding the sample are a nonmagnetic 
stainless steel alloy. The other parts of the sample 
furnace are also nonmagnetic. This type of material is 
employed to minimize the effects of magnetic fields in 
the vicinity of the sample films. The substrates are 
backed into the furnaces with lead fuse wires to insure 
a good thermal path. With this clamping arrangement 
the temperature rise of a film and substrate during 
exposure to the hot filament has been shown to be less 
than one degree Centigrade using an annealed film as 
a resistance thermometer. 

Both the rate and the sample furnace are tilted such 
that the flux of metallic vapor is normal to the glass 
substrate at the center of the film. However, since the 
deposited film is about 6 cm in length and the filaments 
are less than half that value, the lines of flux of the 
vapor near the ends of the film are considerably inclined 
with respect to a normal of the substrate (see Fig. 2). 
The distance from the evaporation filament to the 
sample substrate is 9.5 cm. 

The tungsten filament incorporated in an evaporation 
is fabricated from 30-mil tungsten wire bent to produce 
a flat area of five “legs” which will eventually hold the 
iron charge. The “legs” are crinkled slightly to prevent 
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motion of the iron on the filament after it has melted. 
The “legs” are mounted parallel to the long dimension 
of the substrate. About 50 mg of No. 36 gauge, 99.9% 
pure iron wire is wound into a helical form and slipped 
over each of the five “‘legs’”’ of the filament. The total 
charge is about 250 mg. With this charge and the 
filament design employed here, little alloying of the 
iron with the tungsten filament is observed in preparing 
samples in this thickness range. A new filament and 
charge is used for each sample. 

A second tungsten filament, referred to as the coating 
filament, is located to the west side of the evaporating 
filament. It consists of a loose helix of 30-mil tungsten 
wire placed so an inactive coating can be evaporated 
onto a metallic film after deposition. The side wall of 
the filament box prevents cross transfer of material 
between the two filaments during depositions. A coating 
about 200 A thick is used to inhibit oxidation of the 
specimens: MgF» is used for iron films. Most of the 
films measured for this report were uncoated. However, 
the application of a MgF» coating did not influence the 
quality of the observed anisotropy in the iron specimens. 

The samples used in this investigation were made 
with the glass substrates held at 75°C for comparison 
with other results obtained in this laboratory. The rate 
films were held at 200°C for reasons pertaining to 
thickness calibration. The films employed here are 
roughly of constant thickness with nominal variations 
ranging from 320 to 390 angstrom units. The character 
of the effect discussed is not affected by a change in 
film thickness. Iron films between 100 and 2500 A 
possess the same type of magnetic anisotropy as the 
films reported. Specimens outside this thickness range 
have not been measured. 


MAGNETIC MEASUREMENTS AND 
INTERPRETATION 


The magnetic measurements were made in the 60- 
cycle loop tracer discussed by Crittenden” and modified 
by Rosette. The H field was applied in the plane of 
the film and the magnetization was measured parallel 
to the applied H. Anisotropy is determined from 
magnetization curves obtained by plotting the tips of 
the B-H loops as the drive field is decreased. This is 
done in various directions and the difference in the 
area between magnetization curves in different direc- 
tions is here designated as the magnetic anisotropy. 
This area is measured with a planimeter and multiplied 
by the appropriate calibration to determine the value 
of the anisotropy energy. 

The specimen had to be cut because of limited space 
in the pickup coil and because the measurements were 
required in at least two directions. The measureable 
sample size was approximately a square 0.6 cm on a 
side. Thus, the resultant samples were smaller in 
dimension than the length of the pickup coil. The result 


~ Crittenden, Hudimac, and Strough, Rev. Sci. Instr. 22, 872 
(1951) 


IN THIN Fe FILMS 1041 
is a saturation value of M less than the bulk value and 
a value of saturation which varies greatly with the 
sample size. The reason for this decrease in saturation 
is that some flux closure lines do not link the pickup 
coil due to the smaller size of the sample. Cutting the 
specimens to this size lowers the observed saturation 
but does not change the shape of the magnetization 
curves. Before cutting, long samples were measured 
and this saturation magnetization was compared with 
bulk. In all measured cases the value agreed with the 
1700 gauss bulk iron value. The data for the small 
samples is, therefore, reported as normalized to the 
bulk saturation value of M. This eliminates any size 
effects and allows comparison of the results. 

Preliminary investigations of domain walls in these 
specimens with the “Bitter technique” have shown 
relatively narrow cigar-shaped island-like domains. This 
shape of domain is in agreement with the observations 
of Williams and others’ on thin iron films. Stress 
in films!® limits the possibility of domain wall motion." 
With the presence of stress, the energy considerations 
are such that domain rotation is more favorable at 
lower fields. Magnetic saturation is observed in iron 
films at relatively low applied fields. Therefore, the 
resultant switching is most likely accomplished by a 
magnetic rotation process. This fact has been observed 
experimentally in other investigations.!® Smith has 
calculated theoretical hysteresis-loops for films similar 
to those studied here.* The model consists of a thin 
ferromagnetic film, possessing uniaxial anisotropy, in 
which switching is accomplished by rotational processes 
only. 

Magnetization curves can easily be inferred from 
Smith’s hysteresis loops. A comparison between these 
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Fic. 3. Compari- 
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experimental mag- 
netization curves. 
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ers only rotational 
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8H. J. Williams and R. C. Sherwood, J. Appl. Phys. 28, 548 
(1957). 

4T. Iwata and M. Yamamoto, Sci. Repts. Research Insts., 
Tohoku Univ. Ser. A8, 293 (1956). 

18H, J. Williams and M. Goerty, J. Appl. Phys. 23, 316 (1952). 

16 J. D. Finegan and R. W. Hofiman (to be published). 


17K. H. Stewart, Ferromagnetic Domains (Cambridge Uni 
versity Press, New York, 1954). 
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magnetization curves and a typical set of experimental 
curves is shown in Fig. 3. The similarity in the character 
of these curves is the basis upon which the perpendicular 
direction in the film is termed the easy direction of 
magnetization and the parallel or long direction of the 
film is termed the hard direction. The similarity of 
these curves with the calculated curves also suggests 
that the rotational process is in effect. These are the 
extreme magnetization curves so the films investigated 
here do display uniaxial anisotropy in the plane of the 
film. 


RESULTS 


In general, magnetization curves were measured in 
two perpendicular directions, parallel and perpendicular 
to the long dimension of the evaporated specimens 
(hereafter referred to as || and 1, respectively). This 
results in a set of M versus H curves as the measurements 
were made at various positions along the specimens. 
A typical set of curves is presented in Fig. 4. The solid 
curve is the | direction while the dashed curve is the 

direction. A single curve indicates that both directions 
coincide. The numbers designate location of the meas- 
ured sample in the specimen. Number 1 is the east end, 
increasing to 10 at the west end. The area between 


these two magnetization curves is converted to a value 
of anisotropy and plotted as a function of film location; 
see Fig. 5. The location of the filament is indicated in 


the anisotropy plot by the heavy line on the abscissa. 
The specimen shown in Figs. 4 and 5 is representative 
of the observed phenomenon. The film appears isotropic 
in the region directly over the filament and displays 
an increasing anisotropy toward both ends of the 
specimen. Measurements in directions other than || and 
1 yield magnetization curves that fall between these 
directions in the anisotropic regions of the specimens. 
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Fic. 4. Experimental magnetization curves (M vs H) at various 
locations along the length of the sample. 
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Fic. 5. Measured magnetic anisotropy at different locations 
along the length of the sample. The heavy line on the abscissa 
indicates the position of the evaporation filament. 








Hence these directions are the extremes, the easiest 
direction of magnetization in the case of the | meas- 
urements and the hardest direction in the case of the ||. 
In the isotropic region measurements in many directions 
result in magnetization curves that coincide with the 

and | curve, and every direction is equivalent. The 
specimen is, therefore, magnetically isotropic in this 
region. 

A single condition of evaporation was changed at a 
time, to test its effect on the resulting anisotropy. The 
substrate glass was cut before the film was deposited 
to check any mechanical effect. The substrate of 
another specimen was not clamped in the furnace 
during deposition to eliminate any stresses induced in 
the clamping process. To check effects of stray magnetic 
fields, the sample heater was off during the time of one 
evaporation, the rate heaters during another, and both 
during a third. The evaporation filament was rotated 
in another deposition and in fact, changed to a helical 
coil with its axis vertical in still another. These changes 
checked all fields present except the field due to the 
wires leading into the evaporating filament and the 
earth’s field. None of the above situations change the 
anisotropy configuration in any significant manner. A 
sample was made at a temperature of 200°C in the 
location of a rate specimen. The resultant magnetization 
curves showed a slight increase in the field necessary 
to saturate. Another specimen was annealed at 250°C in 
the vacuum system before removal. This decreased the 
anisotropy slightly. But again, neither of these changes 
affected the quality of the anisotropy configuration 
whatsoever. 

The evaporating filament was then moved, first, 
below the west end of the substrate and then for 
another specimen, below the east end. The resulting 
anisotropy curves are presented in Fig. 6. The isotropic 
region of the specimen has moved to be directly over 
the filament. This eliminates the lead-in wires to the 
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evaporating filament as the possible cause of the effect. 
They remained constant during the evaporations listed 
above and the changes in anisotropy. The conclusion 
seems to be that the cause of the anisotropy is dependent 
on the location of the filament, or in other words, 
depends on the angle the incident flux of metallic vapor 
makes with a normal to the substrate. With normal 
incidence, the result is isotropy; with inclination of the 
vapor to the normal there results anisotropy. 

An effect with similar geometric dependence is the 
formation of a fiber axis in thin evaporated films 
reported by Evans and Wilman,'* and others.*!**! 
Their observations show that as a film is formed by 
condensation from vapor, a fiber axis structure is 
developed. The fiber axis is inclined toward the direction 
of the arriving vapor stream but is not necessarily 
parallel to it. Fiber axes are even observed in iron films 
thinner than 100 A. In iron the fiber axis is a [111] 
crystallographic direction. Hence, the induced structure 
is such that [111] directions are inclined toward the 
evaporating filament while there is random orientation 
about this axis. Evans and Wilman also report that the 
tilt of the fiber axis starts from zero at normal incidence, 
reaches a maximum, and then decreases slightly as the 
angle of the vapor incidence continues to increase. 
These angles are measured with respect to a normal to 
the substrate. In the case of iron films evaporated on 
glass substrates, the maximum tilt of the fiber axis is 
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Fic. 6. Magnetic anisotropy vs position, showing effect of 
moving the evaporation filament. 

18D. M. Evans and H. Wilman, Acta. Cryst. 5, 731 (1952). 

9G. I. Finch and A. G. Quarrell, Proc. Roy. Soc. (London) 
A141, 398 (1933). 

*K.R. Dixit, Phil. Mag. 16, 1049 (1933). 

21S. Konobeevsky and J. Umansky, J. Phys. U.S.S.R. 10, 388 
(1946). 
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about 10° at a vapor incidence of around 20°. Evans 
and Wilman have also observed that the rate of 
evaporation and the substrate roughness do not effect 
the formation of the fiber axis structure. Reflection 
electron diffraction patterns of several of the iron films 
used in the magnetic investigation show the same fiber 
axis structure observed by Evans and Wilman. 

The magnetic anisotropy in the plane of the film 
owing to this fiber axis structure can be calculated from 
the difference in energy necessary to saturate in the L 
and || directions. For the details of this calculation see 
the appendix. The results of the calculation show an 
average anisotropy of 1.7X10* ergs/cm® for iron with 
a 100% [111] fiber structure tilted 10°, with a skin 
stress of 8X 10° dynes/cm?. The average anisotropy is 
exactly zero at 0° tilt. An anisotropy in film stress has 
also been observed. Finegan and Hoffman!'® report a 
stress anisotropy in iron films prepared similarly to 
those reported here. The stress in the hard direction is 
about 17% lower than the stress in the easy direction, 
at the ends of the film. Applying this stress anisotropy 
to the calculation yields a value for the average ani- 
sotropy of 3X 10' ergs/cm’ when the fiber axis structure 
is tilted 10°. The calculated values must also be modified 
by the amount of fiber axis orientation. Arcing on the 
electron diffraction plates suggests a very strong but 
incomplete fiber axis structure, perhaps about 75 to 
90%. This would lower the calculated values somewhat. 
A higher temperature of evaporation would increase the 
percentage of fiber axis structure while annealing some 
of the imperfections. Annealing imperfections would 
lower the stress and thus lower the magnitude of the 
anisotropy. As listed above a specimen evaporated at 
200°C displayed a slightly higher anisotropy. After 
annealing at elevated temperatures the anisotropy is 
observed to decrease significantly. Some of the speci- 
mens investigated displayed evidence of wall motion 
processes; in these the observed anisotropy is not 
expected to agree with the above calculation. All of 
the films studied, that show only rotational switching, 
have anisotropies which agree with the calculated 
values. 

In general, the magnitude of the effects of these 
various conditions on the anisotropy are quite difficult 
to predict. The resulting calculated values should 
therefore be considered only as indicative of the antici- 
pated experimental results. The magnitude of the stress 
anisotropy is correlated with the tilt of the fiber axis. 
Hence, the observed magnetic anisotropy should be 
describable in terms of the qualities of the fiber axis 
present in the iron specimens. This is indeed the 
situation. As the fiber axis becomes normal to the 
substrate the observed magnetic anisotropy becomes 
zero as is required by the calculation. The anisotropy 
becomes zero in this region even in specimens which 
display wall motion. 

The only remaining consideration is the effect of the 
earth’s field on the observed anisotropy. To test this, 
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Fic. 7. Comparison of observed and calculated hard directions 
of magnetization in a film condensed on a substrate rotated 15° 
about an axis parallel to the long dimension. 
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a substrate was clamped into the sample furnace but 
tilted relative to the arriving flux of metal vapor. This 
was accomplished by modifying the fuse wires backing 
the glass substrate into the furnace. On one side the 
fuse wire was flattened while on the other side the thick- 
ness was doubled. The net effect was a tilt of about 15°, 
so the metal flux arrived inclined at this angle in the 
center area of the film. This resulted in a fiber axis 
structure which produces a hard direction of magnet- 
ization in the | direction at the center of the specimen. 
Nearer the ends of the film the hard direction was in. 
neither the || nor 1 direction but somewhere in between 
The change in location of the substrate was so slight 
that the field configuration due to the earth’s field 
must have been effectively the same in the specimen 
region as in an untilted specimen. 

Considering the fiber axis structure produced in this 
specimen, the location of the hard direction of magnet- 
ization was calculated and is shown as the crosses in 
Fig. 7. Angles are measured relative to the long dimen- 
sion of the specimen, where 0° is the || direction of the 
film. The circles are the location of the hard direction 
as determined by observing magnetization curves in 
four different directions. The maximum anisotropy 
observable depends on the tilt of the fiber axis. As the 
fiber axis of this specimen had a tilt of about 9.5° in 
the center and about 10° near the ends (the direction 
of the tilt changes, of course) the largest observed value 
of anisotropy should increase slightly in moving from 
the center to the ends of the specimen. The anisotropy 
between the extreme magnetization curves in this tilted 
specimen was 6.6X10* ergs/cm* at the center and 
increased to 7.1 10* ergs/cm* at the ends of the film. 
Agreement of the data with the predicted results defi- 
nitely indicates that the fiber axis structure was pro- 
ducing the anisotropy effect. The influence of the 
earth’s field was apparently quite small, if not negligible. 

Finch and Quarrell'® have shown that exposure to a 
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hot filament will produce fiber axis structure. They 
observed that a weak fiber axis could be enhanced by 
exposing the specimen to a hot filament. Also a com- 
pletely unoriented specimen displayed a strong fiber 
axis structure after exposure to heat from a small 
filament. The filament they employed for this heating 
was the filament designed to discharge the specimen 
in their electron diffraction camera. 

This effect of exposure to a hot filament has also been 
observed in the magnetic measurements made for this 
investigation. The resulting change in anisotropy can 
be explained by considering the fiber axis structure 
formed, not by a flux of metal vapor as such but, by a 
flux of energy which is incident on the substrate. As 
the angle of incidence of this energy varies, the fiber 
axis tilts in the same direction. For example, a region 
of isotropy near the east end of a film becomes ani- 
sotropic when exposed to heating provided by the 
coating filament which is below the west end of the 
specimens. The geometry of the anisotropy is exactly 
the same as that produced in regular deposition from 
the evaporating filament. The effect of heating from 
the coating filament is superimposed on the original 
anisotropy. The additional heat flux is apparently 
sufficient to reorient the fiber axis structure of the 
crystallites in the specimen. 


CONCLUSIONS 


The results of this investigation indicate that the 
formation of a magnetic anisotropy in thin evaporated 
iron films results from a fiber axis structure which 
developes as the specimen is being deposited. If the 
incident direction of metallic flux varies from the 
normal, the fiber axis tilts in a similar direction. As 
soon as this occurs a magnetic anisotropy is produced. 
An anisotropy of 3X 104 ergs/cm* has been produced in 
regions of iron films without the use of applied magnetic 
fields either during the evaporation or during asubse- 
quent “magnetic” anneal. It is not suggested that the 
application of such fields will not produce anisotropy, 
indeed, they will. The conclusion is that such fields are 
not necessary and might not necessarily be the factor 
causing the observed magnetic anisotropy in thin 
evaporated films. The earth’s field clearly does not 
produce this anisotropy. The factor which is the signifi- 
cant cause of the observed anisotropy in films prepared 
without the application of large fields is the geometric 
variation of the metallic vapor or heat flux incident on 
the substrate. 
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APPENDIX. CALCULATION OF MAGNETIC 
ANISOTROPY DUE TO FIBER 
AXIS STRUCTURE 


The fiber axis structure in iron can be represented by 
fixing a [111] direction of the body-centered cubic 
structure and allowing arbitrary rotation around this 
fixed direction. In the region of isotropy in the speci- 
mens, the fiber axis is normal to the substrate. In the 
region of anisotropy the fiber axis is tilted such that it 
has a component in the film only in the |! direction. 
This component is siny, where ¥ is the angle of tilt. 

The energy necessary for saturation magnetization 
considering rotational processes only is given by Kittel”: 
f= Ki (ara:?+-ay?a3?+a3"a1") + K 2(ar’a2*as’) 

+B, (ay"ez2+a27ey,+03"€22) 

+ Bo (aa ry + a203€)2 +030 1€22) 

+3Ci1 (C22? + yy? + 22°) +3C 44 (Czy? + ey.’ + €2y”) 
+Ci2(Cyyezebereecrtlrxlyy), 


—0.408 0.577 
—0.816 0.577 
—0.408 0.577 


aei = 0 
a3 L—0.707 


As 8 is varied, holding y fixed, the effect is precisely 
that of rotating a crystal around its [111] direction, 
which is tilted the fixed angle y. The transformation 
can be put in the form: 


x l; l, ls { a’ 
yl{=|m, m. ms; Ly ’ 
vA 


, 
Ny Ne nN3 z 


where, for example, /;, /2, /; are the direction cosines 
between the x axis and 2’, y’, 2’, respectively. 

The e’s must also be calculated from constants in the 
new system. Here the known quantity is a skin stress 
applied in the primed system, which is the plane of the 
film. The stress considered is of the form X ,’#0, Y,’+0, 
with all other components equal to zero. The resulting 
expressions for the unprimed stress components are 

X,=12X,'+1/Y,'=a, 
V,=m,X ,'+m7Y,'=6, 
Z,=nyX,'+n2Y,'=c, 
V,=mnyX 2 +m, =u, 
Ze= MX 2 +NleY ,'/=2, 


X= Lym, X -'+lym2Y ,'= Ww. 


The stress components can be given in terms of the 
strains and reduced by the application of the cubic 
symmetry. The strain components are then determined 
from these expressions. 

The calculation can now be performed. A plot of 
f(L)—f(|) versus 8 for iron is shown in Fig. 8. Owing 


2 (C. Kittel, Revs. Modern Phys. 21, 541 (1949). 
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where K, and K, are the crystalline anisotropy con- 
stants. B, and By, are constants related to the magneto- 
striction constants, and the C’s are the elastic constants. 
@1, @2, a3 are the direction cosines of the saturation 
magnetization with respect to the crystallographic 
[100] axes. The e’s are the strain components relative 
to the same axes. Anisotropy will be the difference in 
the energy as calculated for two directions of a specimen. 

The method employed for the calculation is to estab- 
lish a new coordinate system in the plane of the film, 
with x’ as the | direction, y’, the || direction and 2’, 
normal to the film. a1, a2, a3 are first transformed into 
a new coordinate system with its z axis parallel to a 
[111] direction. An arbitrary rotation, 8, around the 
new z axis (the [111] direction) is then performed. 
A final rotation, y, around the x axis resulting from 
this second rotation above, accounts for the tilt of the 
fiber axis. The complete transformation is 


sin8 0) f1 0 0 ay’ 
cos8 0} |0 cosy siny| | ae’ |. 
0 1J\0 —siny cosyJ las’ 


ee 9 “— 
X Xx= Vy" 600 x 10° OYNES/cM® — 


___ Xz 8.00 x 10° bynesycm? / 
Yy> 6.64 x 10° DYNES / cam ® 
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Fic. 8. Calculated magnetic anisotropy in iron films with a 
fiber axis tilted 10° from the normal to the plane of the film. 
Both isotropic and anisotropic stresses are shown. 


to the threefold symmetry about a [111] direction in 
the cubic system, the function repeats itself every 120°. 
The constants for the calculation displayed in Fig. 8 
are as follows: 
K,=450X 10° ergs/cm’ at 20°C, 
K2=200X 10° ergs/cm? at 20°C, 
B,=—2.9X 10" ergs/cm’, 
B,=6.4X 10" ergs/cm’, 
C= 2.29X 10" dynes/cm’, 
Cu=1.14X 10" dynes/cm?, 
Ci2= 1.34 10” dynes/cm’, 
y= 10°, 
X ,/=8.00X 10° dynes/cm’, 
VY ,'=6.64X 10° dynes/cm?. 
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would yield an average anisotropy of 1.7 10* ergs/cm® 
for a fiber axis tilt of 10°. The variation of f(.L)— (||) 
with 8 for the condition of isotropic stress is also 
shown in Fig. 8. 

The anisotropy goes roughly as the sine® of the 
angle of tilt. The function f()— (||) averages exactly 
to zero at a zero angle of tilt; this corresponds to the 
isotropy produced by normal incidence. 


The function is calculated in 10° intervals of 8 and 
averaged. K, and K» are taken from Bozorth"”; B, and 
By, from Kittel.”* Cy,, Ci2, and C4, have been measured 
in this laboratory by Daniels.” 

An isotropic skin stress of 8X 10° dynes/cm? in iron 


2%2W. B. Daniels, M.S. thesis, Case Institute of Technology, 
1955 (unpublished). 
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Model for Lattice Thermal Conductivity at Low Temperatures 
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A phenomenological model is developed to facilitate calculation of lattice thermal conductivities at low 
temperatures. It is assumed that the phonon scattering processes can be represented by frequency-dependent 
relaxation times. Isotropy and absence of dispersion in the crystal vibration spectrum are assumed. No 
distinction is made between longitudinal and transverse phonons. The assumed scattering mechanisms are 

1) point impurities (isotopes), (2) normal three-phonon processes, (3) umklapp processes, and (4) boundary 
scattering. A special investigation is made of the role of the normal processes which conserve the total crystal 
momentum and a formula is derived from the Boltzmann equation which gives their contribution to the 
conductivity. The relaxation time for the normal three-phonon processes is taken to be that calculated by 
Herring for longitudinal modes in cubic materials. The model predicts for germanium a thermal conductivity 
roughly proportional to 7! in normal material, but proportional to 7~* in single-isotope material in the 
temperature range 50°-100°K. Magnitudes of the relaxation times are estimated from the experimental 
data. The thermal conductivity of germanium is calculated by numerical integration for the temperature 
range 2-100°K. The results are in reasonably good agreement with the experimental results for normal and 
for single-isotope material. 

INTRODUCTION add reciprocal relaxation times for the normal processes 

(.V processes) to those which do not conserve the crystal 
momentum. Examples of the latter type of process 
include umklapp processes, impurity scattering, and 
boundary scattering (we shall designate all such 
momentum-destroying processes as U processes). U 
processes tend to return the phonon system to an 
equilibrium Planck distribution, whereas V processes 
lead to a displaced planck distribution. An investi- 
gation of this point is made in some detail to allow the 
effect of normal processes to be included more exactly. 

Existence of the following scattering processes is 
assumed: (1) Boundary scattering, described by a 
constant relaxation time L/c, where c is the velocity of 
sound and L is some length characteristic of the ma- 
terial. (2) Normal three-phonon processes whose 
relaxation time is taken to be proportional to (w*7*)~, 
where w is the circular frequency and T is the absolute 
temperature. For further discussion of this choice, see 
the Appendix. (3) Impurity scattering, including 
isotope scattering, whose relaxation time is independent 
of temperature and proportional to w*. (4) Umklapp 
processes with a relaxation time proportional to 


LTHOUGH an exact calculation of lattice thermal 

conductivity is possible in principle, lack of 
knowledge of crystal vibration spectra and of an- 
harmonic forces in crystals and the difficulty of ob- 
taining exact solutions of the Boltzmann equation are 
formidable barriers to progress. It is interesting to 
investigate the consequences of a simple model which 
is more amenable to calculation. It is assumed in this 
work that all the phonon scattering processes can be 
represented by relaxation times which are functions of 
frequency and temperature. It is further assumed that 
the material is elastically isotropic and dispersion in the 
vibrational spectrum is neglected. As a small concession 
to reality, the relaxation time for normal three phonon 
processes is taken to be that characteristic of longi- 
tudinal modes in a cubic crystal.'! No distinction is 
made between longitudinal and transverse phonons. 

It is well known that normal processes (scattering 
processes which conserve the total crystal momentum) 
cannot by themselves lead to a finite thermal conduc- 
tivity. Consequently, it cannot be legitimate just to 


1C. Herring, Phys. Rev. 95, 954 (1954). 


2R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, Oxford, 1955), Chap. 2. 


(e~®/27,°7%)—, where © is the Debye temperature and 
ais a constant characteristic of the vibrational spectrum 
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of the material.’ For germanium, on account of the 
extreme dispension in the vibration spectrum,‘ a may 
be of the order of 8. 

Finally, it may be useful to point out that the 
addition of thermal resistances calculated for separate 
processes is unjustified at low temperatures because of 
the strong frequency dependence of the relaxation time. 
In particular, it is impossible to define a specific thermal 
resistance due to point defects alone. 


NORMAL PROCESSES 


The Boltzmann equation in the presence of a tem- 
perature gradient is written as 


(1) 


in which JN is the distribution function, T the tempera- 
ture, ¢ the group velocity, and (dV /dt), the rate of 
change of NV due to collisions. In the second term we 
may replace V by No, the Planck distribution function. 
The first term is approximated as follows: 


ON N(A)—N No—N 
oh ek aa 
al c ™N Tu 


Here we define ry to be the relaxation time for all 
normal processes and r, to be the relaxation time for 
those processes which do not conserve momentum. 
tT, is obtained by adding reciprocal relaxation times 
for the appropriate processes. Vo is the Planck dis- 
tribution and (2) is the displaced Planck distribution 
to which the normal processes tend.’ 


hw—d-k 1 
vea)=[exn( oa | = Not 
KT 


If we define m,=V— No, the Boltzmann equation (1) 
can be written as 


ehw /KT 


ak 
KT (eh/KT—1)? 


_ (3) 


hw eh IKT 


— Cc: : 
KT? 
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ryKT (ehs/KT— 1)? 


i 
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We define a combined relaxation time 7, by 
tet=ty'+ry. 


We express 7, as follows: 


eholK i 


(ehw KT_1)2 


hw guiae 
m= —ae:-VT epee , (6) 
KT? (ehe/KT — 1)? 


3P. G. Klemens, Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 14, p. 198. 

4B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 108, 894 
(1957). 
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where a(k) is a total relaxation time. It is desired to 
determine a in terms of 7, and ry. Upon using (6), the 
thermal conductivity x is easily found to be 


3 
k=— fe cos*6 a(k)Cyn(k) aR. 


nS (2r)3 


The factor 3 comes from the three contributing branches 
of the vibrational spectrum. (At the low temperatures 
we are interested in, the optical modes will not be 
excited. In any case their contribution to the thermal 
conductivity is limited by their low group velocity.) 


In (7), Cyn is the phonon specific heat : 

hr? gh IKT 
Ca? —— a . 
K T? (eho/KT_1)2 


(8) 


Substitution of (5) and (6) into (4) yields 
hur 
e:-VT+ 


Tel TN 


ak fw 
=—e'VT. (9) 
T 


Since 2 must be a constant vector in the direction of 
the temperature gradient, it is convenient to define a 
parameter 6 with the dimensions of a relaxation time by 


A\=—(h/T)B2VT. (10) 


Since k= cw/c?, we have 


4-k=— (hw/T)Be-VT, (10a) 


so that (9) simplifies to 


a B 


=7.(1+68/ry). (11) 


=1, or a 
Te TN 


If we make use of the assumed isotropy, the thermal 
conductivity is found to be 


c B 
K= fr 1+ cosa 
2r* TN 


The combined relaxation time appears in (12) multi- 
plied by the factor (1+ 8/r,) which expresses the 
correction due to the nature of the distribution V(Q). 
It is now necessary to determine 8. To do this, we 
utilize the fact that the normal processes conserve 
momentum. The rate of change of the total phonon 
momentum due to .V processes is set equal to zero. We 
express this as 


ON N(a)—N 
I( ) kd*k J kd?k=0. 
dt J x TN 


Substitution of (3) and (6) into (13) leads to 


eholKT OT hwy »-k7k 
f - | ac: VT+ | k=O. 
[et/KT_1 PLKT? KT Irn 


(12) 


(13) 


(14) 
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When the expression (10a) for 4-k is substituted into 
(14), the equation becomes 


eholKT hw cw 

} —— ——(c: VT) (a—s)—#k. 
(eho/KT__ 1)? KT? TNC 

If we introduce the variable x=hw/KT=hck/KT, we 


find that 
O/T = et x 
f ———(a—8)—dx=0, 
0 


(e7—1 TN 


(15) 


since a is a function of the magnitude of k only. @ is 
the Debye temperature. We can insert a from (11) and 
solve for 8 which is independent of x: 


6/T Te ez 
ern 
0 tw (e7— 1)? 
O/T |} Te e 
f (1- -)- —axAdx. 
0 ™N tw/ (e7—1)? 


When £ is computed in this way and is substituted into 
(12), the thermal conductivity is determined. We 
observe that in the limit 7,— © (no U processes), 
T, approaches ry and 8 becomes infinite. Consequently 
x becomes infinite as required. When ry becomes large, 
we see from (12) and (16) that the thermal conductivity 
is determined principally by 7, and that addition of 
reciprocal relaxation times is justified in this limit. 


(16) 


CALCULATION OF THE THERMAL CONDUCTIVITY 


Even with the extreme simplifications made in this 
model, it does not appear possible to evaluate the basic 
integrals analytically. Approximate evaluations can be 
made which retain the essential features of the theory, 
in particular the temperature dependence. Results 
based on numerical integration are presented in the 
next section. 

The thermal conductivity is obtained from Eqs. (12) 
and (16) employing the relaxation times discussed in 
the introduction. We can write, 


tu = Aw'+ By T*w’+c/L, (17) 


where the term Aw‘ represents the scattering by point 
impurities or isotopes; the term B,7%w* includes the 
umklapp processes (B, contains the exponential tem- 
perature factor e~°/°7); and c/L represents the 
boundary scattering. Since measurements of the 
thermal conductivity of germanium have been made 
on a sample almost isotopically pure,° special attention 
will be given to the case A =0. Similarly 
ty = BoT*w’, (17a) 
where B, is independent of temperature. The combined 
relaxation time is 
te 1= Aw'+ (By, + By) T*w*+c/ L. (18) 
5 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958). 
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We then write 


K 
x=—(/,+81}), (19) 
2rc 


9 


Fa 


where 
eholK 5 


KO/A AX? 
n= Te ———— ——w'"dw, (20) 
0 K°T? (ehe/KT— 1)? 


KOA 7. Hy? eholKT 
I= ee nl, 
. ty K?T? (ete/KT—1)? 


Consider /;. Introduce the dimensionless variable x as 
in (15). Equation (20) becomes, on substitution of (18), 


KT\* 8! x e 
7 en 
h 0 (Dx'+ Ex*?+c¢/L) (e7—1)? 


in which D=A(KT/h)*; E=(B\+B.)T*(KT/h)*. At 
very low temperatures, D and E are much smaller than 
c/L, so that the denominator may be expanded. The 
upper limit may be set equal to infinity. To first order 
in D and E, we obtain 


4 L (KT \3 20r? EL DL 
,=— -(—) [:-— —— 16xr‘— | 
Mcrt\h -_- . C 
which gives rise to a thermal conductivity (neglecting 


the BT. term). 
2KrL /KT\3 wKT\iL 
aco emee 
15¢? h h Cc 


20 rKT\?L 
= (B+ B)(“—) -| (23) 
/ 


h Cc 


(21) 


(22) 





Because of the strong dependence of D and E on the 
temperature, at higher temperatures the situation is 
reversed, and c/L is effectively small. If D is large, the 
isotope scattering is very effective for short waves and 
we may evaluate (22) approximately by replacing 
x*e*/(e7—1)? by unity. Thus 


T KT\' 2/cD\';3 
seal DEN) 
2(ED)'\ h EX L 

T 2(cA/L)} ; 

a |, ne 
2(A(B,+ B.) }#T3 (B,+B,)T? 

At temperatures above perhaps 30°K the size depend- 


ence may be regarded as a correction, so that we can 
expand the bracket in (24), retaining only the first 


term: 
(cA/L)! 
WH as 
(B,+B,)T* 


T 1 
oe | 
2 [A(Bi+B:) }'T! 


If we anticipate that the term B/. in (19) will prove to 
be only a reasonably small correction, we observe from 
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(25) that the thermal conductivity in the region just 
beyond the low-temperature maximum will be pro- 
portional to 7~}, unless B, is so much smaller than B, 
that an exponential temperature dependence e®/247 
will be observed. 

If A is very small, as will be the case for a chemically 
pure single crystal containing only one isotope, this 
result must be modified. We cannot use the isotope 
contribution to render the integral (22) convergent. 
If we set D=O in (22), we then have 


KT\* 1 ,?* x i 
n=(—)—f —__——«. 

h E% 2x+c/LE (e*—1)? 
This integral is somewhat simpler than before, and we 
shall retain the finite 0/7. Even at temperatures for 
which the boundary scattering may still be regarded 
as small, the integral (26) does not possess an expansion 
in integral powers of c/ LE. Instead it can be shown that, 
to a reasonable approximation, 


KT\? 1 & 20 mr/cr} 
oie anne Semi er 
h E | iia hi 2NLE 
Kr 3e8/T 7 20 
=—_—— {1- -(=+—+2) 
3h(Bi+ Bo)T? T (tlle & 


(26) 


: 
ma 
2rKT'LL(Bi+ Bz) 


It is seen from (27) that the thermal conductivity in 
isotopically pure materials should depend on tempera- 
ture as 7~* beyond the low-temperature maximum. 
This means it should exhibit a sharper falloff in tem- 
perature. The size-dependent part of the conductivity 
is actually the same in (25) and (27) and has the tem- 
perature dependence 7~*? predicted by Herring.! 
However, the size dependence is relatively less im- 
portant in the isotopically pure material because the 
over-all conductivity is higher. 

We must now calculate /; and £8. Anticipating the 
relatively small effect of these terms, we neglect their 
size dependence. This will not be valid at very low 
temperatures. We have, for normal material, 


T-/TN = BoT*w*/[ Aw'+ (Bi + Bz) T*w’+c¢/L], 


KT\3 x 
I= Bit (- ) f ~ireenrenemestingmmmessteiiie 
h [ (K?Ax2/h?)+ (B,+Bz)T] (28) 


This integral can be evaluated in the same fashion as 


(26). . 


ByT? (KT 3 h/(Bi+B.)T\} 
AEE 24) am 
34 NA Qe K A 
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According to Eq. (16), B= (4/KT)*J2/T;, where 
KT\? 2? Aw'+ By T%*+¢/L 
1-B.r(—) J Hr 
h 0 [Aw'+ (Bi + Bz) T%w’?+¢/L) 
x er 
dé, (0 
(e#—1)? 


We approximate this integral as follows: 


KT 2 oa x 8er 
n= Br (- ) f moder ™ 
h 0 (e7—1)? 


167° 
=——B,T*(KT/h)?. 
1 


rae 


(31) 


These are important corrections which have to be made 
to J. and J; to allow for a finite value of @/7T. These 
are easily obtained and will not be presented here. 
Thus we find 


7 h \! 3 Ay (B,+B.)T}) 
cn er ee 
16A \rKT 2r Kt A 


7TBh 


Then 


3 hl (B\+B:)T 5 
Ble i---—|- . 

wKl A 
This result can now be combined with (25) and (19) to 
obtain the total thermal conductivity. 


4802 A2K4 


K 1 (cA/L) 


K> - - — _ -_—— —= — ~ _ —— 
4ncT1 [A — (B,+B.)T? 


7TBoh 


3 AT (Bi+B.)TYP 
fe es -|1- | —_—— } (33) 
96m K*c A? 


aK A 


Thus, the thermal conductivity of a large sample of 
material in the temperature region considered deviates 
from 7! by a correction roughly independent of 
temperature. 

For a chemically and isotopically pure material, we 
have 


By, Ki\* ¢? x6 
ese) Lee 
B,+B, h 0 (e7—1)? 
4n* Ss Bn. SKT\? 
eS 
15 (B,+-B.)\ aA 
B,BoT* sKT\? xe" 
n=——_(—) f are 
B;+B\ h (e7—1)? 


16r® B,B,T* sKT\? 
_16n* . —(—). (35) 
21 (Bi+B.)\ h 
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Consequently, 


B=7h?/ (20n*K*B,T®). 


The thermal conductivity of the pure material is then 


Kk? 3 & 20 
seis [1 cor( +42) 
6h(B,+ Bo)cT? ad — 2 


7 Bs 
=|. 6 
25 By 


3h ‘ , 
estat 


At very low temperatures, we retain the size de- 
pendence, treat the normal processes as small, and 
obtain 


B=L/c; 
We find by combining (37) with (23) in (19), that 


2Kr* L sKT\3 aKT\*L 
: ( ) [1-104/ -) 
155 C@\ Ah h Cc 
20 mKT\?L 
_ air(——) -| (38) 
7 h Cc 


so that the normal processes do not contribute at the 
lowest temperature. 


BIo= (16r°/21)B.T*(KT/h)*(L/c)?. (37) 


COMPARISON WITH EXPERIMENT 
FOR GERMANIUM 


There have been several measurements of the thermal 
conductivity of germanium. Some of these works are 
listed below.*~* Slack® has emphasized the importance 
of isotope scattering. 

(ualitatively, we can explain the shape of the ob- 
served thermal conductivity curve at low temperatures 
as follows: At the very lowest temperatures, boundary 
scattering predominates, and the thermal conductivity 
goes as 7*, Even at 2°K the 7” deviations from 
boundary scattering in normal material are appreciable, 
so that pure 7* behavior is not observed. The isotope 
scattering rapidly becomes important as it becomes 
easier to create higher frequency phonons which are 
scattered efficiently by point impurities. Consequently, 
the thermal conductivity reaches a maximum and then 
declines. As the temperature increases further, normal 
three-phonon scattering and umklapp scattering become 
important, and come to dominate the isotope scattering. 
In the region from 40 to 100°K the conductivity of a 
large sample should be proportional to 7—!. It is likely 
that observed deviations from this law (7~'* is reported 
by White and Woods) are caused by the dying out of 
boundary scattering. At higher temperatures, the 
simple model of this work ceases to apply as 0/T 

® Carruthers, Geballe, Rosenberg, and Ziman, Proc. Roy. Soc. 
(London) A238, 502 (1957). 

7G. K. White and S. B. Woods, Phys. Rev. 103, 569 (1956). 


5H. M. Rosenberg, Proc. Phys. Soc. (London) A67, 837 (1954). 
*G. A. Slack, Phys. Rev. 105, 829 (1957). 
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decreases and the relaxation times for all phonon- 
phonon scattering processes become proportional to 7—. 

In isotopically pure material the 7* behavior char- 
acteristic of predominant boundary scattering persists 
to 5 or 6°K. Three-phonon scattering and umklapp 
processes gradually set in, but the conductivity reaches 
a considerably higher maximum than normal material. 
The falloff from the maximum is steeper, and 7 
behavior is observed from 40 to 100°K.° 

In order to make a more detailed comparison of 
theory and experiment, we have evaluated the basic 
parameters of the theory from the experimental data 
of Geballe and Hull.® This was done as follows: From 
the coefficient of the T* term in the thermal conduc- 
tivity of their enriched Ge” sample, the quantity c/L 
can be determined. They report (using c=3.50X10° 
cm sec!) that L=0.180 cm. We assume that the 
residual isotope scattering in their enriched material 
can be neglected at 75°K, and from (36) (neglecting the 
term proportional to B./B,) we determine a value for 
(B,+ Bz). In doing this, we assume 0 = 375°K, a value 
close to that obtained by Marcus and Kennedy." We 
obtain in this way (B,+B,)=2.77X10-% sec deg™. 
The value of A was determined by numerically inte- 
grating (22) for T=75°K, using the previously deter- 
mined (B,+B.) with different choices of A until 
agreement with the result of Geballe and Hull for 
normal Ge was obtained. The correction K®I/2/2zx°c 
was again neglected. A was found to be 2.57X10~ 
sec’, 

Klemens has calculated the relaxation time due to 
isotope scattering.!' He obtained 


» 
— DX fL1—(Mi/M)}ot=Aot, (39) 
TT i 


where Vo is the volume per atom, M; is the mass of an 
atom, f; is the fraction of atoms with mass M;, and M 
is the average mass of all atoms. The quantity A was 
computed from (39) using a value for the sum given 
by Slack.? The result is A = 2.40 10™ sec®. The agree- 
ment with the result deduced from the experimental 
data is very striking. 

The values of the constants A, (B,+B:), and ¢c/L 
determined above were used to calculate the thermal 
conductivities of normal Ge and single-isotope Ge in 
the range 2°-100°K by numerical integration according 
to Eqs. (19) and (22). The correction KB/2/2r°c was 
neglected throughout, and (B,+B:.) was taken to be 
independent of temperature, although neither as- 
sumption is really valid. The results are shown in Fig. 
1, where they are compared with some points read from 
the graph of Geballe and Hull.’ It is seen the agreement 
is quite good except in the vicinity of the maximum. In 
the case of the single-isotope curve, a small amount of 
residual isotope scattering in the enriched sample 


10P. M. Marcus and A. J. Kennedy (to be published). 
1 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 
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Fic. 1. Thermal conductivity of germanium. The solid lines are 
the theoretical curves whose computation is described in the text. 
The open circles represent experimental points read from the 
graph of Geballe and Hull. 


could easily account for much of the discrepancy near 
the maximum. The effect of the other approximations 
mentioned above, which have their most serious effect 
in this region, is to give an underestimate of the thermal 
conductivity. It is significant that the theory gives 
correctly the very-low-temperature deviations of the 
conductivity of the normal material from the 7° law, 
which are important even at the lowest temperature 
shown. These deviations are due to isotope scattering, 
and the fit indicates that the isotope contribution is 
given correctly by this simple theory at low tempera- 
tures. 

The correction Ax=KB/2/2r°c has been estimated 
by numerical integration for T=75°K for the normal 
material. An overestimate is made if we set B,= B,+ By 
in (28). It is found on this basis that Ax=0.3 watt cm 
deg, about 10% of the observed value of x. The 
correction to the conductivity of the: single-isotope 
material might be more serious, but cannot be reliably 
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estimated since it depends essentially on the unknown 
ratio B./ By. 
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APPENDIX. CHOICE OF PHONON-PHONON 
RELAXATION TIMES 


Herring! has established that the relaxation time of 
a single low-energy mode of wave vector k via three- 
phonon scattering processes depends on wave number 
and temperature as 


tT I(kh)=k*T, (A1) 
where s is an exponent determined by crystal symmetry. 
For reasons of mathematical simplicity, we have chosen 
s=2 which is characteristic of longitudinal acoustic 
modes in a cubic crystal. A short calculation leads to 
the result that for s<3, the thermal conductivity of 
single-isotope material will be proportional to 7~?, 
independently of s, beyond the low-temperature 
maximum. The restriction s<3 is necessary so that the 
integral (20) will converge if these scattering processes 
alone are considered. However, if isotope scattering is 
included, the exponent of the temperature dependence 
will depend on s. We have already seen in Eq. (24) 
that if s=2, the thermal conductivity in the presence 
of strong isotope scattering goes as 7! .If we choose 
instead s=1, a similar calculation shows that the tem- 
perature dependence is 7~!. Of course, in a detailed 
comparison of theory and experiment, boundary 
scattering cannot be neglected. 

It should be pointed out that the relation (A1) is 
expected to hold only for phonons whose energies are 
small compared to KT. The extent of the agreement 
between theory and experiment suggests that at least 
in some average sense, (A1) is valid for the bulk of the 
phonons participating in thermal conduction in the 
range 40-100°K. 
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Acoustical Absorption Arising from Molecular Resonance in Solids* 
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Resonance phenomena resulting in anomalously high acoustic absorption can occur whenever lattice and 
internal molecular vibrational frequencies overlap. Significant effects are predicted at all acoustic frequencies, 
without restriction to the resonance region. A method is given for calculating resonance absorption using 
available molecular constants. As an illustrative example, the magnitude of resonance absorption has been 
calculated for benzene. The predicted absorption is 0.5 cm™ at the 10-Mc/sec frequency, orders of magnitude 
larger than have been observed in other single crystals. In order to test this prediction, measurements of 
absorption were made on a large single crystal of benzene yielding at 10 Mc/sec, 0.25 cm™. This agreement 
between absorption and calculated values is considered adequate, confirming the phenomenon. 


INTRODUCTION 


MOLECULAR crystal exhibits two classes of 

thermal oscillations: those in which each molecule 
vibrates as a whole about its lattice position; and the 
internal vibrations of the atoms comprising the mole- 
cule. Although lattice vibrational frequencies are gener- 
ally lower than internal vibrations, it is quite possible 
that higher lattice vibrational frequencies may overlap 
the gravest internal vibrational mode. Because some 
coupling always exists between these vibrational modes, 
an overlap in frequency results in resonance. One of 
the concomitant phenomena in mechanically resonant 
systems is the slow transfer of energy. For example, 
two weakly coupled pendula exchange oscillations only 
if they are close to resonance; but the closer to reso- 
nance, the slower the exchange of energy. Similarly, 
the rate of energy transfer between lattice and internal 
oscillations is slow ; and thermal] equilibrium is achieved 
relatively slowly. 

Crystalline substances possessing this resonance 
property should exhibit the phenomenon of a time- 
dependent specific heat. In particular, for a periodic 
temperature variation of frequency w, the specific heat 
will be of the form, c=co+c’/(1+iw/x); the parameter, 
x, is the number of transitions per unit time; its re- 
ciprocal is the relaxation time of the process. The 
complex character of c expresses the phase lag between 
the applied temperature and internal thermal oscilla- 
tions; the real part of the specific heat is in phase 
with the temperature while the imaginary part lags by 
a/2. 

A substance having a complex specific heat also has 
a complex velocity of sound; stated in another way, 
the wave number of an acoustical wave will be complex. 
Since the imaginary part of the wave number is the 
negative of the absorption coefficient, it can be shown 


* This work received support from the Bureau of Ships, Navy 
Department; Contribution from the Scripps Institution of 
Oceanography, New Series. 


that absorption is given by' 


U 


1 (Cp—Ge) oC wk 


(cp—c’) (o®+x2)” 





(1) 


a= 


1 ae 


where V is the velocity of sound. 

Acoustical frequencies are always much smaller than 
the transition rate x; hence the magnitude of the 
absorption will be inversely proportional to x. Referring 
again to the two-pendula model, it is apparent that the 
weaker the coupling, the slower the rate of energy 
exchange. Hence, the acoustical manifestations of this 
phenomenon should be most apparent in molecules 
having weak coupling between lattice and internal 
vibrations. 

The coupling of internal and lattice vibrations has 
been used by Pauli, Born, and others to explain the 
broadening of optical absorption lines in crystals at 
the dispersion frequency? and as an explanation of 
thermal conductivity in electrical insulators.* However, 
the possibility that mode coupling could be strongly 
manifested in acoustic absorption appears to have been 
overlooked. Landau and his colleagues‘ did consider 
the case of acoustic absorption resulting from coupling 
of the acoustic wave with the lattice vibrations, but 
this is a negligible effect except at extreme ultrasonic 
frequencies. 

The ensuing discussion gives a method for the 
prediction of acoustic absorption in actual molecular 
crystals. It is shown that resonance absorption is not a 
negligible effect in molecular solids but can be orders 
of magnitude larger than other absorptive processes ; 
as a confirming example, experimental observations on 
crystalline benzene are presented. 


1See, for example, W. T. Richards, Revs. Modern Phys. 11, 
36 (1939). 

2M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, London, 1954), p. 341. 

3R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, London, 1955), p. 40. 

4L. Landau and L. Rumer, Physik Z. Sowjetunion 11, 18 (1937). 
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MOLECULAR RESONANCE 


CALCULATION OF THE RATE OF TRANSITION 
Oscillator Coupling 


The coupling of lattice vibrations with internal 
oscillations is associated with the nature of intermo- 
lecular forces. For example, if these were Hooke’s law 
forces, lattice vibrations would be strictly harmonic 
and no coupling could result. The actual intermolecular 
binding forces in molecular crystals are van der Waals’ 
forces which depart considerably from Hooke’s law. 
A good approximation for molecular crystals is given 
by the Lennard-Jones potential, a function having wide 
application in the liquid and gaseous state. The binding 
energy is thus taken to be 


U(r) = —4e[ (ro/r)®— (r0/r)"*]. (2) 


The above potential is for two molecules with no 
neighbors. The effect of adding additional neighbors in 
the crystal lattice is readily deduced in the following 
elementary argument : The potential of a single molecule 
with two nearest neighbors all in line at spacing, d, is 
simply the summation of two pairs: W(r)=U/(r) 
+U(2d—r); transforming in terms of a small displace- 
ment from equilibrium, ¢, this potential becomes 


W=WotU na’ +U pea VE4/124+--- +. 


The cubic term vanishes since ]V’ is even. The potential 
for displacement perpendicular to the molecular line is 


AW =U'S?2/d+U"G8/4AP+ ++, 


Hence a three-dimensional, simple cubic lattice of six 
nearest neighbors with spacing, d, has the potential 


AW = (U"42U'/d)e?-+ (UN/124+U" 2d) +++. (3) 


The first term in each of the brackets corresponds to 
displacement along the trimolecular line; the second 
term is the transverse oscillation, involving two pairs 
of neighbors. Because of symmetry, this expression 
remains approximately valid for any direction. Anhar- 
monicity results from quartic and higher even-power 
terms in ¢, and hence these are the important terms 
which lead to coupling. 

Coupling becomes analytically more amenable when 
transformed to normal coordinates. Following the 
usual procedure, the coordinate ¢ is transformed to a 
principal coordinate in which the significant motion 
separates into motion of the center of the molecular 
mass and motion of the atoms, {=X-+«, where X is 
the molecular, and x, the atomic coordinate. The 
anharmonic coupling potential (neglecting higher than 
quartic terms) is then 


H'= A(X+x)*~4A X*x, (4) 
where 
A=U'V/12+U"/2a?. 
The omitted terms in the above expansion are insignifi- 
cant inasmuch as the atomic displacement is certainly 
small compared to the lattice motion. This expression 
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for the coupling energy obviously represents a consider- 
able idealization for a three-dimensional lattice will, in 
general, have different elastic constants for different 
crystal directions. Furthermore, the coordinates X and 
x are in general not collinear, and some correction 
factor between } and unity should be included. In 
spite of these approximations the results indicate that 
the accuracy of the calculation is adequate for the 
present; the predicted acoustical absorption is a large 
effect, and absorption measurements are rarely precise. 


Transition Probability 


Although the calculation of the relaxation time 
between the two oscillators may be considered a 
classical one solvable by the usual procedures of 
classical mechanics, the procedures of quantum me- 
chanics more readily lend themselves to this calculation. 
For example, in quantum mechanics the transition 
probability per unit time is a familiar perturbation 
calculation, given in the form® 


= faatp( dE, (5) 
where 


t 
a(t)= cin) f Hoy’ exp(2rivost)dt. 


As interpreted here, the internal oscillators make 
transitions between the two quantum states, 0 and 1; 
the frequency associated with this transition is vo1. 
Neglect of transitions to higher states corresponds 
classically to neglect of higher powers of « in Eq. (4) 
above. The quantity Ho,’ is the matrix element of the 
transition defined by Ho'= /YoH'pidx where Yo and 
yi are the simple harmonic oscillator wave functions 
for the states 0 and 1. Utilizing the expression for the 
coupling potential H’ from Eq. (4), the quantity a 


becomes 
t 


a=4Axi(in)- f vobaxds f sin’ (27v/) 
: Xexp(2mivoit)dt, (6) 


where X is considered a classical dynamical variable of 
the form X= Xo sin(2rvt). The integration with respect 
to time leads to 


A =|" —exp(2mil) (3v+ v1) 


ithe 
2ih 3v+ von 
1—exp(2mil)(voi—3v) = 1—exp(2mit)(v+r01) 


v+vo1 


vo—3v 


1—exp(2mil)(v—vo1)] 7” 
Fae cb \f Woixdx. (7) 


Vv— Vol 


5 For example, see L. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), Sec. 29. 
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Of the four terms in this equation only the second and 
fourth are important, and these only if vv and/or 
vox3v. Thus the rather unusual situation obtains with 
resonance occurring whenever a single quantum of the 
internal frequency exchanges with either 1 or 3 quanta 
of the lattice frequency. If each of the molecular 
coordinates, X, in the coupling potential had been 
considered independent (X,X2X; instead of X*), then 
the resonance would have been restricted to the three 
quanta exchange, vo;~3v. Actually in all molecules for 
which data exists, vo, is much larger than the maximum 
v, and normal resonance, voy, is probably unimpor- 
tant even if the coordinates X are not independent. 
This unusual resonance phenomenon may also be 
described alternatively in terms of phonon collisions; 
in this case collisions between three lattice phonons and 
a single internal phonon are required in order that 
energy and momentum shall be conserved.*: 

The remaining integration (with respect to 
coordinate x) leads to’ 


the 


A ‘Xo° sin? ‘Lai (voi— 


3y)t | 


(8) 
4h we 3y)? 
As ordinarily interpreted, Eq. (5) implies resonance 
with any single upper state for effecting transition. In 
that case, the quantity p(k)d#; in Eq. (5) is ordinarily 
defined so that it represents the fraction of lattice states 
taken singly (or single lattice phonons) with energy 
lying between FE, and /,+dk,. However, the above 
discussion demonstrates that three lattice states (or 
three lattice phonons) are necessary to effect transition. 
The distribution function of lattice states, taken in sets 
of three in the energy range dF,, is then [p(k)dE, }° 
The modified form of Eq. (5) for this case then becomes 


— 
sin? *Lri (vor 3v)t ]p*(h )d Ex’ e 
Cif @ 
ie at (vo,— 30)? 


The value of the single integral involving the sine 
function is small except in the region of resonance so 
that its integration limits can be extended from — « 
to +, a familiar definite integral. Integrating once, 


yields 
k= (9? A?2X oh 120) ff rear 


which leaves only the problem of evaluating the energy 
density, p(k). 
6 E. Bauer, J. Chem. Phys. 26, 1440 (1957 


7 The simple harmonic oscillator wave a are 


(10) 


Yo= (a/x)? exp(—ax?/2), 
y= (a/xr)*2(a)ix exp (—ax*/ 2), 


where a=422mov01/h. 
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In the Debye theory of specific heats, the distribution 
of lattice vibrations is taken to be dN = (3/vm*)v°dv 
=p(k)dE; or p(k)=3v*/hv,?, where the parameter vm 
is the maximum lattice frequency as interpreted by 
Debye. The limits of the remaining integrals above are 
therefore taken from 0 to vm. Hence, the final result 


obtains: 
9A2(kT)3N4 


= ’ (11) 
16hvoymow mn (4M )* 





where Xo has been replaced by its classical value 
Xo= (kT /42*Mv*)!; the molecular weight is M, and V 
is Avogadro’s number. 

It will be noted that this result is sensitive to two 
parameters: the quantity A, determined from the 
Lennard-Jones potential constants, a measure of the 
strength of the intermolecular binding forces; the 
parameter y,,, interpreted in the original Debye theory 
as a lattice vibration. If y, is truly related to lattice 
vibrations, it might be expected that it is not inde- 
pendent of the parameter A. However this interpreta- 
tion remains speculative, and y,, can best be considered 
an empirical parameter determined from specific heat 
data. Although Planck’s constant / appears explicitly, 
the calculation is not dependent fundamentally upon 
quantum mechanics; it will be noted that the product 
hyo, occurs in the denominator corresponding classically 
to the energy of the internal oscillator. 


AN ILLUSTRATIVE EXAMPLE: BENZENE 


A small value for the transition probability, x, leads 
to large acoustic absorption. Hence, the phenomenon of 
resonance absorption should be most readily observable 
in substances for which Eq. (11) leads to a small value. 
Such substances might in general be expected to be 
characterized by (1) a relatively large molecular weight, 
(2) a large fundamental vibrational frequency, and (3) 
a large Debye frequency. However, these first two 
characteristics are in general in opposition and their 
combined effect may not be relatively important. 
Probably of considerable importance is the requirement 
that A is small, or the binding forces weak ; this implies 
that the Lennard-Jones parameters € and ro, are small 
and the intermolecular spacing large. 

An illustrative example, benzene, was selected for 
study. This substance is almost the ideal molecular 
crystal. Simpler molecules exist, but benzene is probably 
the simplest molecular substance existing in the solid 
state which can be studied over the wide temperature 
range necessary to establish accurate specific heat data; 
no complications arise out of polymorphic transitions, 
molecular disorder, or hydrogen bonding. Raman and 
infrared spectra have been studied extensively as well 
as intermolecular potentials leading to the Lennard- 
Jones parameters. 

The values for benzene for evaluation of the transition 
probability are given in Table I. Substitution in Eq. 
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(11) leads to «=109/sec; this is rather a low value 
compared to transition probabilities in other processes. 
The predicted acoustic absorption utilizing Eq. (1) 
together with this transition probability is about 0.5 
cm™ at 10’ cps; resonance absorption will vary as the 
square of the frequency. Hence absorption arising from 
resonance is orders of magnitude greater than has thus 
far been observed in crystals (e.g., quartz, metals). 

In order to test this prediction, a large single crystal 
of benzene of linear dimensions about 7 cm was grown 
from the purified liquid and its acoustic absorption 
measured. The details of the method of crystal growth 
and acoustic measurement are to be published else- 
where.’ The measured absorption of longitudinal 
acoustic waves at 10’ cps was found to be 0.24 cm“. 
At frequencies around 6.4X10° cps the absorption 
was 0.09 cm“. In the frequency range measured, the 
frequency dependence was proportional to w® as pre- 
dicted. As a check on the experiment, measurements on 
a sample of ice obtained from a block of commercial 
ice of rather poor optical quality yielded 0.04 cm~ at 
10’ cps. In view of the many approximations inherent 
in the theory, this agreement between observation and 
theory is considered adequate. 


DISCUSSION 


The above calculation is capable of considerable 
refinement. The crystal symmetry of benzene is not 
simple cubic, as assumed, but simple orthorhombic 
(Pbca); nor does a single acoustic wave propagate, but 
longitudinal and transverse waves may exist, each with 
characteristic elastic constants in the three crystallo- 


8 L. Liebermann, J. Acoust. Soc. Am. (to be published). 


IN SOLIDS 


TABLE I. Numerical constants for benzene. 





6.15X 10-6 erg 
5.27 10-8 cm 
5.03 X 10-8 cm 
1.73 10” g cm®/sec? 
3.1 10" sec 

1.21 10" sec! 
78.11 ¢ 

24¢ 

273°K 


¢ (Lennard-Jones parameters)* 


To 

d (intermolecular spacing)» 

A(¢,ro,d) (coupling parameter) 

vm (Debye frequency)° 

vo. (internal vibrational frequency )4 

M (molecular weight) 

mo, (apparent internal vibrating mass)4 
T (temperature) 


* Hirschfelder, Curtis, and Bird, Molecular Theory of Gases and Liquids 
(John Wiley and Sons, Inc., New York, 1954), p. 1112. 
bE. R. Andrew and R. G. Eades, Proc. Roy. Soc. (London) A218, 537 


(1953). 
¢ Lord, Ahlberg, and Andrews, J. Chem. Phys. 5, 649 (1937). 
4R,. C. Lord, Jr., and D. H. Andrews, J. Phys. Chem, 41, 149 (1937). 


graphic axes. Further, the Lennard-Jones potential is 
a central force field intended for spherically symmetric 
molecules; in addition the constants used were deter- 
mined from the vapor rather than the crystalline state. 
In spite of these obvious simplifications, the immediate 
result is meaningful. The predicted and observed 
absorption is orders of magnitude higher than has been 
observed in other crystalline substances (in which 
resonance absorption is believed to be negligible). The 
major source of acoustic dissipation in solid benzene, 
and undoubtedly in many other substances, is certainly 
resonance absorption. 

It would be of interest to search for additional 
examples of resonance absorption in molecular crystals. 
Tabular values of Lennard-Jones coefficients for other 
molecules indicate that the coupling coefficient A is 
comparable to that in benzene in a number of other 
simple organic substances. With the aid of a more 
precise theory, measurements of acoustic absorption 
may well yield significant molecular properties. 
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Electron Scattering Cross Section with Relativistic Correction Based 
on the Thomas-Fermi Theory 


T. Tretz 
Department of Theoretical Physics, University of Lédé, Lédé, Poland 
(Received April 4, 1958; revised manuscript received October 21, 1958) 


A formula for the total cross section for elastic scattering of fast electrons by a Thomas-Fermi potential, 
including relativistic effects, is derived from the differential cross section previously obtained. 


S is known, the differential cross section J(#) 
obtained by applying the Born approximation 
method for the Dirac equation may be written! 


(8) = (1—6* sin?38)| f@) |*/(1—6*), (1) 


where 8=0/c. In this formula, v is the velocity of the 
particle, # is the angle of scattering, and f(#) is the 
scattering amplitude. Assuming for the potential the 
Thomas-Fermi form as given in a previous paper,’ one 
can calculate the scattering amplitude f(#) for the 
nonrelativistic case. In that paper it was shown that 
| f(@#)|* agrees well with the numerical values of Mott 
and Massey. For f(#) the following formula was found : 


C1 C2 C3 
eg 
ary+fP a?+pP a;+pP 


3thv 
= su=————- sin(#8/2), 
Q73qte2Zi (3) 


323 


8 Sagan 


s=2k sin(8/2), w=4}(9x?/2Z) 4a. 

The Rozental’ constants ¢1, c2, cs and @), d2, as appearing 
in Eq. (2) have the following values: c;=0.255; 
c2=0.581; cz=0.164; a, =0.246; a2=0.947; a3= 4.356. 
The differential cross section 7(@) given by Eq. (1) 
differs from the nonrelativistic differential cross section 
| f(8)|* by the factors (1—6?)— and [1—,? sin?(30) ]. 
The first factor (1—§?)-' arises from the Lorentz 
contraction and the other factor [1—£? sin?(4#) ] arises 
from the spin. The accuracy of J(#) depends only on 
the accuracy of | f(#)|*, which the previous paper 
shows to be good. Substituting formula (2) for f(#) 
into formula (1) for 7(#) and using the known expression 
for the total cross section Qo given by‘ 


Qo= an f I) sindd?, (4) 
0 


1N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, Oxford, 1949), second edition, 
Chap. 7. 

2M. Majewski and T. Tietz, Phys. Rev. 108, 193 (1957). 
Equation (19) contains a misprint; in the denominator of the 
second fraction, +/* is omitted. This corrected equation is Eq. 
(2) of the present paper. 

3S. Rozental, Z. Physik 98, 742 (1935); see also reference 2. 

4 See reference 1, Chap. 4. 


we obtain after some calculation the following formula 
for the total cross section: 





4rg® cr ce C3" 
a7 (ea 
(1—)LaP(ar+d*) aP(ar2+d*) a;?(a;?+d") 
2¢1¢2 a;"(a2?+d") 
+ n > 
d*(a;’—a;*) a?(a;°+d") d*(a;’—a;") 
a,"(a3?+d") 262¢3 , | 
n ———__—-+-—— -In 
a;*(a;+d") d*(a—a;*) a3*(a?+d") 
4arg*3? ar+da ad 
— —| (i ~ ) 
d‘(1—6") a? ar+@ 


9 u 


ay 
+c2(m 


a2 


2¢1€3 











a;°"+d@? 





a3" In——--- 


a;?+d@ 


F a; 
=(o¢ nm — a? In— )I (5) 
a;+d@" a’+d@? 


(a2?—a;*) 
The symbol d appearing in Eq. (5) for the total cross 
section Qo, which includes the effect of relativity, is 
related to the symbol p of Eqs. (3) by p=d sin(#/2). 
For 8B=0 we obtain the total cross section 1Qo corre- 
sponding to the case in which the effect of relativity is 
neglected, as follows: 


cr Ce C3" 
———————=f- saa * 
a;(a;+d*) a,?(a.2+d*)  a;?(a3?+d") 
a,"(a2?+d") 
eas Tite 
d?(a;°>— a?) a?(a;?+d") d?(a;?— a3") 
a;"(a;°+d") a2?(a3°+d") 
n - n , 
a3?(a+d*) d?(a.’—a3") a3"(a2’+d") 





10 = tne 


261C3 


2¢1C2 


2623 





(6) 
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ELECTRON SCATTERING CROSS 


There exist in the literature no calculated numerical 
data for the total cross section Qo, including relativistic 
effects, for a Thomas-Fermi field, to be compared with 
our results for Qo. The previous paper indicates that 
the total cross section ;Qo is a good? approximation to 
the exact ,Qo because | f(#)|? agrees well with the 
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numerical data, which suggests that the relativistic 
total cross section Qo should yield a good approximation 
also. 
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K-Series Fluorescence Yields of Vanadium, Manganese, and Neon* 
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(Received July 14, 1958) 


K-series fluorescence yield (wx) measurements have been made for vanadium, manganese, and neon 
using the proportional counter method. The values obtained are the following: vanadium, 0.304+0.013; 
manganese, 0.308+0.015; and neon, 0.043+0.004. A discussion of method and errors is given and a com- 
parison of these values with other computed and experimental values is made. 


INTRODUCTION 


HEN a vacancy in the K shell of an atom is 
filled by an electron from an outer shell, the 
electron rearrangement is accompanied by the emission 
of an x-ray or an Auger electron of the K series of that 
atom. The fraction of the number of K-shell vacancies 
for a large number of atoms of the same atomic number 
leading to the emission of x-rays is called the K-series 
fluorescence yield (wx) for that element, and in the 
same way the remaining fraction leading to the emission 
of Auger electrons is called the K-series Auger yield. 
It is evident that measurements of the intensity of the 
K x-rays or K Auger electrons or both can give informa- 
tion as to the number of K-shell vacancies produced in 
a source. This information is of special interest when 
the vacancy has been produced by electron capture or 
internal conversion in radioactive atoms. Other appli- 
cations of these measurements have been discussed by 
Bergstrém.' 

Many summaries of K-series fluorescence yield meas- 
urements have appeared in recent years?~® indicating 
better agreement of results for various experiments and 
methods. The magnetic spectrometer method measures 
the Auger electrons directly ; hence wx values have been 
determined for elements of high atomic numbers (greater 
than 46) with an accuracy of 1 to 8%. The solid angle 
difference method utilizing the NalI-T! scintillation 


* Work performed under a U. S. Atomic Energy Commission 
Research Contract. 

t Now at Davidson College, Davidson, North Carolina. 

17. Bergstrém in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 624. 

2. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952), p. 45. 

3 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

4P. R. Gray, Phys. Rev. 101, 1306 (1956). 

5 C. E. Roos, Phys. Rev. 105, 931 (1957). 


counter as the detector is described by Roos® and has 
been used to measure wx for elements of low and inter- 
mediate atomic numbers with an accuracy of 1.5 to 5%. 
The proportional counter method described previously® 
possesses good accuracy and a certain uniqueness for 
determining wx for noble gases and radioactive nuclei 
which have undergone electron capture or internal con- 
version. The proportional counter is well adapted for 
determining wx for elements of low atomic number in 
that it has a high detection efficiency for low-energy 
x-rays and electrons. This method has been used to 
determine the fluorescence yields of vanadium, manga- 
nese, and neon. 
EXPERIMENTAL 


The proportional counter used in this experiment was 
similar to the one described previously® except that it 
was made of aluminum. There were two source positions 
available. The previous source position was an opening 
in the wall of the counter which was covered by a 
cylindrical aluminum cup in which the gas pressure was 
the same as the counter pressure. The other source 
position was a brass tube extending about 6 inches into 
the counter and parallel to the central wire. The source 
ring was fastened to the end of this probe thus position- 
ing the source at a distance of 0.8 inch from the central 
wire. In order to avoid field distortion, a potential di- 
vider between the central wire and the counter wall was 
used to supply a potential to the source tube which 
corresponded to the potential of the counter field at that 
point. The counter details are shown in Fig. 1. The 
counting gas used in the measurements on vanadium 
and manganese was a mixture of 90% argon and 10% 
methane, of 99.9% purity. The electronic components of 
the spectrometer are essentially the same as used in 


6 Harrison, Crawford, and Hopkins, Phys. Rev. 100, 841 (1955). 
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Fic. 1. Proportional counter. 


previous measurements except that a nonoverloading 
linear amplifier has been used. 


SOURCES AND PREPARATION 


The isotopes used in this work were Cr*! and Fe®® and 
were obtained from the Isotopes Division of the Oak 
Ridge National Laboratory. Cr®! decays 97% of the 
time by electron capture to the ground state of V"', and 
approximately 3% of the time to an excited state which 
decays to the ground state with the emission of a 320- 
kev gamma ray. The source had the chemical form of 
CrCl; in an HCI solution with a purity greater than 
99%. Fe®® decays only by electron capture to the ground 
state of Mn®, 

Considerable effort has been devoted to the prepara- 
tion of thin conducting source backings and thin sources. 
Some backings of 5-10 ywg/cm? Formvar film coated 
with aluminum were attached to thin aluminum rings. 
The outer diameter of the rings mounted at the chamber 
wall and on the probe were } inch and ; inch, respec- 
tively. Although the vacuum volatilization method was 
used, the electroplating method proved most successful 
for obtaining thin uniform sources. The electrolytic cell 
in each case consisted of a drop of radioactive electrolyte 
placed between a cathode of conducting source backing 
and a small anode of silver. The CrCl; and FeCl; in HCl 
solutions were neutralized by adding 0.1N NH,(OH) 
and electroplated with 60 and 3 microamperes of cur- 
rent, respectively. The remaining electrolyte in each 
case was drawn off with an eye dropper and the cathode 
carefully rinsed with distilled water before drying. The 
best sources were estimated to have a total backing 
thickness of 40 wg/cm? and a source thickness of 
4X 107% pg/cm?. 


EXPERIMENTAL RESULTS 

The spectra shown in Fig. 2 were obtained by placing 
the Cr®' source on the source probe with the counter 
filled to three-fourths of one atmosphere of pressure. 
Spectrum A was obtained without an absorber over the 
source and spectrum B was obtained with a 1.54 mg/cm? 
aluminum absorber over the source to remove the Auger 
electrons. The spectrum has been corrected for the ab- 
sorption of the incident x-rays in the aluminum foil. 
Spectrum C was obtained by subtracting curve B from 
curve A. The higher energy peak of curve A shown at 
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a pulse height of 540 is principally the vanadium K-L 
x-ray and corresponds to an energy of 4.95 kev. The 
second peak shown at a pulse height of 430 is principally 
the vanadium K-LL Auger electrons and corresponds 
to an energy of 4.44 kev. Curve B represents the con- 
tribution of the vanadium K-shell flourescence to curve 
A, and curve C represents the contribution of vanadium 
K-shell Auger electrons to curve A. The dashed portion 
of curve C is an estimation of low-energy electron 
“tailing.” Figure 3 shows a similar set of spectra ob- 
tained by placing the Fe*® source in the wall source 
position with the counter filled to one atmosphere of 
pressure. The higher energy peak of curve A shown at 
a pulse height of 545 is principally the manganese K-L 
x-ray and corresponds to an energy of 5.90 kev; the 
second peak shown at a pulse height of 490 is principally 
the manganese K-LL Auger electrons and corresponds 
to an energy of 5.17 kev. Curve B represents the con- 
tribution of the manganese K-shell fluorescence to curve 
A, and curve C represents the contribution of manganese 
K-shell Auger electrons to curve A. Again the dashed 
line is the estimated low-energy electron “tailing.” 

In each of the sets of spectra, a small contribution 
to the total x-ray intensity is made by the K-M and 
K-N x-rays. In like manner a small contribution to the 
total electron intensity is made by the K-LM and K-LN 
Auger electrons. The L-shell vacancies make no con- 
tribution to the spectra. 

In an attempt to measure the fluorescence yield of 
neon, the manganese K x-ray spectrum shown in Fig. 4 
was obtained by using the proportional counter filled 
to one-half of one atmosphere of pressure with a mixture 
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Fic. 2. Curve A is the total spectrum, curve B is the x-ray 
spectrum, and curve C is the Auger electron spectrum. 





K-SERIES FLUORESCENCE 


of 90% neon and 10% methane, of 99.9% purity. The 
spectrum was taken with a 1.53-mg/cm? aluminum ab- 
sorber placed over the same source of Fe®® used to obtain 
the spectra of Fig. 3. With the exception of the alumi- 
num wall fluorescence peak at 100 pulse-height units, 
there is only one peak which represents principally the 
contribution due to the 5.90-kev K-L x-ray of manga- 
nese. Neon x-rays are formed when the manganese 
x-rays ionize the gas atoms in the K, Z, and M shells. 
If the atom reorganizes with the emission of a K Auger 
electron, the electron is immediately absorbed along 
with the primary ionization and a pulse corresponding 
to the full 5.9 kev is recorded. If the atom reorganizes 
with the emission of a K-L x-ray, the x-ray can escape 
from the counter and a pulse will be formed correspond- 
ing to the energy of the initial photoelectron plus Auger 
electrons and x-rays from the Z and M shells. The 
escape peak for neon x-rays should occur at an energy 
corresponding to the difference in the incident photon 
energy (5.9 kev), and the binding energy (0.9 kev) for 
the K shell of the neon gas (5.0 kev). Thus since the 
x-ray yield for neon is small and because of the closeness 


of the escape energy to the K x-ray energy of iron, the 


peak is not resolved. 

If one assumes a Gaussian distribution, for the total 
energy peak and subtracts it from the total peak, a 
small residual area corresponding to the escape peak is 
found at an energy of 5 kev. This curve B is shown in 
Fig. 4. 
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Fic. 3. Curve A is the total spectrum, curve B is the x-ray 
spectrum, and curve C is the Auger electron spectrum. 
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Fic. 4. Curve A is the total spectrum, and 
curve B is the escape peak. 


DISCUSSION 

In computing the K-series fluorescence yield of va- 
nadium and manganese, the largest contribution to un- 
certainty in the final result was the estimation of the 
“tailing” effect of the Auger electrons. After a thorough 
study of this effect the chief contribution was found to 
be due to source thickness and source backing. Thus, 
in estimating the extrapolated electron curves, an 
attempt was made to evaluate that portion of the in- 
tensity due to source absorption which should be in- 
cluded in the measured intensity and that portion of 
the intensity due to backscattered electrons which 
whould not be included in the measured intensity, since 
the effective counting geometry was a 27 solid angle. 
For all spectra measured, 16 to 20% of the total electron 
intensity was attributed to backscattering. This seemed 
to indicate that all backing thicknesses used produce 
about the same backscattering. The 40 ug/cm? backing 
thickness was found to be approximately equal to the 
measured range 36.5+6.5 ug/cm? for 4.4-kev electrons 
in Formvar. The low-energy tails drawn in Figs. 2 and 3 
produce a maximum error of 7% in the measurement of 
spectrum C. The reproducibility in spectrum B was 
within 2 to 3% and the error in the measurement of 
counter efficiencies was 0.5%. 

Even though there was an uncertainty of 6% in 
evaluating the fraction of neon x-rays escaping from 
the counter and an uncertainty of 4% in evaluating the 
ratio of J/x to /x—1, the contribution of these errors to 
the fluorescence yield of neon was not quite so serious. 
The reproducibility for the total energy peak was within 


2% and for the escape peak within 5%. 
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RESULTS 
Cr®!-y5! 

In order to determine the K-series fluorescence yield 
of V*', the counter efficiency for 5.0-kev x-rays was 
measured by comparing the areas under the x-ray peaks 
when the counter is operated at two different pressures. 
The efficiency was found to be (98.6+0.5)%. The effi- 
ciency for Auger electrons was assumed to be 100%. 
The most probable value obtained from measurements 
on three separate sets of spectra similar to those shown 
in Fig. 2 was wx=0.304+0.013. 


Fe®-Mn*® 
The K-series fluorescence yield of Mn*® was deter- 
mined from two separate sets of spectra similar to those 
shown in Fig. 3. The measured counter efficiency for 
the 5.9-kev x-ray was (94.1+1.0)% and again the elec- 
tron efficiency was taken as 100%. The most probable 
value obtained was wx=0.308+0.015. 


Neon 

To determine the K-series fluorescence yield of neon, 
it was necessary to examine the spectrum of Fig. 4. As 
indicated previously, the Gaussian distribution fitted 
to the total energy peak includes neon K x-rays which 
did not escape from the counter but which were re- 
absorbed. A correction for this contribution to the total 
intensity was estimated from absorption data’ and the 
mass of gas per cm? as seen by thé x-rays. Also since it 

7 Margaret Lewis, National Bureau of Standards Report NBS- 
2457, April, 1953 (unpublished). 
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is not possible to distinguish between the amount of 
radiation absorbed in the K shell from that absorbed in 
the L, M, N,--- shells, a correction was made for the 
fraction of incident radiation absorbed in shells other 
than the K shell. The ““K jump” value used in making 
this correction was Jx=15 and was obtained from the 
extrapolation of a curve reported by Rindfleisch.® After 
corrections were made and errors considered, the most 
probable value for the K-series fluorescence yield of 
neon was found to be wx=0.043+0.004. No allowance 
was made for systematic error. 

There being no reliable experimental data available 
to the authors for the K-series fluorescence yields of 
vanadium and manganese, values of 0.286+0.025 for 
vanadium and 0.290+0.025 for manganese were com- 
puted from the semiempirical relationship of Burhop® 
and found to agree within the limits of error. Also our 
values fit the fluorescence yield versus atomic number 
curve reported by Roos.” The calculated value from 
the semiempirical relation for the K-series fluorescence 
yield of neon was 0.0080+0.0018. Experimental values 
of 0.083" and 0.018+0.004" have been obtained by 
Locher and Heintz, respectively. The wide variation in 
values gives an indication of the uncertainties involved. 

Even though uncertainties exist in the above evalua- 
tions, the authors believe that a liberal allowance has 
been made in estimating the probable errors. 


* H. Rindfleisch, Ann. Physik 28, 409 (1937). 

9E. H. S. Burhop, J. phys. radium 16, 625 (1955). 
 C, E. Roos, Phys. Rev. 105, 93 (1957). 

1G. L. Locher, Phys. Rev. 40, 484 (1932). 

2 J. Heintz, Z. Physik 143, 153 (1955). 
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Coulomb Corrections in the Theory of Internal Bremsstrahlung 
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The internal bremsstrahlung associated with allowed 8 decay is calculated for the case for which the 
gamma-ray energy is less than 2mc?, the kinetic energy of the electron in its final state is small compared to 
mc*, and Ze*/hc is small compared to 1. It is not assumed that (Ze?/hc)mc is small compared to the final 
momentum of the electron, or to the gamma-ray momentum. Results are obtained for the gamma-ray energy 
spectrum and for the angular correlation between the electrons and the gamma rays. For S*, for which the 
above assumption would seem to be satisfied, the agreement between theory and experiment for the number 
of gamma rays per § disintegration per mc? is better than that previously obtained; because of uncertainties 
in the experimental results, the extent of the improvement is not clear. Under the additional assumption that 
the final kinetic energy of the electron is small compared to the gamma-ray energy, an expression is derived 


for the polarization of the gamma rays. 


1. INTRODUCTION 


HE probability of internal bremsstrahlung for 
allowed 8 decay was first calculated, in the Born 
approximation and for vector coupling, by Knipp and 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at New York University. 

t Now at Physics Department, Adelphi College, Garden City, 
New York. 


Uhlenbeck! and by Bloch’; their results are commonly 
referred to as the KUB theory. These Born approxima- 
tion calculations were subsequently extended** to 


1J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936). 

2 F. Bloch, Phys. Rev. 50, 272 (1936). 

3C. S. W. Chang and D. L. Falkoff, Phys. Rev. 76, 365 (1949). 
( —- Lipps, Bolgiano, and Berlin, Phys. Rev. 84, 596 
1951). 
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include some forbidden 8 decays and various couplings.® 

There is unfortunately some ambiguity when reference 
is given to the KUB theory. Some authors use KUB to 
refer to a theory in which the theoretical non-Coulombic 
electron spectrum, which appears as one factor in the 
integrand, is replaced by the experimental spectrum or 
by a theoretical spectrum in which the Coulomb field 
is taken into account. We shall refer to such a theory as 
a modified KUB theory; KUB will be reserved for the 
theory in which Coulomb effects are not taken into 
account in any way. 

Until just a few years ago the experiments seemed to 
be in agreement with the KUB theory or with a modified 
KUB theory, but recently a number of results have been 
reported in which there was definite disagreement.*!! 
The experimental values of the number of gamma rays 
per 6 disintegration per mc? are generally greater than 
the theoretical values over the whole spectrum. The 
shape of the spectrum is also now in definite disagree- 
ment with that predicted by the KUB theory or by its 
modifications for a number of cases. Attempts were 
therefore made to improve the theory by taking the 
Coulomb field into account in a rather more funda- 
mental way than by simply modifying the KUB theory 
in the manner indicated above.'®:'’ (From the classical 
point of view, it is clear that radiation is emitted even if 
there is no Coulomb field, for the electron undergoes an 
acceleration at its birth.* The effect of the Coulomb 
field may of course be very significant nevertheless.) 
The first formal published calculation of the net effect 
of the Coulomb field, to first order in Ze?/hc, is due to 
Lewis and Ford.’ While the experimental results of 
Langevin-Joliot® differ considerably from those of 
Starfelt and his co-workers,** it seems fairly certain 
that the inclusion of the first-order Coulomb effect is an 
improvement upon the KUB theory, but that the 
experimental results for the ratio, that is, for the 
number of gamma rays per f disintegration per mc’, are 
still considerably higher than the theoretical predic- 
tions. In calculating this ratio, we will use a theoretical 


5 For a review of internal bremsstrahlung, see C. S. Wu, in 
Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(Interscience Publishers, Inc., New York, 1955), Chap. 20. 

6K. Liden and N. Starfelt, Phys. Rev. 97, 419 (1955). 

7™N. Starfelt and N. L. Svantessen, Phys. Rev. 97, 708 (1955). 

5N. Starfelt and J. Cederlund, Phys. Rev. 105, 241 (1957). 

9H. Langevin-Joliot, Ann. phys. 2, 16 (1957). This and reference 
8 contain comparisons between experimental and_ theoretical 
internal bremsstrahlung spectra. 

10M. A. Hakeem and M. Goodrich, Bull. Am. Phys. Soc. Ser. II, 
1, 264 (1956). 

1 R. A. Ricci, Physica 24, 297 (1958). 

12 Some preliminary calculations along these lines were included 
even in the original Knipp-Uhlenbeck paper (see reference 1). 

18S. B. Nilsson, Arkiv Fysik 10, 467 (1956), took into account 
formally the influence of the Coulomb field on the @ interaction 
but not on the electron-radiation field interaction. He also offered 
a suggestion as to what the effect of the Coulomb field might be 
on the latter interaction. To first order, his results are equivalent 
to those of Lewis and Ford (see reference 14). 

4 R.R. Lewis, Jr., and G. W. Ford, Phys. Rev. 107, 756 (1957). 

15 See also R. E. Cutkosky, dissertation, Carnegie Institute of 
Technology, 1953 (unpublished). 
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estimate of the ordinary @-decay rate in which the 
same approximations are made as in the calculation of 
the radiative B-decay rate. 

The question naturally arises as to whether a more 
accurate treatment of the Coulomb field could resolve 
the difference. At first sight this might seem unlikely, 
for the first-order Coulomb effect for the ratio is rather 
small and one might therefore expect the higher order 
effects to be negligible. This is not really a very accurate 
picture of the situation, however. The first-order effect 
on the radiative and nonradiative transition rates 
separately is mot small; it is only the ratio of the two 
transition probabilities which is not so greatly affected, 
because each of the two transition rates is affected in 
very much the same way. (Each of the transition rates 
is increased; the ratio may be increased or decreased.) 
As was pointed out by Pytte,'® this is because the only 
contribution to the first-order correction, for both 
radiative and nonradiative decay, arises from the final- 
state wave function of the electron, and this final-state 
wave function appears in the integrand in each of the 
two transition rate calculations. However, there will be 
contributions to higher order effects for internal 
bremsstrahlung from the final-state and from the 
intermediate-state wave functions; there are of course 
no intermediate states for simple 8 emission. As such, 
it is to be expected'® that higher order effects need not 
be negligible either for the two transition probabilities 
separately or for the ratio of the two transition 
probabilities. 

In any event the higher order Coulomb effect would 
certainly seem to be the most likely of the various 
possibilities of accounting for the discrepancy between 
theory and experiment. Screening will reduce both the 
radiative and ordinary transition rates but will probably 
not affect the first-order ratio too much, so that a first- 
order calculation with a screened Coulomb field would 
probably not resolve the discrepancy. It is also now 
rather clear that one cannot look to any appreciable 
contribution from an anomalous magnetic moment of 
the neutrino (assuming that it exists), even though there 
is a contribution linear in this moment.!’ Further, at 
least for allowed 8 decay, the contribution of nuclear 
radiation cannot be expected to be significant.'*:% 
Finally, the auto-ionization effect should be significant 
only at rather low gamma-ray energies.””"”! 

In order to make the calculations more manageable, 
we assume that (1) the 6 decay is allowed, (2) the 
gamma-ray energy, khc, is less than 2mc?, (3) the 
kinetic energy of the emergent electron is small com- 
pared to mc*, and (4) Za=Ze?/he is small compared to 1. 
It is to be particularly noted that the last assumption is 


16 A. Pytte, Phys. Rev. 107, 1681 (1957). 

17 W. Gold and L. Spruch, Phys. Rev. 110, 290 (1958). 
18 C, Longmire, Phys. Rev. 75, 15 (1949). 

19 J. Horowitz, J. phys. radium 13, 429 (1952). 

2” A. Migdal, J. Phys. (U.S.S.R.) 4, 449 (1941). 

21 J. S. Levinger, Phys. Rev. 90, 11 (1953). 
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not equivalent to the one made by Lewis and Ford. They 
keep all correction terms linear in aZ, while we drop as 
small compared to 1 terms in a@Z alone but not terms 
proportional to aZmc/p, where p is some typical 
electron or gamma-ray momentum; since there are in 
fact no first-order correction terms which involve aZ 
alone, the only correction term being of the form 
aZmc/p where p is the momentum of the emergent 
electron, our results are equivalent to theirs to first 
order in Z. However, they drop terms proportional to 
(aZmc/p)%*!, where N is some positive integer, while we 
do not. For the case of S** with which we will concern 
ourselves, aZmc/p is not particularly small and our 
results for S** can be expected to be the more accurate 
on this account. 

On the other hand, we have used a nonrelativistic 
approximation for the final-state wave function while 
Lewis and Ford have not, but this should not be too 
significant for S*. This point will be discussed in more 
detail in Sec. 5. 

One simplification that follows from approximations 
(3) and (4) is that nonrelativistic theory can be used to 
describe the electron in its final state. Since 8 decay 
involves the intrinsically relativistic neutrino, non- 
relativistic theory cannot be introduced ab initio, but only 
after the relativistic matrix element has been written 
down. Though the electron in its final state does not 
have a well-defined angular momentum, an explicit and 
manageable representation for its wave function is well 
known in the nonrelativistic limit. 

The assumption stated in (4) is of further use from 
the calculational viewpoint in that it makes possible the 
use of a simplified form of the Green’s function, (with 
one of its two arguments equal to zero), of an electron 
in a Coulomb field. This Green’s function has been 
studied recently by Glauber and Martin® in their 
analysis of the effect of the Coulomb field in the rather 
similar problem of the internal bremsstrahlung as- 
sociated with K capture. It is the relative simplicity of 
their representation of the Green’s function which 
makes the present calculation feasible. 

The restriction that the gamma-ray energy be less 
than 2mc? will be utilized in the evaluation of a contour 
integral. If, as seems likely, this integral can also be 
evaluated for gamma-ray energies greater than 2mc’, 
the restriction can be lifted. 

After the discovery of the nonconservation of parity, 
Ford® and Pytte'® recognized that the internal brems- 
strahlung could be circularly polarized,”4 and calculated 
the degree of polarization. Pytte in fact used the Green’s 
function representation of Glauber and Martin and was 
thereby enabled to derive in a rather simple way the 
first-order Coulomb correction to the polarization. The 


#2 R. J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956); 
P. C. Martin and R. J. Glauber, Phys. Rev. 109, 1307 (1958). 

*% G. W. Ford, Phys. Rev. 107, 320 (1957). 

*4 See also R. E. Cutkosky, Phys. Rev. 107, 330 (1957). 
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polarization has been recalculated on the basis of the 
present theory. 


2. MATRIX ELEMENT FOR INTERNAL 
BREMSSTRAHLUNG 


The Feynman-Dyson diagram corresponding to 
internal bremsstrahlung is given in Fig. 1. The second- 
order matrix element, S2, can then be written as 
(h=c=1, e&=1/137) 


S2=—Li | bot (1)Ojbn(1)pe* (2)eA y**(2)y" 


X K4(2,1)0,[C;+C;y> (1) d*xed4x,, (2.1) 
where ¢,*, yt, and A,** are creation operators for the 
proton, electron, and photon, respectively, and where 
¢, and y, are destruction operators for the neutron and 
the neutrino, respectively. The anticommuting y* are 
normalized to (y*)?=+1 and are related to the Dirac 
a’s and B by y=—ifa, y‘=8, while y°=~y'y*7*7*. The 
O; are the B-decay coupling operators.”° K (2,1) is the 
propagator in a Coulomb field which takes the electron 
from x,=(r,il;) to x2, and satisfies the inhomogeneous 
Dirac equation 


0 Zé 
(v— —¥—+m)K, (x,x")= —64(x—x"); (2.2) 


OXp r 


y. of course satisfies the corresponding homogeneous 
equation. 

The momenta and energies of the antineutrino, 
photon, and final electron will be designated by (p,,i£,), 
(k,7k), and (p,iZ), respectively. The antineutrino is 
assumed to have zero rest mass. 

Reinterpreting the creation and destruction operators 
as wave functions, where ¥* is now defined in terms of 
the adjoint wave function y' by ¥+= ip"y‘, and inserting 
the time dependence explicitly, we have 


A y*+ (x) = (29)—1(29/k)'e,"e%**—*-t, 
vet (x) =e'* Yr (rn), 
Yala) =e (0), 


(2.3) 
(2.4) 
(2.5) 


K,(x,x’)=— (ony fd e~*(-0OG (ks rr’), (2.6) 


e is the polarization vector of the photon and G(x; r,r’) 
satisfies 


[—ykty-V—7'Ze?/r+m Gk; r,r')=h8(r—r’). (2.7) 
The time dependence of the nuclear wave functions is 
also made explicit. Following Glauber and Martin we 
introduce the Green’s function for the second-order 


*5 T, D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
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(Z+1,N-1) 
NEUTRINO ELECTRON 


GAMMA-RAY 


NUCLEUS 





(Z,N) 


Fic. 1. Diagram for internal bremsstrahlung associated with 
B-decay. The electron is influenced by the Coulomb field (double 
line) both before and after radiation. 


Dirac equation, G(x; r,r’), which satisfies 


wZe Ze? yr 
Vi+K—m?4+—_+ ( — } -—Zey 


r r rs 


G(k; rr’) 


=—6§(r—r’). (2.8) 


The two Green’s functions are related by” 
G(x; nr’) =[y'x— V+ 7'Ze/r+m G(x; rr’). (2.9) 
Combining the above results, S. can be written as!® 
So= 275(Wo— E-—k—E,)M, (2.10) 


where HW’ is the energy given up by the nucleus and 
where,”® restricting ourselves to allowed transitions, 


M =ie(2-!x-) (2k) if ary Lore’ +2e-9) 


Ke* G(E+R; £,0)Nyix(0). (2.11) 


An asterisk represents complex conjugation. o” and 
Vy; are given by 


qn — Salyer yy"), 
and 


Npi=Dj OC) +C;'y* (05) 43, (2.12) 


where (O;);; is the matrix element of the operator O; 
between the initial and final states of the nucleus. 
G(E+k; 1,0) is in fact infinite and one must ordinarily 
invoke the finite size of the nucleus and use an averaging 
procedure.” However, the approximate G(E-+k; 1,0) 
which we will use, obtained under the assumption that 
Ze*/he is small compared to 1, is finite. 


3. GREEN’S FUNCTION AND FINAL 
STATE WAVE FUNCTION 


Owing to the nature of allowed 6 decay, G always 
appears in our calculations with one of its arguments 
equal to zero. As such, in spite of the fact that it repre- 

26 It is somewhat simpler to have ¥ operate on G rather than on 
y since (1) in that way fewer different integrals arise and (2) these 
integrals may be reduced without any modification by the 
Nordsieck method. (See reference 31, and Appendix A.) 


INTERNAL 


BREMSSTRAHLUNG 1063 
sents an infinite sum over Coulomb wave functions, 
even the exact G (when averaged over the nuclear 
volume) has a relatively simple representation.” 

On the other hand, the final-state wave function, 
¥(r), can be written out explicitly on/y as an infinite sum 
over partial waves and this of course is to be avoided if 
possible. An approximate wave function which does not 
involve an infinite sum has been given by Bethe and 
Maximon.”’ Their solution, obtained by neglecting 
(Ze*)? compared to / in each partial wave, is the rela- 
tivistic analog of the distorted plane wave Schrédinger 
solution. The mathematical difficulties inherent in such 
a treatment are considerable, however, and it seemed 
preferable to first consider the much simpler case for 
which the nonrelativistic approximation for ¥(r) could 
be used. There are cases for which this approximation 
would seem to be valid and for which experimental 
results have been obtained, such as S*® and a portion of 
the spectrum of P*. 

We assume therefore that we are dealing with a case 
for which Ze?/hc<1 and for which W o— me?— khe<me? 28 
Under these conditions, for all but a negligible region of 
r in the neighborhood of r=0, the small components 
vanish and the large components reduce to the 
Schrédinger wave function.”® Taking for our Schrédinger 
solution the wave function which corresponds to a dis- 
torted plane wave plus an ingoing scattered wave, 
we have*” 


y(r) 


where the spinor # satisfies y4a=u and the normaliza- 
tion condition wtu=1, where 


= (2r)—hei*"T (1+ ine? * Fou, (3.1) 


n=mZe/p, (3.2) 


and where the confluent hypergeometric function, 


f= F2(—in; 1; —ipr—ip-r), (3.3) 


has an integral representation as given in Appendix A. 
It is the complexity of the continuum wave function as 
opposed to a bound-state wave function which makes 
the present calculation rather more difficult than the 
calculation of the otherwise quite similar process of 
radiative capture of orbital electrons. 

We now discuss the simplifications in the representa- 
tion of G which are effected by the approximations 
which we have made; there is no point in keeping the 
exact G once approximations have been made in the 
determination of w(r). Since we consider photon 
momenta up to 2mc, the momentum and hence the 
energy of the electron in its intermediate state can be 


27H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 

28 It is assumed that & alone is to be measured, and we place the 
nonrelativistic restriction on the electron of maximum energy for 
that k. If one were to measure the energy E of the emergent 
electron, the above requirement would be replaced by the less 
restrictive one that E—mc?<<mce?, irrespective of the value of k. 

29 We ignore extreme situations, such as that for which Z is 
fixed and Wy»—mc? becomes infinitesimal. 

% See for example Bethe and Maximon, reference 27. 
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quite large, and we cannot therefore use a nonrela- 
tivistic approximation for S. However, having assumed 
that Ze?/hc«1, Eq. (2.8) can be approximated by” 


[V2+¢?+2(E+k)Ze?/r |G(E+k; 1,0) = —6%(r), (3.4) 


where 


g’= (E+k)*— m?= p?+ k?+ 2mk. (3.5) 


The solution of Eq. (3.4) which behaves like an out- 
going wave at infinity is 


C(E+k;1,0)=9' (E+k; 1,0); (3.6) 


] is the 4X4 unit matrix and G’ is given by 


ig “ 1+ th 
G’(E+k; 1,0) =— eof (—) e!artd?, (3.7) 
0 


2r t 


where 


h=mZe*/q. (3.8) 


This differs from the otherwise identical G’ of Glauber 
and Martin in that | £| >mc?, with the result that our 
exponentials are oscillatory; our G’ therefore does not 
have a “range.” 

Inserting Eqs. (3.1) and (3.7) into Eq. (2.11), and 
using 

x (r) = (2)-4e'?*“*p, 

where 2 is a spinor, we obtain 


M =e(2n)—*k-4e}*"1'(1—in) 
Xutlkyore,I+2e-JIN;y2, (3.9) 


where 


[=lim fore i(k+p) 1dr 1 F°G’(E+k;1,0), (3.10) 


4-0 


and where 


(3.11) 


J=lim fore i(k+p)-r—dr Fo’ G! (E+; 1,0). 
+) 


I and J may be reduced to integrals over a single 
variable most readily with the aid of the contour 
integration technique introduced by Nordsieck.*' This 
is done in Appendix A, under the assumption that 
kh<2mce, with the result that 


=—i(ng’?A+nqgpAot+f#), 
J=Hp, 
where 
H=—ig?(1—in)B, 
d =Ao+2A,, 
: B= Bo+2B,, 
A= f C(1+4)/t}*(g— f)-*Igin dt, 
, 7=9 or 1, 
31 A. Nordsieck, Phys. Rev. 93, 785 (1954). 
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(3.18) 
(3.19) 
(3.20) 
(3.21) 


B;=A,(in— in—1), 
g= (k-+p)?—92(1+21)?~k?+ p*—9?(1420)?, 
f=2[p?+p-k+ pg(1+20)], 
g—f=k—[ptq(1+20) }. 


Note that 4; and B; are independent of the angle 6 
between p and k. 
Under the substitution t= (1—s)/s, 4; becomes 


1 


A ;= (2q) i ds s?(1—s)—*| ($ks/q)?—(1—Xs)? >i“! 


XL (3ks/q)?— (1—Xs)(1— Ys) ]" 


xX[(i-—s)/s}, (3.22) 
where X=}(g—p)/g and Y=3(q+ p)/g. This form is 
more convenient for numerical integration for the range 
of integration is now finite. We might also note that if 
k can be neglected compared to m, A; can be expressed 
as a hypergeometric function of two variables, but we 
shall not pursue this point any further. 
It is easy to verify that 


\7|2=|H|2= (8mk)2+0(Z2). (3.23) 


These relationships are in agreement with the state- 
ment!® that the only correction term linear in Z comes 
from the normalization of the final-state wave function. 


4. RADIATION TRANSITION RATE 


The spinors # and 2 are, in our case, independent of 
the coordinates. Hence the sums over the spin, S,, of 
the electron and over the spin, S,, of the antineutrino 
may be performed using standard techniques; note 
that the positive-energy projection operator for the 
electron reduces to 3(1+~‘), and that the projection 
operator for the antineutrino is }{1+e-p,/p,). The 
transition probability per unit time of internal brems- 
strahlung, wp, which is given by 


win=>_ J enaparp 
e 
2r5(wo—E,—E—k) > |M|?, 


S-Syny 


(4.1) 


where }ony represents the sum over the magnetic 
quantum numbers of the final nuclear states and where 
the average over the magnetic quantum numbers of the 
initial nuclear states is understood, becomes 


we=D f dk f dQ S(k,e,8), 
e 


® This independence is one of the major simplifications effected 
by the nonrelativistic approximation. 


(4.2) 
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where*3.34 


S(k,e,0) = 2%e*k (24) —4ém 


Wo-k 
x f dE p(Wy—k—E)?F(Z,E) 


X[2(p-e)(p-e*)|H|? 
+k |I|2(1+idk-exe*)]. (4.3) 


The nonrelativistic Sommerfeld factor F(Z,E) is 


given by 
F(Z,E)=|w(0)|?=e™|T'(1—in) |? 
=2rn(1—e-?*")-,_ (4.4) 
while 
dQ= 2x sinédé. 


é and éd are defined in terms of the coupling constants 
and the nonrelativistic nuclear matrix elements, (1);; 
and (@);i, by 
E=(|Cs|*+ Cr? Cs’ 2+ Cv’) Q)al® 

+(|Crl*+|Cal?-+|Ce" 2+ Ca’ *)| oda’ 

td= (CsCs'*—CyCy'*+c.c.) | (1)5|? 
+ (Cr€r'*—CaCa’*+c.c.)| (@)si|?. 
We have neglected any possible Fierz interference 
terms.* If, in accordance with present beliefs, we assume 
that the only nonvanishing coupling coefficients are 
Cy’=Cy and C4’=Ca, we find d= —1. 
It is of some interest to rewrite S(k,e,0) as! 


(4.5) 


(4.6) 


Wo-k 
S(k,e,0) = f dE P(Z, E+k)®(Z,E,k,e,0), (4.7) 


where 


P(Z, E+k)=}0t(Wo— E—k)? 


x (E+k)gF(Z, E+k) (4.8) 


represents the probability that an electron is emitted 
with an energy E+. ®, defined by Eq. (4.7), is found 
to be 


32ekpm F(Z,E) 
©(Z,E,k,e,8) = 


r(E+k)q F(Z, E+R) 
X[2(p-e) (p-e*) | H|? 
+h |7|2(1+idk-exe*)]. (4.9) 





One is tempted to interpret @dkdQ as the conditional 
probability that an electron ejected from the nucleus 
with an energy E+ will radiate a gamma ray of 
energy between & and k+dk and polarization e within 


3% The caret notation will be used to indicate a unit vector. 

%4 Though it would be more logical to use EdE=pdp and 
E=~m-+ }p?/m throughout, we have preferred in some cases not to 
do so in order that the equations appear in more familiar form. 

35 See for example R. Scherr and R. H. Miller, Phys. Rev. 93, 
1076 (1954), and W. M. MacDonald, Phys. Rev. 110, 1420 (1958). 
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the solid angle dQ with respect to the direction of 
the emergent electron. Thus, the interpretation is 
known to be correct for Z=0. Further, the factor 
F(Z,E)/F(Z, E+k) can be readily interpreted" as the 
analog of the Elwert correction in external brems- 
strahlung. [Equation (4.9) contains additional Z-de- 
pendent corrections in J and H.] Finally, the depend- 
ence of ® upon the 8 coupling constants through d is 
not necessarily a counter-argument. On the contrary, 
this is to be expected since for parity nonconservation 
the electron is polarized and in fact is polarized pro- 
portional to d,** and the radiation (more carefully, that 
portion which originates from the magnetic moment 
associated with the spin) depends upon the electron 
polarization. 

The above arguments do not of course constitute a 
proof that the factorization of the integrand of S(k,e,9) 
has any physical content. A formal justification could 
only follow by treating the nucleus as a source of 
polarized electrons and calculating the radiation as a 
first-order process.! 

As a final comment on ®, we note that in the limit as 
k—0, ® becomes independent of Z and reduces 
simply to 

dk e? 1 
&(Z,E,k,e,0)dkdQ — — — —(p-e)(p-e*)dQ. (4.10) 
k xm 


Summing over the polarization gives 


9 9 


dk 
©(Z,E,k,0)dkdQ — — — — sin*6dQ, 
7 m 


(4.11) 


the nonrelativistic limit of the Wang-Falkoff* semi- 
classical calculation. We shall not use the above results 
for k— 0 in the present paper. 

We return now to Eq. (4.3) and recall that A; and 
B; and hence J and H are independent of @. Defining 
S(k,e) by 


S(k,e) = fseeoao, (4.12) 


we find immediately 
S (ke) =4e'mk“k[ 9, + (1+idk-eXe*)52], (4.13) 
where 


41=32"m [ dE We B— A) P PZB) (4.14) 


$= 2am f dE Ws E—k)*pF(Z,E)|I\?. (4.15) 


Summing over any complete set of polarization vectors, 


we then have 


S(k)=e'@r 3k 1E(Ji; +92). (4.16) 


Returning now to Eq. (4.13), it is clear that since we 


Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957); 
R. B. Curtis and R. R. Lewis, Jr., Phys. Rev. 107, 543 (1957). 
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have integrated over the various directions of emission 
of the electron, the only possible polarization of the 
gamma ray is circular polarization.*7 We therefore 
introduce the set of polarization vectors 


e.= 2 4(e; +e), 
where 
e:Xe2= k. 


A gamma ray characterized by e, will be referred to as a 
right-handed gamma ray. Defining the degree of 
polarization, P(k), by 


@(k)=[S(k,e,.) —S(k,e_) /[S(ke,)+S(ke_)], (4.17) 


we find 
P(Rk) =d5o/ (9,492). (4.18) 
It should be noted that, in agreement with Cut- 
kosky,™ Eq. (4.18) states that the polarization of the 
gamma ray will be the same as that of the @ particle 
emitted in nonradiative decay. This is to be expected on 
physical grounds. Ford® and Pytte,’® on the contrary, 
deduce the opposite and incorrect result. In Pytte’s 
case, and presumably in Ford’s, this is due to the use 
of e rather than e* in the radiation matrix element.** 
If we return to Eq. (4.3) and sum over e before doing 
the angular integration, we find that the angular 
dependence of S(k,#) is determined by the factor 


2p? sin| H {2+ 2k | 1|*. (4.19) 


Thus, contrary to the results obtained to first order in 
Z," the angular correlation®® is Z-dependent. 

The experimental quantity that is generally reported 
is the number of photons per disintegration per mc’. 
If we denote this quantity by R(&), then 


R(k)dk= S(k)dk Ws, (4.20) 


where the nonradiative 8-decay transition rate, wg, is 
given in our nonrelativistic approximation by 


Wo 


w= f dE P(Z,E). 


m 


More generally, one could define R(,e,8). 
We shall now make some further comparisons of our 
results with those previously obtained. These will serve 


87 Cutkosky pointed out that if one detected the electron as 
well as the gamma ray, the gamma ray could be plane polarized. 
This polarization is easily obtained from Eq. (4.3), but it is not 
very interesting for it does not give any information whatever 
about the coupling constants. See reference 24. 

38 Note that Pytte’s a is the negative of our d and that Ford’s 
definition of @(k) is such that P(k) is positive for left circularly 
polarized photons. Note also that Martin and Glauber” also used 
e rather than e*; the + sign in their Eq. (3.14a) should be replaced 
by +. Here, as noted by Cutkosky, the polarization of the gamma 
rays should be the same as that of positrons emitted in nonradiative 
decay (see reference 24). 

3% Angular correlation experiments have been performed by 
T. B. Novey, Phys. Rev. 89, 672 (1953), and by Bolgiano, 
Madansky, and Rasetti, Phys. Rev. 89, 679 (1953) 
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to confirm our result for S(k) and to determine the 
limitations under which our expression for @() is valid. 
Consider first S(k). The domain of common validity 
of our results and those of Lewis and Ford is the domain 
for which the emergent electron is nonrelativistic and 
aZ is small. The nonrelativistic limit of the relativistic 
result" is 


S(k) > 2e(xkm)“€ f dE 


X p(Wo— E—k)?(1+maZm/p) (Fp?+k). (4.22) 
In deducing this result, 3p?(m+k)/m-+k? is replaced by 
3p’+k*; this is consistent for arbitrary & with a non- 
relativistic approximation. To first order in Z, Eq. 
(4.16) reduces to precisely the same result when use is 
made of Eq. (3.23). 

The nonrelativistic limit of the relativistic expression 
for ®(k) is,!® corrected for the sign, 


wb) =d f dE pW) E—B)(1+xaZm p) 


X (Fprk m+) | f, (4.23) 


where the integral in the denominator is the one that 
appears in Eq. (4.22). This is not the same as Eq. (4.18) 
for ®(k) to terms linear in Z; the term $p*k/m does not 
appear. In our approximation, we have lost the cross- 
term (the $p*k/m term) between radiation due to 
charge and radiation due to the magnetic moment.” 
(The loss of the term can be traced to our neglect of the 
small components of the final-state wave function.) It 
is consistent to drop this term in the expression for 
S(k), for in the nonrelativistic case the cross-term 
radiation is dominated either by the charge radiation or 
by the magnetic moment radiation. In the case of 
&(k), however, the unpolarized charge radiation drops 
out in the numerator, and the cross-term radiation is 
negligible only if }p’<km. If we place this restriction on 
the most energetic electron possible for that k, we find 


as the additional condition which must be imposed if 
Eq. (4.18) for ®() is to be correct to first order in Z. We 
shall assume that Eq. (4.24) serves as a useful criterion 
for the validity of Eq. (4.18) for arbitrary orders of Z. 


5. RESULTS AND DISCUSSION 


A. Gamma-Ray Spectrum 


We consider now the application of our formulas to 
the internal bremsstrahlung emitted by S*. This is an 
allowed 8 emitter with aZ=0.124 (using Z for the 
daughter nucleus). Further, since Wo—m=0.327m, it 
follows both that & is less than 2m over the whole 


* More accurately, the i(e-a@)k portion of e,o**k,. 
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spectrum, and (see Table I), especially for large k, 
that Wo—m—k is small compared to m. The four 
assumptions (see Introduction) upon which our formulas 
for S(k) and for R(k) are based are therefore reasonably 
well satisfied. A somewhat more quantitative estimate 
of the error involved in our approximations, especially 
that of replacing the final-state wave function by its 
nonrelativistic limit, can be obtained from Table I. 
We include there a comparison of the values obtained 
from the relativistic KUB and Lewis-Ford theories and 
from their nonrelativistic limits [see Eqs. (4.21) and 
(4.22) ] for R(k), the number of gamma rays per B 
disintegration per mc?. It is clear from Table I that at 
least for the zeroth- and first-order Coulomb corrections, 
the nonrelativistic approximation is a good one in the 
evaluation of R(k). It must be emphasized, however, 
that the relativistic corrections to S(k) and to wg are 
not separately small. Thus, wg is about 12% greater 
when calculated relativistically than when calculated 
nonrelativistically. 


TaBLE I. A comparison for S* of the relativistic (Rel.) KUB*> 
and Lewis-Ford® theories and their nonrelativistic (N.R.) limits 
for R(k), the number of gamma rays per f disintegration per mc’. 
The KUB theory completely ignores the Coulomb field while the 
Lewis-Ford theory takes the Coulomb field into account to first 
order in aZ. The nonradiative transition rate is in each case 
calculated under the same approximations as are used for the 
radiative transition rate. All values are multiplied by 10*. 


Lewis-Ford 


N.R. Rel. 


1.91 2.02 
0.083 0.082 


KUB 
N.R. Rel. 


1.82 1.81 
0.057 0.056 


(Wo —m —k)/m 
0.177 
0.077 


k/m 
0.15 
0.25 


® See reference 1. 
b See reference 2. 
¢ See reference 14. Numbers kindly supplied by authors. 


Correspondingly, we point out (once more) that the 
first-order Coulomb corrections to S({k) and to wg 
separately are not nearly as small as the first-order 
correction to their ratio, R(k). The inclusion in the 
nonrelativistic case of the first-order correction changes 
the nonradiative 6-decay transition rate, for example, 
by more than 100%, while (see Table I) R(&) changes by 
less than 33%. 

In Table II, we compare experimental results and 
previous theoretical results for R(&) with results of the 
present theory for two values of &. [Equation (4.16) was 
integrated numerically to within about 3%.] If the 
Starfelt-Svantessen’ results are correct, the present 
result for k=0.25m represents a significant improve- 
ment. (This is the value of & for which the present 
theory is more reliable.) If, on the other hand, the 
(much higher) Langevin-Joliot® results are correct, the 
present theory gives a correction in the right direction 
but of a relatively insignificant magnitude. It is to be 
noticed that the difference between the present results 
and the first-order Lewis-Ford results are of the same 
order as the difference between the Lewis-Ford results 
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TaBLE II. A comparison for S* of theory and experiment for 
R(k), the number of gamma rays per 8 disintegration per mc?. The 
KUB:®» theory is relativistic but non-Coulombic, the Lewis-Ford* 
(LF) theory is relativistic and includes the first-order Coulomb 
correction, while the present (SG) theory is partially nonrela- 
tivistic but takes into account the effect of the Coulomb field more 
fully. SS and L refer to Starfelt and Svantessen4 (the values are 
taken from their Tables I and II) and to Langevin-Joliot® respec- 
tively. All values are multiplied by 104. 


Theory Experiment 
¢/m KUB LF SG SS L 


1.81 202 2.14 28to33 5.0 
0.056 0.082 0.106 0.1 to 0.14 


k 
0. 
0. 


® See reference 1. 
b See reference 2. 
¢ See reference 14. 
4 See reference 7. 
¢ See reference 9. 


and the non-Coulombic KUB results. This is in line 
with the discussion in the introduction and points up the 
importance of Coulomb corrections. 

In summary, then, our expression for S(k) is not 
necessarily an improvement over that of Lewis and 
Ford, for the increase in accuracy obtained by the more 
complete treatment of the Coulomb field is counter- 
balanced by our nonrelativistic approximation. How- 
ever, it appears by comparison with experiment that 
our expression for the ratio, R(&), is an improvement 
over that of Lewis and Ford for S*, at least for k near 
its maximum value. The relative merit of the present 
theory should increase with increasing Z (for Z still 
small) and with decreasing W’». 


B. Gamma-Ray Polarization 


In addition to the conditions which must be satisfied 
if Eq. (4.16) for S(k) is to be valid, one more condition 
must be imposed if Eq. (4.18) for ®(k) is to be valid. 
This additional condition, Eq. (4.24), is moderately 
well satisfied for k=0.25m but is definitely not satisfied 
for k=0.15m, as can be seen from column (a) of Table 
III. Table III includes the values of @(k) for the 
nonrelativistic non-Coulombic theory and for the 
present theory. [From Pytte’s formulas, one could also 
evaluate the relativistic ®(%) valid to first order in Z. | 


TABLE III. A comparison of the theoretical values of the polari- 
zation, P(k), of the internal bremsstrahlung emitted by S$*, 
Column (b) represents the relativistic non-Coulombic theory,*” 
while columns (c), (d), and (e) represent the present theory 
[Eq. (4.18)] with Z=0, to first order in Z, and Eq. (4.18) as it 
stands, respectively. The results for the present theory for 
k=0.15m have been placed in parentheses to indicate that Eq. 
(4.24), the condition of validity which requires that the value in 
column (a) be small compared to 1, is not satisfied. 


” (a) (b) (d) 
(4/3) (Wo —m —k)/k 


0.15 
0.25 


0.38 
0.65 


(0.23) 
0.63 


(0.23) 
0.65 


(0.25) 
0.69 


1.57 
0.41 


* See reference 16. 
> See reference 23. 
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As was to be expected, the relativistic non-Coulombic 
value and the value for the present theory with Z=0 
differ considerably for k=0.15m but are quite similar 
for k=0.25m. The latter result confirms the validity of 
the nonrelativistic approximation for that value of &. 

The increase of ®(k) with k for the Coulomb-free case 
is quite reasonable. The spin-dependent part of the 
electron interaction with the radiation field has an 
additional factor of k as compared to the spin-inde- 
pendent part, and it is the ratio of the spin-dependent 
contribution, which will be polarized if the electron is 
polarized,” to the unpolarized spin-independent con- 
tribution which determines @(k). Since spin-orbit 
coupling is ignored in a first order treatment of the 
Coulomb field, and even in the present theory, the 
increase of @(k) with k for the various Coulomb 
approximations is also not unexpected. 

If Eq. (4.24) is satisfied, then the present theory for 
®(k) to first order in Z yields Eq. (4.23) with the 
4p’k/m term dropped. To this order in Z, @(k) is then 
an increasing function of Z, in agreement with the 
values in columns (c) and (d) of Table III for k=0.25m. 
The integrands being non-negative, the above con- 
clusion follows immediately since (1) maZm/p is a 
monotonically decreasing function of p, and (2) 3p?+-R? 
(in the denominator) weights the higher values of p 
more than does #’ (in the numerator). The physical 
interpretation of (1) is simply that the Coulomb effect 
decreases with increasing p, while that of (2) is simply 
that the unpolarized charge radiation increases rapidly 
with p. On the basis of these simple interpretations, 
it is to be expected that the conclusion that @(k) 
increases with Z (at least to first order in Z) will be 
valid under more general conditions than those for 
which it was derived. 

The circular polarization of the internal bremsstrah- 
lung from Sr®+Y™” has recently been measured.” 
However this is a forbidden decay and the present 
theory is therefore not applicable. 
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APPENDIX A 


The confluent hypergeometric function ,/:; may be 
written 


(0+,1+) s5—]\—2 
Flo; 6,9)= 2rd (= ) e¥s—'ds, (A-1) 
5 


41 The cross-term will also be polarized. This does not change the 


argument. 
 H. Schopper and S. Galster, Nuclear Phys. 6, 125 (1958). 
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where the contour is closed and encircles each of the 
points 0 and 1 once in the positive sense. Inserting 
Eqs. (A-1) and Eq. (3.7) into Eqs. (3.10) and (3.11), 
we can interchange orders of integration provided 


—Im(2ps)—d<0, (A-2) 


and write 


(I; J)=lim (1; J), (A-3) 


where 


(1h; Sy) (0+, 1+) 1 
=q(2mi)- f (— ‘) ag (— ) sds 
x for exp{i[p(s—1)—k]-r 


+iLps+q(1+2) w—Ar}[1; ig(1+20)F)). 


We rewrite these in terms of differential operators as® 


(Ih; i) =9(28)- +: (=) 
«(50 


where Vx represents differentiation with respect to k, 
and where 


(0+,1+) s—1 —in 
nn (—) mids f ar ie 
Ss 


k]-r+iLps+q(1+2é) ]r—Ar}. 


(142) v4) K dt, (A-4) 


Xexp{iLp(s—1)— 


The spatial integration is easily performed and we 


obtain 
(0+,1+) s—1 —in 4dr 
nf (—) s—!ds——_, 
s g—sf 
where 


g= (p+k)?—g?(1+2¢)?+?— 2idg (1424), 
f=2[p’+p-k+ pg(14+2)+ipn]. (A-7) 


Following Nordsieck,*' the new pole at s=s’=g/f can 
be readily shown to lie outside the contour, so that 


(A-5) 


(A-6) 


K,=-—2rmi[residue at s’ ]. 


If we now assume that k<2m, it can be readily shown 
that 
args’—arg(s’—1)=0+0O(A), 
so that 
Ky = 8r7i(g— f)—ingir, 
Equations (3.12) and (3.13) then follow. 
®L. Bess, Phys. Rev. 77, 550 (1950). 
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The disintegration scheme of the long-lived ground-state isomer of Al? has been determined. It is based 
on the following observations. 

The maximum positron energy as determined by absorption measurements is 1.16-+0.05 Mev; this agrees 
with the expected 1.17 Mev. The spectrum appears to be simple. 

The scintillation gamma spectrum shows intense positron annihilation radiation, a strong peak at 1.83 
+0.03 Mev, and weak peaks at 1.12+0.03 Mev and 2.96+-0.05 Mev, corresponding to transitions from the 
known Mg” states at 1.82 and 2.97 Mev. A peak at 0.68 Mev is from the addition of two annihilation 
photons, one being backscattered from the source and surroundings; the gamma of ~0.7-Mev energy 
reported by others is not present. The peak at 2.97 Mev is shown to result from 2.97-Mev photons as well 
as from addition of 1.82- and 1.15-Mev photons. 

The relative intensities of the annihilation and gamma radiations indicate that Al?* undergoes (84.6 
+1.8)% positron emission to the 1.82-Mev state of Mg*®; (11.4+1.9)% electron capture to the same state; 
(3.7+0.3)% electron capture to the 2.97-Mev state followed by emission of 1.15- and 1.82-Mev gamma-rays; 
and (0.30+0.03)% electron capture to the same state followed by 2.97-Mev radiation. Other energetically 
possible transitions are apparently negligible in intensity. 

Auger electrons and x-rays were observed in a proportional counter spectrometer. Analysis of the spectra 


yielded K-shell fluorescence yields of 0.008+0.003 for magnesium and 0.008+0.003 for aluminum. 


A. INTRODUCTION 


N 1954, a search for the radioactivity of the long-lived 

ground-state isomer of Al** proved successful.! The 
search had been undertaken as a result of experi- 
mental?~?_ and theoretical" evidence which had 
indicated that an undetected isomer of the long-known 
6.6-second positron-emitting Al** probably existed. 
Subsequent reaction energy and level studies have now 
determined that this isomer is the ground state, lying 
0.228+0.008 Mev-™ below the 6.6-second 0+ state 
and 4.016+0.018 Mev" above the Mg** ground state. 
Theoretical considerations*“" assign to it a configura- 
tion with spin-parity 5+. Mg** is known to have 
¢ Work supported by the U. S. Atomic Energy Commission. 

*From part of a thesis submitted by R. A. Rightmire in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. Present address: Chemical and Physical Research 
Division, Standard Oil Company of Ohio, Cleveland, Ohio. 

{Present address: Particle Accelerator Division, Argonne 
National Laboratory, Lemont, Illinois. 
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excited states at 1.823+-0.012 (weighted average of 
1.825+0.015"'§ and 1.820+0.018'7), 2.972+0.010," 
and 3.969+0.010" Mev. The first undoubtedly has 
spin-parity of 2+, and the second two can be either 
2+ or 3+ according to angular distribution in the 
Mg” (d,p)Mg** reaction.'* Al?® should then decay pre- 
dominantly by 1.17-Mev positron emission to the 1.82- 
Mev Mg*® state by a second-forbidden transition with 
a half-life theoretically estimated®:" at 10*-10° years, 
with smaller amounts of electron capture to the 1.82- 
and 2.97-Mev states. 

The initial observations! of the radioactivity of Al** 
showed the presence of 0.5- and ~1.9-Mev photons, 
from annihilation of positrons and from de-excitation 
of the 1.82-Mev Mg” state, respectively. Absorption 
data showed the maximum beta energy to be ~1 Mev, 
agreeing with the expected value 1.17 Mev. The half- 
life was estimated from yield considerations to be 
~10° years. Altogether, the theoretical expectations 
were remarkably confirmed. 

Handley and Lyon,” using a more intense source, 
confirmed that the main disintegration mode involved 
a 1.30+0.15 Mev positron in coincidence with a 1.82- 
Mev gamma ray. They also reported gamma rays of 
2.91 Mev and 0.717 Mev, the former attributed to 
single-photon de-excitation of the 2.97-Mev Mg”® state 
and the latter interpreted as indicating a new level in 
Mg”* at about 0.7 Mev. The relative intensities of the 


15 Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 

16 The uncertainty in the 1.825-Mev value is that given by 
Endt and Kluyver | ocd 7) and Endt and Braams (reference 
14) rather than in the original publication (reference 15). 

17R, B. Day, Phys. Rev. 102, 767 (1956). 

18 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 258 (1953). 

19 T. H. Handley and W. S. Lyon, Phys. Rev. 99, 755 (1955). 
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radiations were given as 
Bt: ¥0.717:'Y1.82: Y2.91= 1:0.01: 1:0.004. 


Laubitz™ studied the positron spectrum with a 2m 
anthracene scintillation spectrometer and obtained a 
maximum energy of 1.17+0.05 Mev. The data fitted 
best the Kurie plot corresponding to a A/=3,no 
(second-forbidden) transition. A gamma of 1.76+0.1 
Mev was observed. 

An abstract by Johnson and Moffat”! gives gamma 
energies of 0.74, 1.10, 1.84, and 2.98 Mev. The second 
is presumably from the expected 1.15-Mev transition 
between the 2.97- and 1.82-Mev states. The first was 
stated to be coincident with positrons, and was regarded 
as evidence for an intermediate level at 1.84+0.74= 2.58 
Mev. Using a 4m beta scintillation spectrometer, they 
confirmed the ‘unique’ second-forbidden (A/J=3,no) 
shape of the positron spectrum, and gave the end point 
as 1.13 Mev. 

Recently, Fisher, Hadley, and Speers” have found a 
positron end point of 1.16+0.02 Mev and unique 
second-forbidden shape, and have confirmed previously 
reported gamma energies, including components at 
0.70 and 1.1 Mev. 

In very recently published work Ferguson*.* also 
observed the second-forbidden spectrum shape, with 
end point 1.160+0.008 Mev, and he found it and a 
(1.10+0.05)-Mev gamma in coincidence with the 
(1.84+0.01)-Mev gamma. A peak in the gamma spec- 
trum at ~0.7 Mev was observed, but was identified as 
an instrumental effect and not a gamma ray. 

To facilitate the discussion of our own experiments 
it will be useful to anticipate the results; these 
are embodied in the disintegration scheme given in 
Fig. 1. 


Al? 














A= ALLOWED 
I= SECOND FORBIDDEN 


¥,2.97 MEV 











O MEV 


Fic. 1. Disintegration scheme of Al**. 
”M. J. Laubitz, Proc. Phys. Soc. (London) A68, 1033 (1955). 
1 R, G. Johnson and R. D. Moffat, Bull. Am. Phys. Soc. Ser. IT, 
2, 230 (1957). 
# Fisher, Hadley, and Speers, Phil. Mag. 3, 163 (1958). 
% J. M. Ferguson, Bull. Am. Phys. Soc. Ser. II, 2, 395 (1957). 
% J. M. Ferguson, Phys. Rev. 112, 1238 (1958). 
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Fic. 2. AP*® absorption curve. 


B. MAXIMUM POSITRON ENERGY 


An aluminum absorption curve was taken with a 
sample of Al** of moderately high specific activity 
isolated from a magnesium target bombarded for 10 
hours at 180 wa with 15-Mev deuterons in the University 
of Pittsburgh cyclotron. 50 mg of aluminum carrier 
were added to the target solution, isolated, and recycled 
to constant specific activity.! The end point at 495+10 
mg/cm? in Fig. 2 corresponds* to a maximum positron 
energy of 1.16+0.05 Mev. The indicated uncertainty 
includes an estimated uncertainty in the range-energy 
relationship. This is in excellent agreement with the 
value predicted from the most precise reaction data, 
(4.016+-0.018) — (1.82340.012) — 1.022 = 1.17140.022 
Mev. The spectrum appears simple, with no indication 
of a beta transition to any other state in Mg” than 
that at 1.82 Mev. 


C. SCINTILLATION SPECTRUM AND 
GAMMA ENERGIES 


1. Experimental Results from 
Simple Spectrum 


Using an intense Al** source of low specific activity, 
which was a portion of that used by Handley and 
Lyon," we recorded the scintillation gamma spectrum 
with a NalI(TI) crystal 1.5 inches in diameter and 1 
inch thick. The arrangement was calibrated with the 


25 L, Katzand A. S. Penfold, Revs. Modern Phys. 24, 28 (1952). 
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Cs!57 0.667-Mev gamma, the Na” 0.511-Mev annihila- 
tion radiation and 1.28-Mev gamma, and the Na*™ 
1.38- and 2.76-Mev gammas. The Al*® in 18 g of Al.O; 
was contained in a glass bottle having an inside diameter 
of ~3 cm and filled to a height of ~2 cm, placed 
against the scintillator cover. 

Figure 3 shows the gamma spectrum. The strongest 
peak is that at 0.51 Mev, due to positron annihilation. 
The peaks at 1.83+0.03 and 1.12+0.03 Mev we 
ascribe to primary gamma radiation from Mg”, since 
the energies correspond closely to the values 1.82 and 
1.15 Mev expected from the well-known first and 
second excited states of Mg’®. The peak at 2.96-++0.05 
Mev corresponds to the peak of about the same energy 
reported by others!’ and attributed in all cases to 
a gamma of that energy. The peak at 2.36+0.05 Mev 
is undoubtedly due to the addition of the 1.82-Mev 
gamma and the 0.51-Mev annihilation radiations." 
Compton edges are seen at ~2.8, ~1.6, ~0.86, and 
~0.30 Mev. The shoulder at ~ 2.1 Mev can be ascribed 
to the addition of the annihilation peak to the 1.6-Mev 
edge. The peaks at 1.31+0.03 and 0.79+0.02 Mev are 
close to one and two electron masses below the 1.82-Mev 
peak, and hence are interpreted as secondary ‘‘escape”’ 
peaks. The peak at 0.17+0.02 Mev corresponds to 
Compton backscattered annihilation radiation.* The 
(0.68+0.02 Mev peak may be identified with the 0.717- 


26 B. Crasemann and H. Easterday, Nucleonics 14, No. 6, 63 
(1956). 
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Mev peak of Handley and Lyon," the 0.74-Mev peak 
of Johnson and Moffat,' and the 0.70-Mev peak of 
Fisher e¢ al.,” regarded by all of these observers as 
indicating a gamma ray of that energy. No peak was 
observed at 3.97 Mev, the energy of the third excited 
Me” state. 


2. Investigation of 0.68-Mev Peak 


To test whether the 0.68-Mev peak was primary or 
secondary in origin, we took spectra with the source at 
varying distances from the scintillator. The counting 
rate in a peak due to a single gamma ray is proportional 
approximately to the inverse square of the distance from 
source to detector, whereas the intensity of an addition 
peak whould be proportional approximately to the 
inverse fourth power. Spectra in the region from 0.6 
to 1.2 Mev, taken with the source mounted at ~1 inch 
and ~1.5 inches from the center of the scintillation 
crystal to the center of the source, are shown in Fig. 4. 
The peaks at 0.78 Mev and 1.12 Mev decreased in 
intensity by a factor of ~2, confirming that each is 
due to a single gamma ray. The peak at 0.68 Mev 
decreased by a factor of ~4, indicating that it is an 
addition peak, presumably of the 0.51- and 0.17-Mev 
photons. The latter is the experimentally observed 
average energy of large-angle Compton-backscattered 
photons having initial energies of 0.51 Mev.*® We have 
also observed the 0.17- and 0.68-Mev peaks with the 
positron-emitter Na*’ mounted under the same condi- 
tions as the Al*® source. 

Thus there is no ~0.7-Mev gamma ray in the Al*6 
radiations. The supposed gamma ray of about this 
energy reported by others'*?'? can probably be 
attributed to this addition peak. In private com- 
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munication, Dr. Johnson states that he and Moffat 
have independently come to the conclusion that the 
0.7-Mev peak was an instrumental effect, by experi- 
ments similar to ours. The similar conclusion of 
Ferguson*-* was reached by absorption experiments, 
which showed that the 0.7-Mev peak was attenuated 
much more rapidly than are photons of that energy. 


3. Investigation of 2.97-Mev Peak 


Pulses at 2.97 Mev could result either from addition 
of coincident 1.82- and 1.15-Mev gamma rays or from 
single-photon de-excitation of the 2.97-Mev Mg” state; 
accordingly, the previous work!.*!.2 does not prove 
the occurrence of gamma rays of the latter energy. To 
determine the fraction of the 2.97-Mev peak resulting 
from single gamma rays, spectra in the region from 
1.5 to 3.0 Mev were taken with the lower edge of the 
source mounted at 0, 0.25, 0.5, 0.75, and 1.0 inches 
from the scintillator cover. 

Neglecting minor effects, the ratio of intensities of 
2.97-Mev gamma pulses to 1.82-Mev gamma pulses 
should remain constant at all distances of source from 
detector; likewise, the ratio of the intensities of the 
addition component of the 2.97-Mev peak to the 2.33- 
Mev addition peak should remain nearly constant. 
Hence, the observed 2.97-Mev peak intensity for the 
source placed at any distance from the detector should 
be given by: 

I 9.97°°*= Cy 824+Col o.33, 


where J».97°°*=observed 2.97-Mev peak intensity, 
I;.s2=observed 1.82-Mev peak intensity, J2.3;=ob- 
served 2.33-Mev peak intensity, and C,,C2= coefficients 
for the particular experimental arrangement. Dividing 
both sides of this equation by /;.s2 yields 


To,97°°*/T 1 g2=Ci+Col 2.33/11.82. 


Figure 5 is a plot of J2,97°*/J1.s2 as a function of 
To.33/11.82. The straight line obtained was extrapolated 
back to Jo.33/J1.32.=0, giving 0.00156+-0.00010 for the 
constant C,, which is the ratio of the single-photon 
part of the 2.97-Mev peak to the 1.82-Mev gamma peak. 
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The point obtained from the initial spectrum is also 
included in Fig. 5; although the disposition of the 
source relative to the scintillator was somewhat 
different, the point lies quite close to the line. Thus 
C, and C2; are probably not very sensitive to geometry 
modifications. 

To test the validity of these results, a lead absorption 
curve was taken with the lower edge of the source 
mounted at 0.5 inch from the scintillator cover. With an 
absorber between source and detector, the observed 
intensity of the 2.97-Mev peak is given by 


To 97°%*(T) =Io.97%'" (0) exp(—y2,977) 
+Ts.9744(0) exp(—w1.157—p1.827), 


where J» 97*'"(0)=intensity of the single-photon part of 
the 2.97-Mev peak with no absorber present, /2.97*44(0) 
= intensity of the 2.97-Mev addition contribution with 
no absorber present, 7=thickness of lead absorber 
(g cm™?), ue.97= mass absorption coefficient of the 2.97- 
Mev gamma-ray =0.0422 cm? g™', u1.s2=mass absorp- 
tion coefficient of the 1.82-Mev gamma-ray=0.0473 
cm? g~, and ui.15=mass absorption coefficient of the 
1.15-Mev gamma-ray=0.0604 cm? g™'. The mass 
absorption coefficients were obtained by graphical 
interpolation from the tables of Grodstein.?? From 
Fig. 5 it is deduced that at 0.5 inch the fractional 
composition of the 2.97-Mev peak is 


T 2.97" (0) /T2.97°"* (0) =0.00156/0.00216=0.72, 
T+.97°44 (0) /T2.97°* (0) = (0.00216—0.00156) /0.00216 
=().28, 

where J297°*(0) is the observed intensity with no 
absorbers present. The absorption curve should then 
be given by 
T5.97°*(T) =[0.72 exp(—0.04227) 

+0.28 exp(—0.1077T) |7.97°°8(0). 
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27 G. W. Grodstein, X-Ray Attenuation Coefficients From 10 kev 
to 100 Mev, National Bureau of Standards Circular No. 583 
(U. S. Government Printing Office, Washington, D. C., 1957). 
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Actual photon Net counting 
energy 


(Mev) 


Measured photon 
energy 
(Mev) 


Absolute photon 
emission rate 


Relative photon 


Relative crystal 
emission rate 


efficiency 





0.511 
1.15 


7620+ 18 
53.2+4.0 
72748 
1.13+0.08" 


0.518 

1.12+0.02 
1.83+0.03 
2.96+0.05 





® Energy standard. 


~0.06 


1.692 +0.036 
0.037 +0.003 
0.9970+0.0003 
0.0030-+0.0003 
<0.00007 


1 7620+18 
166+13 
4490+-96 
13.6+1.1 
<0.32 


0.320+0.004 
0.162+0.003 
0.083+0.003 


> This is the rate ascribable to 2.97-Mev photons, obtained by multiplying the 1.82-Mev peak rate by 0.00156 +0.00010, The total net counting rate in 


the 2.97-Mev peak was 1.67 min“. 


Figure 6 shows the fitting of this equation to the 
experimentally observed absorption curve. The excellent 
agreement indicates that the procedure is valid and 
allows us to obtain an accurate value for the intensity 
of the 2.97-Mev gamma. 


4. Coincidences 


The existence of the 0.68-Mev addition peak indicates 
that the two 0.51-Mev photons are produced simul- 
taneously, and are therefore positron annihilation 
photons. The 2.33-Mev addition peak indicates that 
positrons are emitted in coincidence with the 1.82-Mev 
gamma radiations.'? The existence of some addition 
character to the 2.97-Mev peak indicates that the 1.15- 
and 1.82-Mev gamma-rays are emitted in coincidence, 
as has also been shown by two-detector coincidence 
studies.”*.*4 


D. GAMMA INTENSITIES AND 
BRANCHING FRACTIONS 


1. Calibration of Scintillation Spectrometer 


To determine the relative intensities of the various 
gamma radiations, spectra from Na” and Na*™ sources 
were taken to calibrate the crystal for efficiency as a 
function of photon energy. The Na” source was 
prepared by absorbing a small amount of active Na” 
solution in 18 g of inactive AlxO; and mounting in a 
polyethylene bottle having the same dimensions as 
that used for the Al*?* source. The Na*™ source was 
prepared by placing ~ 20 g of NazCO; in the same-sized 
polyethylene bottle, which was then irradiated for a 
short time with neutrons from the University of 
Pittsburgh cyclotron. From the most accurate literature 
values of the electron-capture branching fraction in 
Na”, 0.099+0.006,?8 0.110+0.009,”° and 0.109+-0.009,*° 
we select the unweighted average 0.106+0.006 as the 
best value; accordingly 89.4% of the disintegrations 
yield positrons, each producing two 0.51-Mev photons. 
A 1.28-Mev gamma is emitted in 99.95% of the dis- 
integrations.** In Na™ equal numbers of 1.38- and 
2.76-Mev gamma rays are emitted. 


” W. E. Kreger, Phys. Rev. 96, 1554 (1954). 

% Allen, Burcham, Chackett, Munday, and Reasbeck, Proc. 
Phys. Soc. (London) A68, 681 (1955). 

31 B. T. Wright, Phys. Rev. 90, 159 (1953). 


In the Na* spectrum, the ratio of the areas under 
the 1.28- and 0.51-Mev peaks was 0.1494. Dividing 
this by the emission ratio of 1.28- and 0.51-Mev 
photons, 0.559, gives 0.267 as the ratio of crystal 
efficiencies at 1.28 and 0.51 Mev. The ratio of efficiencies 
at 2.76 and 1.38 Mev was given directly by the ratio 
of areas under the two peaks in the Na™ spectrum, 
which was 0.381. A fairly unique adjustment of the 
relative efficiencies at 1.38 and 1.28 Mev could be 
made, so as to yield a smooth curve fitting all four 
points. The resulting relative efficiencies are: 0.51 Mev, 
unity; 1.28 Mev, 0.267; 1.38 Mev, 0.241; 2.76 Mev, 
0.0918. The calibration curve was similar to that 
calculated by Bell e¢ al. for an identical crystal and 
point source mounted at 1.5 cm, the average distance 
from our sources to the crystal. This simple method 
of efficiency calibration using only Na* and Na*™ 
should be quite generally useful, since Na™ can be 
produced readily with quite modest sources of neutrons, 
and Na” is long-lived and commercially available, and 
can also be obtained in the form of absolute standards. 


2. Relative and Absolute Photon Emission Rates 


The areas under the 0.51-, 1.15-, and 1.82-Mev peaks 
of the Al?* spectrum were measured, and the relative 
photon emission rates were obtained by dividing the 
counting rate in each peak by the corresponding 
relative crystal efficiency as read off of the calibration 
curve. The relative emission rate of the 2.97-Mev 
photon was obtained by multiplying the measured 
1.82-Mev peak by the ratio of intensities of the 2.97- 
Mev primary gamma to the 1.82-Mev gamma, obtained 
from Fig. 5, and dividing by the relative crystal 
efficiency at 2.97-Mev. An upper limit on the emission 
rate of a 3.97-Mev gamma ray is given as twice the 
standard deviation of the background counting rate in 
this region divided by the approximate relative crystal 
efficiency. The details of this analysis are given in 
Table I. 

The relative photon emission rates can be converted 
to absolute numbers of photons per disintegration by 
making the following assumptions: (1) None of the Al** 
transitions go directly to the Mg** ground state 

#2 P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
and Interscience Publishers, Inc., New York, 1955), p. 154. 
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(justified below); (2) none of the transitions go to 
Mg’ states higher than 2.97 Mev (justified experi- 
mentally from the scintillation spectrum and theoretic- 
ally below); (3) internal conversion is negligible (since 
the energies are large and multipole orders low). It 
follows that the Mg®® ground state can be reached 
only by 1.82- or 2.97-Mev gamma emission. Hence, 
the total disintegration rate, on the same scale as that 
of the relative photon emission rates, is equal to the 
sum of the rates for the 1.82- and 2.97-Mev gamma- 
rays. The absolute photon emission rates given in 
Table I were obtained by dividing the relative rates by 
this sum. 


3. Branching Fractions and 
Disintegration Scheme 


The positron branching fraction is one-half of the 
absolute intensity of 0.51-Mev annihilation photons, 
or (84.641.8)%. The beta absorption curve (above) 
and theoretical considerations (below) indicate that 
all of the positrons are in the spectrum with 1.17-Mev 
end point exciting the 1.82-Mev Mg*® level. 

The remainder, (15.4+1.8)%, is the electron-capture 
branching fraction. The branching fraction of electron 
capture to the 2.97-Mev Mg” state is given by the sum 
of intensities of the 1.15-Mev gamma ray [ (3.7+0.3)% ] 
and the 2.97-Mev gamma ray [(0.30+0.03)%], 
emitted respectively in stop-over and cross-over de- 
excitations of the 2.97-Mev state; this is (4.0+0.3)%. 
By difference, the branching fraction for electron 
capture to the 1.82-Mev Mg” state is (11.4+1.9)%. 

The resulting complete disintegration scheme of Al°** 
is shown in Fig. 1. The fact that electron capture to 
the second excited Mg*® state, for which 1.04 Mev is 
available, is somewhat but not much less frequent than 
to the first excited state, for which 2.19 Mev is available, 
indicates that both transitions are of the same order of 
forbiddenness (second), so that the 2.97-Mev state 
must have spin-parity 2+ or 3+. However, if this 
state were 3+, the cross-over transition would be M3 
and the stop-over transition would be 41, so that the 
former would be much slower and probably unobserv- 
able. This limits the 2.97 state to 2+, according to 
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which the cross-over transition is £2 and the stop-over 
transition again M1, consistent with the cross-over 
transition’s being only moderately slower than the 
stop-over transition. 

It is necessary to consider the following additional 
transitions which are energetically possible: 

(a) Direct transitions from Al** to the ground state of 
Mg*’.—These would be fourth forbidden, whereas all 
of the observed transitions are only second forbidden. 
Hence both positron emission and electron capture to 
the Mg®* ground state would be completely negligible 
in comparison. 

(b) Positron emission to the 2.97-Mev state——Table 
II gives the f factors (used in computing cc mparative 
half-lives) for allowed transitions of the same energy 
as those to the various accessible excited states of Mg?®. 
They should be roughly proportional to the proper 
factors for second-forbidden transitions. Theoretical 
branching fractions are calculated by dividing each 
f factor by the sum of the f factors for all modes of 
disintegration. It is seen that positron emission to the 
2.97-Mev state is completely negligible because of the 
very small amount of energy available. 

(c) Electron capture to the 3.97-Mev state-—Table II 
shows that this is also completely negligible because of 
the small available energy. 


4. Sources of Error 


There are possibilities of error in this analysis 
resulting from peak depletions or enhancements which 
were not considered. Coincident events should lead to 
the following changes in peak intensities: (a) depletion 
of the 0.51-Mev peak by addition to the 1.82-Mev 
peak and its Compton-scattered radiation; (b) en- 
hancement of the 0.51-Mev peak by the addition of the 
0.17-Mev backscatter peak to the 0.30-Mev Compton- 
edge peak; (c) depletion of the 1.15-Mev peak by 
addition to the 1.82-Mev peak and its Compton- 
scattered radiation; (d) depletion of the 1.82-Mev peak 
by addition to the 0.51-Mev annihilation peak and its 
Compton-scattered radiation; (e) enhancement of the 
1.82-Mev peak by the addition of the 1.31-Mev 
“escape” peak to the 0.51-Mev annihilation peak; (f) 


TABLE IJ. Theoretical branching fractions for Al*®, 


Mg” state to which transition occurs 


Energy available for electron capture (Mev) 
Energy available for positron emission (Mev) 
JK 
Jiui/JK 
Je 
I B+ 
Flectron-capture branching fraction 
Positron-emission branching fraction 


* From Houtermans, Geiss, and Miiller, in Landolt-Bérnstein Zahlenwerte und Functionen (Springer-Werlag, Berlin-Gottingen-Heidelberg, 


edition, Vol. 1, Part 5, p. 456 


2.193+0.022 
1.171+0.022 


1.82 Mev 2.97 Mev 3.97 Mev 


1.044+0.021 
0.022+0.021 
0.0208 


0.047 +0.021 
0 


~5X 10-5 > 
0.07¢ 0.07¢ 
0.022 ~5X 10 

~10-64 0 
0.004 ~1X10°° 

~2X107 0 


0.0958 
0.07¢ 
0.105 
5.44 
0.019 
0.977 


1952), sixth 


>From King, Dismuke, and Way, Oak Ridge National Laboratory Report ORNL-1450, 1952 (unpublished). 
¢ From M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). The total non-K-capture is taken as ~1.5 X the Li-capture. 


4 From E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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enhancement of the 1.82-Mev peak by the addition of 
the 1.6-Mev Compton edge to the 0.17-Mev_ back- 
scatter peak; (g) enhancement of the 2.97-Mev peak 
by the addition of the 1.82-Mev peak to the 1.15-Mev 
peak. The latter effect is the only one for which a 
correction was determined and applied in the above 
analysis. 

The total depletion of the 1.82-Mev peak amounts 
to about 5%, as estimated from the area under the 
2.33-Mev peak. The compensating enhancement of the 
1.82-Mev peak appears to be of the order of several 
percent. Hence the net error in intensity of this peak 
is probably only a very few percent. Because of the 
greater intensity of the 0.51-Mev peak, the errors 
involved are estimated (from the area under the 2.33- 
Mev peak) to be less than 1%. Corrections for deple- 
tion of the 1.15-Mev peak would probably be less than 
the standard deviation resulting from counting statis- 
tics. The most important of these errors affect the ratio 
of 0.51-Mev to 1.82-Mev intensities. There will be 
partial compensation from the use of Na* in the same 
geometry for the calibration curve. 

Ideally, such errors might be made negligibly small 
by using a large source-to-detector distance, a carrier- 
free source, and a scatter-free geometry. The weakness 
of available Al*® sources prevents large distances. 
These effects undoubtedly were present in the work of 
Handley and Lyon" and of Johnson and Moffat.”’ For 
the Al’® spectrum taken by Handley and Lyon the 
source was placed directly upon a 3-in.X3-in. scintil- 
lator. For larger crystals the depletion of the 1.82-Mev 
peak is greater, while the compensating enhancement 
factors are less (because of the decrease in Compton- 
scattered and “escape” peaks). It appears from the 
intensity of the 2.34-Mev peak in their published 
spectrum that the net depletion in the 1.82-Mev peak 
was of the order of 15-20%. Their deduction of equality 
in the emission rates of positrons and 1.82-Mev gamma 
rays can probably be attributed to failure to consider 
this effect. 

It is felt that the errors arising from measurement of 
the areas under the various peaks, including the 
uncertainties in background interpolations, are prob- 
ably less than 1%. The uncertainties resulting from 
counting statistics are given as standard deviations and 
are included with the data in Table I. From the fore- 
going, it is evident that the actual uncertainties are 
somewhat but not substantially greater than those 
listed. 


5. Comparative Half-Lives 


The half-life of Al** has recently been determined®* 
from specific activity measurements to be (7.38+0.29) 
X 10° years= 2.33 X 10" seconds. Using this, the branch- 
ing fractions deduced in Sec. D3, and the f factors 


33 Rightmire, Kohman, and Hintenberger, Z. Naturforsch. 13a, 
847 (1958). 
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TABLE III. Comparative half-lives of Al?* transitions. 


‘ ¢ =partial 
Branching half-life 
fraction (sec) f 


2.75X 10% 5.4 


2.0 X10" 0.105 
5.8 X10 0.022 


Transition 


B* to 1.82-Mev state 
€ to 1.82-Mev state 
€ to 2.97-Mev state 


log ft 


14.17 
13.33 
13.11 


0.846 
0.114 
0.040 


given in Table II, comparative half-lives can be cal- 
culated for the various observed modes of disintegration. 
These are given in Table III. They are all consistent 
with the second-forbidden nature of the transitions. 
The mutual agreement is satisfactory considering that 
allowed f factors were used. 


E. PROPORTIONAL COUNTER SPECTROMETRY 
OF ELECTRON-CAPTURE RADIATIONS 


1. Counter and Energy Calibration 


Pulse spectra in the low-energy region were taken 
with a thin Al** source mounted in 27 geometry in a 
large internal-sample proportional counter. The stain- 
less-steel cathode was 4 inches in diameter with a 
0.003-inch tungsten wire anode. A mixture of A(90%) 
and CH,(10%) was used as the counting gas. The 
pulse analyzer was gated in anticoincidence by a sheath 
of guard Geiger counters surrounding the proportional 
counter, which was shielded by mercury, iron, and lead. 

At each voltage and gain setting used for Al®*, an 
energy calibration curve was constructed from x-ray 
peaks appearing either in the Al?* spectrum or in the 
spectrum of an Fe source covered by a 4.1-mg/cm? 
aluminum foil. The latter source gave the 5.9-kev Mn 
K x-ray, the 2.8-kev Mn-A escape peak, and the 1.5- 
kev fluorescent Al K x-ray. The Al** source gave the Fe 
and Ni fluorescent A radiation at 6.4 and 7.5 kev, 
respectively, and, when covered by a plastic absorber, 
peaks attributed to Mg and Al K x-rays at 1.25 and 
1.49 kev, respectively. The Fe and Ni radiation is 
presumably produced by photoelectric absorption of 
gamma rays near the surface of the stainless steel 
without the photoelectrons’ entering the gas. The Al 
radiation could be produced from macroscopic Al?” 
purity in the source by K-shell excitation of Al?’ atoms 
by positrons under the condition that neither the 
positrons nor the ejected electrons enter the gas. 


2. Auger-Electron and X-Ray Spectra 


The Al’ was from a high-specific-activity preparation 
isolated by a carrier-free procedure* from a high-purity 
magnesium target bombarded with protons at the Oak 
Ridge National Laboratory. According to measure- 
ments described elsewhere,* the resulting dilute nitric 
acid solution had a specific positron activity of (1747 
+26)8* min“ ml" and contained 68 ug (Al**+ Al?) 


4 Rightmire, Kohman, and Allen, J. Appl. Radiation Isotopes 
2, 274 (1957). 
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ml, A 1.000-ml aliquot was evaporated onto a Lucite 
disk over an area of 1.75 cm*. The aluminum was 
evaporated as Al(NOs;)s, then converted to Al,O; under 
a heat lamp. The resulting sample thickness was there- 
fore ~75 wg cm~*. The sample appeared under a low- 
power microscope to be distributed quite uniformly 
over the surface of the disk. 

Spectra of Al** were taken with 0, 2, and 20 collodion 
foils of average thickness ~8.4 wg cm~*. These were 
removed from the water surface on which they were 
prepared by evaporation on a metal ring, by means of 
which they were placed on top of the source. After the 
desired number of foils had been deposited, the source 
was placed in the counter and dried by evacuation 
overnight. 

The broad peak in the spectrum without absorber 
shown in Fig. 7 is due to the Auger electrons from 
nascent Mg** atoms and from Al?’ atoms in the source. 
The latter Auger electrons result from K-shell excita- 
tions of the type described above to explain the 
characteristic x-rays. The fact that a peaked distribu- 
tion is obtained indicates that the source is quite thin 
and uniform, although some energy degradation is 
evident. 

The spectrum taken with an ~16.8-ug cm™ film 
covering the source shows that the electrons have all 
been lowered in energy somewhat, but they still mask 
any x-ray peaks. The high-energy tail may be due to 
nonuniformity of the absorber. 

The spectrum taken with an ~168-ug cm™ covering 
shows that the electrons have been completely absorbed. 
The spectrum shown in Fig. 8 is the result of several 
long runs with the same absorber. Both the Mg x-ray 
(1.25 kev) and Al x-ray (1.49 kev) appear unambigu- 
ously in the spectrum. 
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3. 8. X-ray spectrum from Al** source in proportional counter. 


Since the chemical procedure used was designed 
to remove magnesium thoroughly from the radio- 
aluminum, the Mg x-ray provides additional proof of 
the importance of electron capture in the disintegration 
of Al**, 


3. K-Shell Fluorescence Yields of Magnesium 
and Aluminum 


Table IV contains an analysis of the spectra of Figs. 
7 and 8, under the assumption that the Mg x-ray can 
result only from electron capture in Al**. The absolute 
x-ray emission rates for Mg and Al were computed 
from the counting rates in the peaks in Fig. 8 above 
the dashed line, which represents the continuum 
caused mainly by positrons. The absolute total Auger- 
electron emission rate was obtained by dividing the 
area under the peak of Fig. 7 which was removed by 
absorbers (261+6 counts min™') by the geometry 
factor (0.50+0.05), and this was partitioned between 
the two elements as indicated in the table and footnotes. 

The K-shell fluorescence yield of Mg and Al can be 
computed as the ratio of the absolute K x-ray emission 
rate to the absolute K-shell vacancy production rate 
for the respective element. The resulting values are 


Mg: 
Al: 0.008+0.003. 


0.008+0.003, 


The indicated uncertainties are standard deviations 
and result from the standard deviations of the total 
net x-ray counts (taken as the square root of the sum 
of the total counts in the peak and the total interpolated 
counts in the background) and the uncertainty in the 
film thickness (determined by weighing several films). 





DISINTEGRATION 


SCHEME OF 


LONG-LIVED AlI1?é& 


TABLE IV. Analysis of x-ray and Auger-electron spectra of Al? source. 


Element 





Area under x-ray peak (counts min!) _ vals 
Thickness of film covering source (ug cm™) 


Absorber mass absorption coefficient (cm? mg™) 


Absorber thickness in x-ray mean free paths, T 
Sample thickness (ug cm™*) 

Sample mass absorption coefficient (cm? mg™) 
Sample thickness in x-ray mean free paths, ¢ 
Emission factor, f(t,T) 

Geometry factor 

K-x-ray emission rate (min) 

K-electron vacancy rate (min™') 

K-shell Auger-electron emission rate (min™') 
K-shell fluorescence yield 


Mg Al 
0.45 +0.09 
168+ 28 
1.9188 
0.32 
35> 
1.384" 
0.048 
0.43¢ 
0.50 
2.2 +0.8 
286+424 
284+42 
0.008 +0.003 


0.51 +0.08 
168+28 

1.188* 

0.20 
35> 

0.9258 

0.032 

0.55¢ 

0.50 

1.9 +0.6 
240+67! 
238+67° 

0.008+0.003 


* Computed from data in Handbook of Chemistry and Physics (Chemical Rubber Publishing Company, Cleveland, Ohio, 1953), thirty-fifth edition, p. 2398. 


>’ Computed from the known amount of Al2Os; in and the estimated area of the sample. 

© Computed with an equation given by G. I. Mulholland, Atomic Energy Commission Document N YO-3228, 1953 (unpublished). 

4 Obtained by multiplying the positron emission rate (1747 +26 min!) by the ratio of electron capture to positron emission (0,182 +0.026) and by the 
fraction of the captures which occur in the K-shell (0.90+0.03, see Table II, footnote c). 

¢ The difference between the total Auger-electron emission rate (522+52 min~) and the calculated Mg Auger-electron emission rate. 


{ The sum of the K-Auger-electron and K-x-ray emission rates. 


The value obtained for the K-shell fluorescence yield 
of Mg is in fair agreement with an experimental value 
0.013 of Haas.** No experimental value for aluminum 
has been reported previously. The equation of Arends,** 


Wx=0.957Z4/ (0.9847 X 10°+ 2%), 


is said*’ to give the best fit to the data of all equations 
proposed. This yields 0.020 for Mg and 0.027 for Al. 


Both calculated values are significantly greater than 
our experimental values. 


35 M. Haas, Ann. Physik 16, 473 (1933). 
36 E. Arends, Ann. Physik 22, 281 (1935). 
37 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
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Two resonances in the reaction C'(a,y)O"* have been studied at laboratory alpha-particle energies of 
1.142+0.010 and 1.790+0.010 Mev. These correspond to excited states in O'8 at 7.127 and 7.630 Mev. 
At the upper resonance only two primary transitions are observed leading to the ground state of O'* and 
the first excited state at 1.98 Mev. Their angular distributions along with other evidence unambiguously 
establish spins and parities of 1— for the 7.63-Mev state, 2+ for the 1.98-Mev state, and 0+ for the ground 
state. Values of y=IgI’y/T of 80 and 160 millielectron volts, respectively, are obtained for the 7.63- and 
5.65-Mev F1 primary transitions. At the lower resonance again only two primary transitions are observed 
leading to levels in O"* at 1.98 and 3.55 Mev. Greater than 96% of the decays of the 3.55-Mev level lead 
to the 1.98-Mev level. Analysis of the angular distributions of the four gamma rays observed in the direct 
spectrum at this resonance, with respect to the incident beam, unambiguously establish spin and parity 
of 4+ to both the capturing state at 7.13 Mev and the level at 3.55 Mev. Values of y of 15 and 12 milli- 
electron volts, respectively, are obtained for the 3.58-Mev M1 and the 5.15-Mev £2 primary transitions. 
The amount of £2 mixing in the former transition is very small. 


INTRODUCTION 


ECAUSE of its relevance as a test of both the shell 

and collective models, the nucleus O'* has received 
considerable experimental attention in the last few 
years in a number of laboratories.' Recently the 
elastic scattering of alpha particles in the energy range 
from 2 to 4 Mev by C" has been investigated* at a 
number of angles. A number of resonances were observed 
to some of which it was possible to assign spins and 
parities. Simultaneously with the work reported in this 
paper Phillips‘ investigated two reasonances in the 
reaction C'(a,y)O"* at alpha-particle energies of 1.794 
and 2.334 Mev. He found that both of these gave rise 
to primary transitions to the ground state and first 
excited state of O'* at 1.98 Mev. Angular-distribution 
measurements established spins and parities of 1— for 
the two resonances and, along with other evidence, 
2+ and 0+, respectively, to the first excited state and 
ground state of O'*. 

The availability of C'* targets employed on previous 
experiments® and the considerable work done at Chalk 
River® on F'*, the 7,=0 member of the isobaric triplet 
which includes O'*, added impetus to the investigation 
of C#(a,y7)O"*. The spin of 0 for both C" and the alpha 
particle make it probable that the experimental results 
will be uniquely interpretable. 

1K. Ahnlund, Arkiv Fysik 8, 489 (1954); and Phys. Rev. 96, 
999 (1954); D. R. Bach and P. V. C. Hough, Phys. Rev. 102, 
1341 (1956); N. Jarmie, Phys. Rev. 104, 1683 (1956). 

2Q. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305 
(1957). 

3J. M. Weinman and E. A. Silverstein, Phys. Rev. 111, 277 
(1958). 

4*W. R. Phillips, Phys. Rev. 110, 1408 (1958). 

5 Bartholomew, Brown, Gove, Litherland, and Paul, Can. J. 
Phys. 33, 441 (1955). 

®Kuehner, Almqvist, and Bromley, Bull. Am. Phys. Soc. 
Ser. II, 3, 27 (1958); Almqvist, Bromley, and Kuehner, Bull. Am. 
Phys. Soc. Ser. II, 3, 27 (1958); Bromley, Kuehner, and Almqvist, 
Bull. Am. Phys. Soc. Ser. II, 3, 27 (1958): (to be published). 


EXPERIMENTAL APPARATUS 


The alpha-particle beam from the Chalk River Van 
de Graaff generator stabilized to about 0.1% was 
focused on an elemental carbon target containing about 
25% of C6 The carbon target was deposited on a 0.02- 
inch thick tantalum backing and beam currents up to 
about 20 microamperes were employed. The target was 
about 50 kev thick for 1-Mev protons. For 1.13- and 
1.79-Mev alpha particles its thickness can be calculated 
to be approximately 400 and 500 kev, respectively. As 
a consequence, in this experiment the target was 
essentially infinitely thick. 

The gamma rays were measured in two 35-inch diam- 
eter by 4-inch long NalI(TI) crystals viewed by 6364 
Dumont photomultipliers. After amplification the 
pulses could be displayed either on a 30-channel pulse 
amplitude analyzer or a 100-channel transistorized 
“kicksorter’”’? with automatic print-out. A standard 
fast-slow coincidence circuit® with a resolving time of 
about 50 millimicroseconds was employed for coin- 
cidence measurements. For angular-distribution meas- 
urements one crystal was rotated from 0° to 90° to the 
direction of the incident alpha-particle beam. 


EXPERIMENTAL RESULTS 


The yield of gamma rays was measured for alpha- 
particle energies between about 1.3 and 2.0 Mev by 
recording pulses from one of the detectors in the range 
corresponding to gamma-ray energies between 3.6 and 
7.9 Mev as a function of alpha-particle energy. The 
results are illustrated in Fig. 1. The absolute energy of 
the alpha particles was established in another experi- 
ment® where the N'*(a,y)F'® reaction was investigated 

7 Designed by F. S. Goulding, Physics Division, Atomic Energy 


of Canada Limited, Chalk River, Ontario, Canada. 
5 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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at a resonance at 1.530+0.003.° Of the three resonances 
observed only that at 1.790-+-0.010 Mev was due to 
C'*(a,y)O"8. This resonance has also been observed 
independently by Phillips‘ at an energy of 1.794+-0.006 
Mev. Two other resonances were observed at 1.50 and 
1.63 Mev. Both the values of the resonance energies 
and the gamma spectra strongly suggest that they are 
due to the reaction B"(a,py)C™. It is interesting to note 
that they were also observed by Phillips.‘ 

Since the target was thick it was possible to detect 
the presence of a lower energy resonance for the 
reaction C'(a,y)O'® by measuring the gamma-ray 
spectrum below the 1.79-Mev resonance. It was found 
at an energy of 1.142+0.010 Mev. Figure 1 shows the 
yield of pulses corresponding to gamma-ray energies 
between 3.1 and 4.3 Mev in the vicinity of this new 
resonance. 

The rise in gamma-ray yield above the 1.79-Mev 
resonance is not completely understood. It may be due 
to the effect of neutrons from the reaction C"(a,n)O'* 
which has been shown" to rise rapidly in this region of 
energy. On the other hand, no step in the yield was 
observed corresponding to the narrow 1.338-Mev reso- 
nance from this reaction. However, since all the meas- 
urements to be described were made just below and 
just above the two steps observed at 1.14 and 1.79 Mev, 
the effects of other reactions could be essentially 
eliminated. 

The direct gamma-ray pulse spectrum measured at 
the 1.79-Mev resonance (corresponding to a level in O'8 
at 7.63 Mev) is shown in the upper half of Fig. 2. For 
this measurement the detector was positioned at 90° 
to the alpha-particle beam with the front face of the 
crystal 6.2 inches from the target center. The spectrum 
was measured just above and just below the rise in the 
yield at this resonance for the same total charge inter- 
cepted by the target. In cases where these two runs 
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Fic. 1. The yield of gamma rays from the reaction C(ay)O!8. 
For alpha energies between 1.3- and 2.0-Mev voltage pulses from 
the detector in the range corresponding to gamma-ray energies 
between 3.6 and 7.9 Mev were recorded. For the lower resonance 
at Eg=1.14 Mev the detector pulses corresponded to gamma rays 
between 3.1 and 4.3 Mev. 

*P. C. Price, Proc. Phys. Soc. (London) 48, 553 (1955). 

1 Walton, Clement, and Boreli, Phys. Rev. 107, 1065 (1957). 
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Fic. 2. In the upper half of the figure the direct gamma-ray 
spectrum measured at the 1.79-Mev resonance in the C'(ay)O!8 
reaction is shown. This resonance corresponds to a level at 7.63 
Mev in O'8. The two lower curves are the angular distributions 
of the 7.63- and 5.65-Mev gamma rays with respect to the incident 
alpha-particle beam. 


took different times an appropriate correction was made 
for gamma-ray background measured with the accel- 
erator turned off. The final spectrum was obtained by 


subtracting the spectrum measured below the resonance 
from that measured above. This procedure was followed 
at a number of angles between the counter and the beam 
direction from 0° to 90°. At this resonance only three 
gamma rays are observed with energies of 7.63, 5.65, 
and 1.98 Mev. Coincidence measurements established 
the obvious fact that the 1.98- and 5.65-Mev gamma 
rays were members of a cascade. The 7.63- and 5.65- 
Mev gamma rays are interpreted as primaries to the 
ground state and first excited state at 1.98 Mev of O'*. 
There is evidence for a gamma ray with a peak in 
channel 32 in the spectrum shown in Fig. 2. This corre- 
sponds to an energy of about 3.2 Mev. If this were one 
member of a cascade from this resonance, the other 
member would have an energy of about 4.4 Mev and 
would be effectively obscured by the second escape 
peak of the 5.65-Mev gamma ray. No level is known 
at 3.2 Mev in O'* but the work of Jarmie' would not 
exclude the possibility of a level at 4.4 Mev. On the 
other hand, a gamma ray of about 3.2 Mev could arise 
due to imperfect subtraction of the effect of the B'(a,py) 
reaction. No such gamma ray was observed by Phillips.‘ 
He used much smaller NaI (Tl) crystals for gamma-ray 
detectors and this would make the observation of weak 
3-Mev gamma rays somewhat more difficult. From the 
spectrum measurements as a function of angle the 
angular distributions of the 7.63- and 5.65-Mev gamma 
rays were obtained and are shown in the lower half of 
Fig. 2. They were fitted by the method of least squares 
to the expression W(@)=ao+a2P. on the Chalk River 
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_ Taste I. Coefficients in the expansion W (6) =2, adnPn(cosé) 

fitted by the method of least squares to the experimentally 

measured direct correlations. 

Gamma ray 
energy 
(Mev) 


7.63* 
5.65* 
5.15 
3.58> 
1.98» ¢ 
1.57 


Resonance 
energy 


(Mev) 


Angular distribution coefficients 
a4/ao*® 


a2/ao4 


—0.83340.116 
—0.051+0.044 
+0.511+0.075 
+0.411+0.053 
+0.446+0.074 
+0.385+0.071 


1.790 


—0.350+0.081 
—0.071+0.064 
—0.269+0.089 
—0.144+0.088 


1.142 


* Here the fit was made to W(@) =a0+a2P2(cos@). 

> Here the fit was made to W(@) =a0 +-a2P2(cos@) +a4P4(cos#). 

¢A second measurement of this distribution gave a2/ao =0.414 +0.099 
and as/ao = —0.164+0.124. 

4 To correct for finite solid angle, multiply these values by 1.09. 

© To correct for finite solid angle, multiply these values by 1.33. 


Datatron computer and the coefficients are listed in 
Table I. These coefficients must be corrected for 
finite solid angle for the geometry employed" using the 
method of Rose.'?:'* When this is done the d2/ dp coeffi- 
cient for the distribution of the 7.63-Mev gamma ray 
becomes —0.91+0.13. Assuming that C', O'8, and the 
alpha particle have spin zero and even parity for their 
ground state, this correlation is consistent only with a 
spin and parity of 1— for the 7.63-Mev level in O'*. For 
such a case theory predicts W (6)=1— P2(cos@). 

With the assignment 1— established for the capturing 
state at 7.63 Mev, the corrected angular distribution 
of the gamma-ray transition to the first excited state 
at 1.98 Mev [1—(0.056+0.048) P2(cos@) | establishes 
its assignment to be 2+ for which theory predicts 
1—0.1P2(cos@). If the 1.98-Mev level were 1+, the 
angular distribution of the gamma ray transition from 
the 1— capturing state would be 1+0.5P2(cos@). One 
cannot rule out the possibility of 1— for the 1.98-Mev 
level since a suitable M1-#2 mixture would give rise to 
the observed distribution, but such an assignment is 
unlikely. The angular distribution of the 1.98-Mev 
gamma ray was not measured. It is theoretically 
expected to be 1+0.5P2. 

The branching ratio for the 7.63-Mev level is ob- 
tained by measuring the total number of pulses in the 
spectrum of Fig. 2 of magnitude greater than that corre- 
sponding to gamma rays of energy /£,—1.02 Mev, 
where F, is the energy of the gamma ray in question 
(in this case the 7.63- and 5.65-Mev primaries). These 
numbers are then corrected for the corresponding 
efficiencies employing the curve shown in Fig. 3. 
These curves were measured using a number of 
sources of gamma rays both radioactive and induced 

4H. E. Gove and A. R. Rutledge, Chalk River Report CRP- 
755, 1958 (unpublished). 

2M. E. Rose, Phys. Rev. 91, 610 (1953). 

8 This overestimates the correction because only the highest 
energy portion of the spectrum was used in the angular 
distribution. 

‘The measurements were made in collaboration with E. 
Almqvist, D. A. Bromley, A. J. Ferguson, and J. A. Kuehner. 


Figure 3 supplants Fig. 2 of A. E. Litherland et al., Phys. Rev. 
102, 208 (1956), which is in error beyond 3 Mev. 
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by (He*,p) and (p,y) reactions as indicated by the 
labels. Finally a correction is made for the measured 
angular distributions. The resulting branching ratio is 
33:67 for the intensity of 7.62- to 5.65-Mev gamma 
rays. Phillips also obtains this ratio.‘ 


The quantity 
i 
r ’ 


where J, Jo, and i are the total angular momentum of 
the capturing state, the target nucleus, and the incident 
particle (1, 0, and 0, respectively, in this case), was 
measured for the ground-state gamma transition by 
comparing the step in the thick-target yield at this 
1.79-Mev resonance with that for the 10.7-Mev ground- 
state transition in the reaction C'*(p,7) at the 0.537-Mev 
resonance® using the same target and experimental 
arrangement. In the calculation it was assumed that the 
target was 25% C™ and that the stopping power of 
1.79-Mev alpha particles was four times the value for 
protons of one quarter the energy. Taking the latter 
value from Allison and Warshaw," one obtains 35 XK 10-"® 
ev cm? per atom for 1.78-Mev alpha particles in carbon. 
The value of wy so obtained was 0.24 ev and hence 
y=T..J',/T=0.08 ev for the 7.63-Mev gamma transition. 
The value obtained by Phillips* was 0.12 ev. Branching 
ratios and values of y for this resonance are given in 
Table II. 

Turning now to the lower energy resonance at 1.14 
Mev (corresponding to a level in O'* at 7.13 Mev), the 
direct gamma-ray pulse spectrum using the on-off reso- 
nance method described above is shown in the upper 
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Fic. 3. Percent efficiency as a function of gamma-ray energy 
for a 5-inch diameter by 4-inch long Nal(TI) crystal with its 
front face 6.2 inches from the target center. The upper curve 
applies when all pulses greater than the voltage corresponding 
to E,—1.02 Mev are counted. The lower curve applies when 
only pulses in the total absorption peak are counted. Each point 
is labelled by the radioisotope or reaction employed to make the 
efficiency measurement. 

16S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). Curves of proton stopping power are contained in 
the chapter “Resonance Reactions—Experimental”, by H. E. 
Gove of the book Nuclear Reactions, edited by M. Demeur and 
P. M. Endt [North-Holland Publishing Company, Amsterdam 
(to be published) J. 
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TABLE II. Gamma-ray branching ratios and values 
of y=I,.I',/T for levels in O'*. 








Excitation energy (Mev) 
Initial state Final state 


Branching 
ratio (%) 


7.63 0 33 79 
1.98 67 158 


¥ 
(10-3 ev) 





7.13 1.98 12 


3.55 : 15 
3.55 0 


half of Fig. 4. In this case four gamma rays are observed 
with energies 5.15, 3.58, 1.98, and 1.57 Mev. No 
evidence for a direct 7.12-Mev transition to the ground 
state was observed and an upper limit of about 10% 
of the 5.15-Mev transition can be set for its intensity. 
Measurements to be described below established that 
the 3.58-Mev gamma rays were in coincidence with 
both the 1.98- and the 1.57-Mev gamma rays. The most 
reasonable interpretation of these results is that the 
5.15- and 3.58-Mev gamma rays are primaries leading 
to states in O'8 at 1.98 and 3.55 Mev, respectively. The 
3.55-Mev state decays by a cascade through the 1.98- 
Mev state giving rise to the observed 1.57-Mev gamma 
ray. One cannot exclude the possibility that the triple 
cascade involving the 3.58-, 1.57-, and 1.98-Mev gamma 
rays takes place in some other sequence. 


As before, the angular distributions of these four 
gamma rays with respect to the incident alpha-particle 
beam were obtained by measuring the direct spectrum 
on and just below resonance at a series of angles 
between 0° and 90°. Because the 1.46-Mev gamma ray 
arising from the decay of K* is a particularly trouble- 
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Fic. 4. In the upper half of the figure the direct gamma-ray 
spectrum measured at the 1.14-Mev resonance in the C!(ay)O!8 
reaction is shown. This resonance corresponds to a level at 7.13 
Mev in O'8. The four lower curves are the angular distributions 
with respect to the incident alpha-particle beam of the four 
gamma rays observed in the direct spectrum. 
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some background and because it is close enough in 
energy to the 1.57-Mev gamma ray so that the two are 
not completely resolved, it was necessary to take special 
precautions to shield the moving crystal from the con- 
crete walls and ceilings of the target room. Three inches 
of lead shielding completely surrounded the crystal 
and a special collimator was added between the target 
and crystal front face, which, although not changing 
the solid angle subtended at the source, considerably 
reduced the area of walls and ceilings viewed directly 
by the crystal. Despite this, the K* gamma ray was 
still about equal in intensity to the 1.57-Mev gamma 
ray on resonance and a rather large off-resonance sub- 
traction was required. Fortunately the angular distri- 
bution of the 1.57-Mev gamma ray was in no way 
crucial to the arguments leading to spin assignments at 
this resonance. The measured angular distributions are 
shown in the lower part of Fig. 4 and the coefficients 
obtained by fitting the data to a Legendre-polynomial 
distribution by a least-squares procedure are listed in 
Table I. As indicated in the table, the angular distribu- 
tion of the 1.98-Mev gamma ray was measured twice 
and the two sets of coefficients agree within the errors. 
The errors are obtained assuming equal statistical 
weights for each point on the angular distribution. 
Since the interpretation'® of these angular distribu- 
tion results is considerably more involved than for the 
higher resonance, it will be deferred to the appendix of 
the paper. In summary, the angular distribution of the 
5.15-Mev gamma rays permits the capturing state at 
7.13 Mev to be either 4+ or 2+. The angular distribu- 
tion of the 3.58-Mev gamma rays permits the states 
at 7.13 and 3.55 Mev to be 44+ and 44, or 2+ and 2+, 
or 2+ and 3+. The angular distribution of the 1.57- 
Mev gamma rays is consistent with any of these three 
combinations. The angular distribution of the 1.98-Mev 
gamma rays is consistent only with the first possibility 
of 4+ for both the 7.13-Mev and 3.55-Mev states in O%, 
The 5.15-Mev gamma ray transition between the 7.13- 
and 1.98-Mev states is then pure £2 and the 3.58-Mev 
transition from the 7.13- to the 3.55-Mev level is an 
M1-E2 mixture. However, as shown in the appendix 
the £2 to M1 amplitude ratio for this latter transition 
is quite small (—0.04 to —0.14) and hence it is prac- 
tically pure M1. The assignment of 4+ to the 3.55-Mev 
level is in agreement with the conclusions of Bilaniuk 
and Hough? based on the angular distribution of protons 
leading to this state from the O!"(d,p)O"* reaction. 
Assuming that the 3.58-Mev gamma ray is a primary 
leading to the 3.55-Mev level in O'8, it was necessary to 
determine whether this level decayed directly to the 
ground state. The gamma ray from such a decay is 
essentially indistinguishable from one of energy 3.58 


16 The authors are indebted to W. T. Sharp, Physics Division, 
Atomic Energy of Canada Limited, Chalk River, Ontario, 
Canada for advice on this point. The notation employed is 
described by Sharp, Kennedy, Sears, and Hoyle, in the Chalk 
River Report CRT-556, 1954 (unpublished). 
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Mev and hence would not be revealed in the direct 
spectrum. For this measurement the two detectors 
were set with their front faces 6.2 inches from the 
target center. A voltage window was set to include the 
pulses in the total absorption and first escape peak of 
3.58-Mev gamma rays from one detector (crystal A) 
while the spectrum of pulses in coincidence with these 
was measured in the other (crystal B). The same 
measurement was made for three different geometries 
(A at 120°, B at 90°; A at 90°, B at 90°; A at 90°, B 
at 0°, where the angles for crystal A are on one side of 
the beam and for B on the other) in order to average 
over angular-correlation effects. No measurements were 
made with one of the detectors moved out of the plane 
containing the beam axis and the other detector, so that 
complete averaging was not obtained. The three coin- 
cidence spectra were added together and are shown in 
Fig. 5. As can be seen, there is no evidence for a 3.55- 
Mev gamma ray and an upper limit on its intensity 
compared to the 1.57-Mev gamma ray is 4%. 

The gamma-ray branching ratio of this 7.13-Mev 
level in O'* was obtained by measuring the total number 
of pulses in the total absorption peaks of the 5.15- and 
3.58-Mev gamma rays of Fig. 4 and then applying 
corrections for the measured angular distributions and 
for crystal efficiency. In this case the lower curve of 
Fig. 3 is used. The branching ratio so obtained is 44:56 
for the intensity of the 5.15- to 3.58-Mev gamma rays. 
As for the higher resonances, values of wy were ob- 
tained for the two primary gamma transitions for this 
1.13-Mev resonance. As will be demonstrated in the 
appendix, the spin and parity for this resonance is 
4+ yielding a value of nine for 


2J+1 
Qq=e-— carat - _" 
(279+1)(2i+1) 
and using this the value obtained for y for the 5.15- and 
3.58-Mev gamma transitions are 12 10~* and 15x 107% 


140¢ 
Ea=1.14 Mev 
GAMMA SPECTRUM 
IN COINCIDENCE WITH 
3.58 Mev GAMMA RAYS 


—~—~- 7.13 


120 


3.56 5/5 


COUNTS PER CHANNEL 


CHANNEL NUMBER 


Fic. 5. Gamma-ray spectrum in coincidence with the 3.58 Mev 
gamma rays of Fig. 4 measured at the 1.14-Mev resonance. The 
figure insets show the decay scheme. The absence of a crossover 
gamma ray of 3.55 Mev energy permits the branching ratio 
shown in the second inset to be established. 
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Fic. 6. Energy level diagram of O'* showing the gamma rays 
studied. The gamma-ray branching ratios are shown as well as 
spin and parity assignments. 


ev, respectively. These results are summarized in 
Table IT. 


DISCUSSION OF TRANSITION PROBABILITIES 


The results of the experiments described in this paper 
are summarized in the energy level diagram shown in 
Fig. 6. In the one gamma transition shown on this 
diagram in which an M1-E2 mixture is possible, namely, 
the 4+ to 4+ transition of energy 3.58 Mev between 
the 7.13- and 3.55-Mev levels the amplitude ratio of 
£2 to M1 is —0.04 to —0.14 or practically pure M1. 
Hence all the gamma transitions observed are pure 
multipoles, two being £1, one M1, and three £2. 
It is of interest to compare the transition probabilities 
with others found in light nuclei. Such a compari- 
son is greatly facilitated by the recent compilation 
and interpretation of electromagnetic transitions by 
Wilkinson." 

At the 1— resonance at 1.79 Mev corresponding to 
a level in O'8 at 7.63 Mev, two £1 transitions are ob- 
served leading to the ground and first excited state 
with values of y=I,.I',/f' equal to 79X10~ and 158 
x 10-* ev, respectively. From arguments given below, 
it is probably safe to assume that the alpha-particle 
partial width I, at this resonance considerably exceeds 
the partial gamma widths I',. Hence y=I', to a good 
approximation. The ratio of I, to the £1 Weisskopf 
unit defined by Wilkinson" is listed as | M|? in Table 

17D. H. Wilkinson, Proceedings of the Rehovoth Conference on 


Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub- 
lishing Company, Amsterdam, 1958). 
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TaBLe III. Comparison between partial gamma-ray widths in O'* and Weisskopf values. | M |? is the ratio of the observed partial gamma- 
ray width to the Weisskopf unit as defined by Wilkinson (reference 15). In the last column, I’, is in ev and Ey in Mev. 


Final state 
Energy 
(Mev) 


Initial state 
Energy 
(Mev) 


Ey Type of 
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El 
El 
M1 
E2 
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7.63 
7.63 
7.13 
7.13 
743 


i- 0 

1— 1.98 
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4+ 1.98 
4+ 3.55 
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III, as well as the value of I',/£,’, where I’, is in units 
of electron volts and /, in Mev. On the basis of Wilkin- 
son’s compilation,'’ he has concluded that if the quantity 
l',/E,’ for a dipole transition is less than 4X 10~ it is 
very probably M1 unless it is an isotopic-spin-forbidden 
F1. In this case all the levels involved in O'8 have T=1 
and the ground-state transition violates the rule. No 
explanation readily presents itself to account for the 
slowness of these #1 transitions. The other 1— level at 
8.05 Mev investigated by Phillipst has almost identical 
transition probabilities to this 7.63-Mev level so that 
all four of the known F1 transitions in O'* are con- 
siderably slower than other allowed £1 transitions in 
light nuclei. 

At the 4+ resonance at 1.14 Mev corresponding to a 
level in O'8 at 7.13 Mev, an £2 transition and an M1-£2 
mixture which is practically pure M1 are observed. In 
this case it is not possible to conclude that T.>T, 
since the resonance is formed by g-wave alpha particles. 
The single-particle limit for this will be discussed below. 
Hence the measured values of y=I.l',/I’ can only be 
taken as lower limits to the partial gamma widths and 
are so listed in Table III. Both | M{? and T,/£,’ for 
the M1 transition are consistent with the mean values 
obtained in light nuclei by Wilkinson.!7 The pure £2 
transition (4+ to 2+) has |M{?>0.59 which is about 
the average value for #2 transitions, indicating some 
collective enhancement. The /2 part of the M1-£2 
mixture (4+ — 4+), on the other hand, has | M \?>7 
X10-* to 9X10~*, where the two limits correspond to 
the limits on the £2-M1 amplitude ratios of —0,04 to 
—0.14 and is weak by comparison with other £2 transi- 
tions in this region of atomic weight. 

In order to compute reduced widths for alpha 
particles, some estimate of radius must be made for 
the interaction between a target nucleus A and an 
alpha particle. One such estimate can be made from 
the results of elastic scattering of alpha particles'® in 
which the sharp cutoff model of Blair’ is used to 
obtain the interaction radius. The radius obtained in 
this way can be written!® 


Raa= (1.4144 !+ 2.190) X 10- cm, 


and over a wide range of target elements of atomic 
18 Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
19 J. S. Blair, Phys. Rev. 108, 827 (1957), 


radiation 


'y/Ey 

1.8X10~ 

8.8X10~ 
>3.3X10-4 


number A ranging from Ne to Pu the deviations from 
this expression are generally less than 1%. For C“+a 
this gives R4g=5.6X10-" cm. 

If one then defines the single-particle limit as follows: 


720 
ryr=—— —, 


Rag A? 


where 4 ;”/2p is related to Coulomb penetrability func- 
tions,”” uw is the reduced mass, and Ry, is taken to be 
5.6X10-' cm, a value of about 20 kev is obtained for 
the 1— resonance at 1.79 Mev and 0.57 ev for the 4+ 
resonance at 1.14 Mev. Hence, even if the total width 
of the 1— resonance were a small fraction of the single- 
particle limit, it would still be large compared to the 
measured total y=0.237 ev, and hence it seems reason- 
able to assume that it is I, which is being measured. 
On the other hand, for the 4+ resonance the measured 
total y is 0.027 ev and this is only about 20 times 
smaller than the single-particle limit; hence one can 
only assume that the ratio of the actual alpha width 
of this level to the single-particle limit is greater than 
0.05. This lower limit corresponds to the average value 
for allowed alpha transitions compiled by Wilkinson,!” 
where an interaction radius of the form 


Riac= 1.45(A i+43)x 10 3 cm, 


was employed.” This gives a value of 5.8 10~ cm for 
C'+a, which is very close to the value used in these 
calculations. 

Thus the 4+ state at 7.13 Mev in O" is characterized 
by a width for formation by alpha particles which is 
equal to or exceeds the average value for allowed alpha 
transitions in light nuclei and a width for emission of 
F2 radiation to the first excited state of O'* which also 
equals or exceeds the values found for other light 
nuclei, while the 1— state at 7.63 Mev decays by £1 
emission with much lower than average probability. 
The results for the 7.63-Mev state are in agreement with 
those of Phillips and are almost identical to those he 
obtained for a higher 1— resonance corresponding to a 
level in O'8 at 8.05 Mev. 

2 Sharp, Gove, and Paul, Chalk River Report TPI-70, 1955 


(unpublished). 
21—D, H. Wilkinson (private communication), 
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COMPARISON WITH NUCLEAR MODELS 


The nuclear shell model has been applied to mass-18 
nuclei by Redlich® and by Elliott and Flowers.* 
Redlich has assumed a scalar Gaussian interaction 
between the two nucleons outside the O'* core, while 
Elliott and Flowers use a Yukawa potential. In both 
cases all configurations involving those binary products 
of dy, d;, and s,; which give the correct J and T for a 
level are allowed. In neither case do the level positions 
give particularly good agreement with those observed 
experimentally in O'*. However, Bilaniuk and Hough? 
have obtained rather good agreement between the 
wave function coefficients predicted by Redlich® and 
the values obtained by extracting reduced stripping 
widths from the experimental data. 

It has been pointed out by Elliott,?* however, that 
the introduction of surface particle coupling of a similar 
magnitude to that required to explain®™ the 2 lifetime 
of the 197-kev level in F"® has a rather profound effect 
on the level spacings in O'* while in F"® the effect is 
quite small. He finds, qualitatively, that it is possible 
to obtain the following states in O'*: E(0+), 0 Mev; 
E(2+), 2.0 Mev; E(4+), 3.5 Mev; E(0+), 3.9 Mev; 
and £(2+), 4.3 Mev by using V.=40 Mev and a value 
of the surface particle coupling parameter compatible 
with the value required for F'°.“ To test this idea, it 
would be of considerable interest to measure the spin 
of the known level in O'* at 3.93 Mev and to search for 
a possible level in O'* near 4.4 Mev. 

The enhanced £2 transition probability for the 
transition between the 7.13-Mev and 1.98-Mev levels 
in O'* and the fact that the alpha-particle width equals 
or exceeds the average values for allowed alpha transi- 
tions in light nuclei might suggest some connection 
between the 4+ level at 7.13 Mev and the 0+ ground 
state and 2+ first excited state of O'*. Using the J (J+1) 
rule for level spacings given by the strong-coupling 
collective model,” the 4+ state associated with the 
ground-state band would lie at an excitation 6.6 Mev. 
A comparison of the energy positions of 2+ first 
excited states in even-even nuclei in this region of mass 
number suggests that O'8, Ne”, and Mg* are the most 
distorted nuclei in the region. Evidence that nuclei of 
mass 25 and 24 are reasonably well explained on the 
strong-coupling collective model is surprisingly strong.”® 
Similar evidence exists for F'’.27 It is, therefore, of some 
interest to make a similar comparison for O'*. 

If the potential energy as a function of distortion is 
computed for elements in the d shell beyond O'* using 

2M. G. Redlich, Phys. Rev. 95, 448 (1954); Phys. Rev. 110, 
468 (1958), and private communication. 

% J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

* J. P. Elliott (private communication). 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

26 Litherland, McManus, Paul, Bromley, and Gove, Can. J. 


Phys. 36, 378 (1958). 
27 FE. B. Paul, Phil. Mag. 2, 311 (1957). 
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the Nilsson eigenvalues,”* prolate distortions are found 
to be most stable until the region of mass 29. In pre- 
vious calculations prolate distortions have been found to 
give agreement with experiment for F'’,?’ Al, Mg®,?6 
and Al*’,® while some evidence for an oblate shape 
exists for Si?*.8° The observed*! negative quadrupole 
moment of O' of —0.026 barn is not necessarily evi- 
dence for an oblate shape since one would expect the 
odd neutron to be in Nilsson’s orbit 6 (ds, K=}). In 
this case, for values of the decoupling parameter >4, 
the J=§ level lies below 7=}, and under these condi- 
tions the observed quadrupole moment has the opposite 
sign to that of the intrinsic quadrupole moment.” The 
computed value of the decoupling parameter using 
Nilsson’s wave functions varies from about 2 to 3 and 
suggests that the condition is very close to being 
fulfilled. 

If a prolate distortion is assumed for O'*, the two 
neutrons outside the closed O'* shell would lie in the 
Nilsson orbit 6 (ds, K=4) in the ground state and would 
have K=0. This might account for the levels 0 Mev 
(0+), 1.98 Mev (2+), and 7.13 Mev (4+). The next 
higher intrinsic configuration could come from one 
neutron moving to the next orbit number 7 (ds, K=3). 
In this case two bands could be formed with K=1 and 
K=2. If all levels below 4 Mev have been observed, 
the 4+ state at 3.55 Mev must belong to one of the 
bands and must have been shifted by rotational particle 
coupling. However, no reasonable set of parameters 
has been found to fit such a low excitation for this 4+ 
level. If both neutrons are promoted to the (ds, K=}) 
orbit, the combination can produce only another K=0 
band without violating the exclusion principle. This 
would not mix, to first order, with the ground-state 
band and, thus, cannot explain the low-lying 4+ level 
at 3.55 Mev. This evidence rather conclusively argues 
against the strong-coupling collective model for O'. 

Elliott has recently been considering collective motion 
in the nuclear shell model.** He has shown that the 
orbital wave functions in L-S coupling for a number of 
nucleons in a degenerate level of an oscillator potential 
can be classified in representations labelled by a pair 
of integers (Au) and has demonstrated that for nuclei 
of mass 18, 19, and 20 the wave functions so defined 
had a greater than 90% overlap with those resulting 
from standard shell-model calculations. Each repre- 
sentation (Aw) contains a set of states with different 
values of the total orbital momentum L (for the 
low lying levels of O'* only singlet states are involved 
and L=J). These values are precisely those obtained 

*6S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

2° R. K. Sheline, Nuclear Phys. 2, 382 (1956/57). 

® Bromley, Gove, and Litherland, Can. J. Phys. 35, 1057 (1957). 
oe J. Stevenson and C. H. Townes, Phys. Rev. 107, 635 

® K. Alder (private communication). 


% J. P. Elliott, Proc. Roy. Soc. (London) A245, 128 (1958), 
Part I and Proc. Roy. Soc. (London) A245, 562 (1958), Part IT. 





STUDY \ OF LEVELS 


for a series of rotational bands but cut off at some upper 
limit. Each band can be assigned a value of K given by 


K=min(Au), min(Au)—2, ---1 or 0. 


The values of Z (or J in this case) which are permitted 
for each band are 


L=K, K+1, K+2, ---[K+max(Ay) ]. 


In the case of O'* the three lowest representations (Au) 
are (40), (02), and (21) in increasing order of excita- 
tion. This gives rise to three bands in O'8; K=0 with 
J=0, 2 and 4; K=0 with J/=0, and 2; and K=1 with 
J=1 and 2. Although the present status of the calcula- 
tions is such that the relative spacings between bands 
and spacings of levels within a band cannot be estimated 
with any exactitude, the spins of the 3.93-Mev level 
and higher levels, if measured, would provide a test of 
the theory. 

In conclusion, it is evident that nuclei of mass 18 
are of considerable interest at present. It would be useful 
to obtain more experimental information about levels 
in O'8, and this will probably involve reactions other 
than C'(a,y). 
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APPENDIX. SPIN AND PARITY OF THE 
3.55-MEV LEVEL IN O* 


It will now be shown that the angular distributions 
measured at the resonance at 1.14 Mev, corresponding 
to the level at 7.13 Mev in O', and listed in Table I, 
are sufficient to establish the spin and parity of both 
the 7.13- and the 3.55-Mev levels. Measurements at the 


TaBLeE IV. Theoretical angular distributions for gamma rays 
from alpha-particle capture by a 0+ target nucleus into a com- 
pound state J and leading to a final 2+ state. 


W (0) =1+ (a2/ao) P2(cos0) + (a4/ao) P4(cosé). 


Angular distribution 


Spin and parity of : 
t coefficients 


capturing state 
Radiation a2/a0 44/40 

0 0 
—0.100 0 
+0.500 0 
—0.153 —0.490 
— 1.460 0 
— 0.400 0 


+0.510 +0.368 


® The complete expressions for the a2/ao and a4/ao coefficients in the case 
of an M1-E2 mixture for this example are given in the Appendix. The sign 
of the coefficient of this term corresponds to a zero phase difference between 
the M1 and £2 parts of the mixture using the convention of W. T. Sharp 
et al. (reference 16) but modified by the Huby correction [R. Huby, Proc. 
Phys. Soc. (London) A67, 1103 (1954) ]. 


IN O18 1085 


TABLE V. Theoretical angular distributions for gamma rays 
from alpha particle capture by a 0+ target nucleus into a com- 
pound state J and leading to a final state /. 

+ (a4/a0) Ps (cos6). 


Angular distribution coefficient 
Radiation 42/a0 a4/a0 


M1 or F1 +0.500 

E2 —0.302 
+0.764 
—0.357 0 


+0.735 
0 


0 
+0.601 
0 


M1-E2* 
M1 or F1 
, —0.051 
—2.143 
E2 +0.204 —0.014 
M1 or F1 —0.143 0 
E2 — 0.408 +0.122 
M1-E2* +1.565 0 
M1 or F1 —0.500 0 
+0.357 +1.143 
— 2.236 0 
—1.714 


E2 
M1-E2* 
E2 +0.714 


® See reference to Table IV. 


1.79-Mev resonance establish an assignment of 2+ for 
the first excited state at 1.98 Mev. Table IV lists the 
theoretical correlations for gamma rays from alpha 
particle capture by a 0+ target nucleus for various 
values of J for the capturing state and a spin and parity 
of 2+ for the final state. Comparing the measured 
coefficients for the distribution of the 5.15-Mev gamma 
rays given in Table I, which, corrected for solid angle, 
are d2/ay= +0.56+0.08 and a4/ao= —0.47+0.11, with 
those listed in Table IV, one obtains either J =4+ for 
the capturing state or J= 2+ with an £2-M1 amplitude 
ratio ranging from about —1.8 to —2.3. It should be 
noted that in Table IV where an M1-E2 mixture is 
possible there are three terms contributing to the @2/do 
coefficient. In the case of a 2+ to 2+ gamma transition, 
for example, one writes 


d2/ay= (+0.500—1.460x—0.153x?) / (1+), 
a4/ao= —0.490x?/(1+ 2), 


where x is the amplitude ratio of £2 to M1 and can 
range from — © to +. The negative sign for x corre- 
sponds to the two multipoles having a phase difference 
of 180° while a positive sign means 0° phase difference. 

Turning now to the angular distribution of the 3.58- 
Mev gamma rays, the coefficients corrected for finite 
geometry obtained from Table I are d2/ao=+0.45 
+0.06 and a4/ap=—0.10+0.09. With the capturing 
state established as either 4+ or 2+, it is possible to 
place limits on the spin of the 3.55-Mev level. Table V 
lists the theoretical angular-distribution coefficients 
for various possible combinations for the capturing 
state J=4 or 2 and the final state 7=0, 1, 3, or 4. The 
cases for J=2 are given in Table IV. Comparing the 
measured correlation of the 3.58-Mev gamma rays 
with theory gives the following possibilities for J and J: 
4+ to 44+ with x= —0.04 to —0.14, 2+ to 3+ with 
x=0.45 to 1.50, or 2+ to 2+ with x=+0.02 to +0.08. 
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TABLE VI. Theoretical angular distributions of the type (a7y17y2) 
with y; unobserved from alpha-particle capture by a 0+ target 
nucleus into a compound state J; decaying by y; to a state J2 
which in turn decays by y2 to a state J3. 


W (6) = 1+ (a2/ao) P2(cos0) + (a4/a) (cosé). 


Js ae 


0+ +0.510 
0+ +0.357 
0+ —0.153 


do a4/ae 


— 0.367 
+1.143 
—0.490 


Once again in Table V the a2/ao and a4/dao coefficients 
should be expressed as functions of « when M1-£2 
mixtures are possible. 

Hence, from the direct (a,y) correlations at this 
resonance one can only conclude that the capturing 
state is 44+ or 2+ and the excited state at 3.55 Mev 
in O'§ is 24+, 34+, or 44+ with only the combinations 
4+ to 4+, 2+ to 2+, 2+ to 3+ possible for the 3.58- 
Mev gamma rays. In each possible case the M1-F2 
mixture in the 3.58-Mev radiation is established. Of the 
two remaining angular distributions, those of the 1.57- 
and the 1.98-Mev gamma rays, the former would seem 
to be more likely to provide further limitations on the 
spin of the 3.55-Mev level since it is an angular correla- 
tion of the form (a,71,y2) with y; unobserved, it arises 
only from this mode of decay and it proceeds directly 
from the 3.55-Mev state. In fact, however, the angular 
distribution of the 1.57-Mev gamma rays is consistent 
with each of the three possible combinations of spin 
and parity for the 7.13 and 3.55-Mev levels. This is a 
simple consequence of the fact that when y2 in the 
correlation (a,yi,y2) with y; unobserved can involve 
an M1-E2 mixture, as in two of the cases under con- 
sideration, the term in the correlation involving the 
amplitude of this mixture can vary over a wide range 
of positive and negative values which readily encompass 


the experimental values of the coefficients given in Table 
I. In the case where the 7.13, 3.58, and 1.98 levels are 
assumed to be 4+, 4+, and 2+, respectively, there is 
no mixture in the second radiation (it is pure £2). 
Since the M1-#2 mixture in the first radiation is known 
(x= —0.04 to —0.14) from the distribution of the 3.58- 
Mev radiation discussed above, one can predict what the 


distribution of the 1.57-Mev radiation should be; 
namely, W(#)=1+0.434P.—0.184P,. The measured 
correlation corrected for finite geometry obtained from 
Table I is W(@)=1+ (0.42+0.08) P:— (0.19+0.12)P4, 
which is quite satisfactory agreement. 

There remains finally then the angular distribution 
of the 1.98-Mev gamma rays with respect to the incident 
alpha-particle beam. Reference to Fig. 6 shows that 
the measured angular correlation is a result of two 
superposed correlations—the first of the type (a,71,72) 
with y, unobserved resulting from the direct feeding of 
the 1.98-Mev state by the 5.15-Mev radiation, and the 
second of the type (a@,71,72,73) with y; and y2 unobserved 
resulting from the triple cascade of 3.58-, 1.57-, and 1.98- 
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Mev gamma rays. The first correlation can be calculated 
uniquely for a capturing state of spin and parity of 
either 4+ or 2+, using for the 2+ case the M1-E2 
mixture required to fit the angular distribution of the 
5.15-Mev gamma rays. The theoretical expressions are 
given in Table VI. If one takes the M1-#2 amplitude 
ratio for the first radiation to be x=—1.8 to —2.3, 
which is the value found from the distribution of the 
5.15-Mev gamma rays assuming 2+ for the capturing 
state, one can add the two distributions listed in Table 
VI for the 2+ — 2+ — 0+ case to obtain the following 
distribution for the 1.98-Mev gamma rays arising 
from the double cascade: W (@)=1—(0.050+0.020)P., 
— (0.172+0.063)Ps, where the range of values for the 
coefficients corresponds to the range of amplitude 
mixtures x. This distribution and the first one listed in 
Table VI can be separately subtracted from the experi- 
mentally observed distribution of the 1.98-Mev radia- 
tion which, corrected for finite geometry (see Table I), 
is W(@)=14+(0.485+0.081) P2— (0.358+0.119) Ps. In 
this subtraction one must take into account the meas- 
ured branching ratio, which shows that only 44% of the 
1.98-Mev gamma-ray transitions are due to direct 
feeding of the 1.98-Mev level by 5.15-Mev gamma rays; 
and the final results are the angular distribution of 
the 1.98-Mev gamma rays from the triple cascade 
alone for the two possible spin assignments for the 
capturing state. These are W(6)=1+(0.47+0.14)P2 
— (0.35+0.21)P, assuming 4+ for the capturing state, 
and W(é)=1+ (0.90+0.15) P2— (0.50+0.21)P, assum- 
ing 2+ for the capturing state. 

It is now necessary to compare these distributions 
with theory for correlations of the type A (a,71,72,73), 
where the target nucleus A has spin and parity 0+ and 
the intensity of y; is measured as a function of angle 
with respect to the incident alpha-particle beam; 7; 
and ys. are unobserved. This sequence can be written 
J (LyLy')J {Lele )J3(L3L3')J4. The incoming orbital 
angular momentum of the alpha particle required to 
form a state of spin J; in the compound nucleus will be 
equal to J, and, in the case with which we are dealing, 
J;=2, Js=0, and L3;=L,;’=2. Apart from trivial 


Taste VII. Theoretical angular distributions of the type 
(ayiyeys) With y: and y2 unobserved from alpha-particle capture 
by a 0+ target nucleus into a compound state J; decaying by y1 
to a state Jz which decays by y2 to a state J; which in turn decays 
by ys to a state Jy. W (0) =a0+a2P2(cos0) +a4P4(cosé). 
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factors involving powers of —1, the theoretical ex- 
pression!® for one term of such a correlation is 


W(0)=dok Z(t, 02) W (SJ JJ 2, Lik) 
XW (J22J22,L2k)Z1(2222,0k) P;.(cosd). 


The number of such terms required depends on the 
possible multipole mixtures involved in the gamma-ray 
transitions between J; and J» and J» and J3. If, for 
example, both of these involve M1-#2 mixtures, then 
there will be four terms in the correlation as in the 
case J;, Jo, J3, Jg=2+, 2+, 2+, 0+, where the terms 
are 

(a) 2+(M1)2+ (M1)2+ (£2)0+, 

(b) 2+ (£2)2+ (M1)2+ (£2)0+, 

(c) 2+ (M1)2+ (£2)2+ (£2)0+, 

(d) 2+ (£2)2+ (£2)2+ (£2)0+. 


It is to be noted that no terms involving the amplitude 
M1-E2 mixtures for the same radiation occur and hence 
only the intensity ratios of such mixtures are required. 
If x? and y’ are the £2-M1 intensity ratios for the first 
and second radiations, the above four terms would be 
multiplied by 1, 2, y*, and «*y’, respectively. 

Theoretical distributions of this type have been 
calculated for the three possible combinations (4+, 4+, 
2+, 0+), (2+, 2+, 2+, O+), and (2+, 3+, 2+, 0+) 
and are listed in Table VII. The /2-M1 intensity 
mixture for the first radiation is known in each case 
from comparison between the direct correlation of the 
3.58-Mev radiation and theory as described previously. 
It is essentially zero for the first two cases and ranges 
from 0.2 to 2.25 for the third case. Thus the corrected 
measured angular correlation [i.e., corrected as de- 
scribed above for the (a,y1,y2) contribution ] must be 
compared with the first line of Table VII if the captur- 
ing state is 4+. Since, in this case, the experimental 
values are d2/a9= +0.47+0.14 and a4/ao= —0.35+0.21, 
agreement is obtained for the combination (4+, 4+, 
2+, 0+) for the 7.13-, 3.55-, 1.98-, and 0-Mev levels, 
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Fic. 7. Comparison between experiment and theory for the 
angular distribution of that fraction of the intensity of 1.98-Mev 
gamma rays arising only from the triple cascade at the 1.14-Mev 
resonance. The two cases considered are those in which the spins 
and parities of the 7.13, 3.55, 1.98, and 0-Mev levels are 2+, 3+, 
2+, and 0+; and 2+, 2+, 2+, and 0+, respectively. In both 
cases the distribution is assumed to be 

W (0) =1+ (a2/ao) P2(cos0) + (a4/ao) P4(cosé), 
and the coefficients a2/ao and a4/do are plotted as a function of the 
E2 to M1 intensity mixture y? of the second radiation. For the 
2+, 3+, 2+, 0+ case the theoretical curves are shown for the 
upper and lower limits of the £2 to M1 intensity mixture «? of the 
first radiation. The experimental coefficients are shown as shaded 
horizontal bands. 


respectively. The comparison between theory and ex- 
periment for the second and third combinations above, 
where the capturing state is 2+, is illustrated in Fig. 7. 
Here the theoretical a2/ay) and a4/dp coefficients are 
plotted as a function of y’, the intensity ratio of £2 to 
M1 radiation in the second transition (between the 
3.55- and 1.98-Mev levels), assuming x?=0 for the 
(2+, 2+, 2+,0-+) case and assuming x?=0.2 and 2.25 
for the (2+, 3+, 2+, 0+) case, where x? is the E2-M1 
intensity mixture in the first radiation. The corrected 
experimental values of d2/ao=+0.90+0.15 and a4/ao 
= —0.50+0.21 are also shown. It is clear that in neither 
case is agreement obtained, and hence the spin and 
parity of both the 7.13-Mev and 3.55-Mev levels in 
O'* are 4+-. 
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Nonelastic Scattering Cross Section for 8-20 Mev Neutrons* 


T. W. BONNER AND J. C. SLATTERY 
The Rice Institute, Houston, Texas 
(Received May 8, 1958) 


Measurements of the nonelastic scattering cross section for neutrons with energies of 8.2, 9.8, 15.5, 17.0, 
18.5, and 20.0 Mev have been made in Cu, Ag, Sn, Pb, and Bi. Cross sections were determined from trans- 
missions through spherical shells. Neutrons of 8.2 and 9.8 Mev were obtained from the reaction Be*(a,n)C” 
and the higher energy neutrons from the reaction T#(d,n)He‘. Biased scintillation detectors were used so 
that lower energy neutrons were not counted. The results show that the nonelastic cross sections decrease 
slowly with increasing neutron energy, in contrast to the cross sections for elastic scattering which show 
broad maxima at 7, 13, 13, 18, and 18 Mev, respectively, for Cu, Ag, Sn, Pb, and Bi. The ratio of the non- 
elastic cross sections to the elastic cross sections vary from a maximum value of 1.05+0.05 to a minimum 
value of 0.71+0.05 in the energy range which was covered. 


INTRODUCTION 


AYLOR, Lénsjé, and Bonner’ measured the non- 
elastic scattering cross sections for neutrons in a 
number of elements at neutron energies of 3.5, 4.7, 7.1, 
12.7, and 14.1 Mev. Beyster ef al.? have measured the 
nonelastic cross sections at energies of 1.0, 1.77, 2.5, 
3.25, 4.0, 4.5, and 7.0 Mev. A number of experiments*® 
have been made with 14-Mev neutrons with good 
agreement especially in the heavier elements. Since 
there was a considerable gap in the measurements from 
7 to 12.7 Mev, we have carried out experiments to 
measure cross sections in several elements at 8.2 and 
9.8 Mev. We have also extended the measurements to 
the higher energies of 15.5, 17.0, 18.5, and 20.0 Mev. 
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Fic. 1. Experimental values of nonelastic scattering cross 
section in Cu and the calculated values of the cross section for 
elastic scattering 


* Supported by the U. S. Atomic Energy Commission. 

' Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 

2 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955); Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

3E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955); 
N. N. Flerov and V. M. Talyzin, Atomnaya Energiya 1, No. 4, 155 
(1956) [translation: J. Nuclear Energy 4, 529 (1957)]; Mac 
Gregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 


APPARATUS 


The same technique has been used as that described 
previously.! The transmission was measured using a 
biased detector which was surrounded by spherical 
shells which were 3 inches in outer diameter and had a 
wall thickness of 2 cm. The scintillators used to detect 
8.2- and 9.8-Mev neutrons were plastic spheres, respec- 
tively, 8 mm and 10 mm in diameter. Neutrons with 
energies of 8.2 and 9.8 Mev were obtained by bombard- 
ing a Be* target with He* ions accelerated by our Van 
de Graaff accelerator. The respective bombarding 
energies are 2.6 Mev and 4.3 Mev. Since the yield of 
high-energy neutrons from this reaction is rather low, a 
target thickness of 0.20 Mev was used; the spread in 
neutron energy of 0.196 Mev is unimportant for these 
measurements since the cross sections change slowly 
with energy. Since the yield of neutrons from this 
reaction is strongly peaked‘ in the forward direction at 
bombarding energies of 2.6 and 4.3 Mev, the trans- 
mission sphere was placed at a sufficient distance from 
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Fic. 2. Experimental values of nonelastic scattering cross 
section in Ag and the calculated values of the cross section for 
elastic scattering. 


‘ Risser, Price, and Class, Phys. Rev. 105, 1288 (1957). 
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TABLE I. Experimental values of the nonelastic scattering cross sections. (Neutron energies in Mev and cross sections in barns.) 





8.2 Mev 9.8 Mev 


15.5 Mev 


17.0 Mev 18.5 Mev 20.0 Mev 





Cu 1.46+0.06 
Ag 1.94+0.07 
Sn 1.99+0.07 
Pb 2.45+0.09 
Bi 2.46+0.09 


1.46+0.06 
1.99+-0.07 
1.98+0.07 
2.74+0.09 
2.60+0.09 


1.43+0.06 
1.70+0.07 
1.92+0.07 
2.56+0.09 
2.34+0.09 


1.30+0.06 
1.68+0.07 
1.77+0.07 
2.35+0.09 
2.36+0.09 


1.40+0.06 
1.81+0.07 
1.96+0.07 
2.44+0.09 
2.34+0.09 


1.39+-0.06 
1.65+0.07 








the source so that its outer edge received neutrons 
which made an angle of 5° with the forward direction. 
Under these conditions the transmission sphere was 
illuminated with neutrons with almost uniform inten- 
sity. Neutrons with energies of 15.5, 17.0, 18.5, and 
20.0 Mev were obtained by bombarding a Zr-T target 
with deuterons of 0.38, 1.50, 2.20, and 3.35 Mev. The 
spread in the energy of the neutrons in these experi- 
ments was between 0.1 and 0.2 Mev. In all the experi- 
ments the pulse-height distribution was recorded by 
a 20-channel pulse-height analyzer. Transmissions were 
calculated from the counting rates corresponding to 
neutrons with 80% or more of the maximum neutron 
energy, but a bias change to 70% made no difference in 
the transmissions within the statistical errors. The data 
were corrected for (1) the decrease in efficiency for 
elastically scattered neutrons, (2) the decrease in 
efficiency because of the lower neutron energy at the 
outside of the scattering sphere, and (3) the decrease in 
illumination at the edge of the scattering sphere. These 
corrections in general were small and only produced 
changes in the calculated cross sections of about 5%. 


RESULTS 
The results are given in Table I, and are compared to 
previous results in Figs. 1 to 5. Also shown in the 
figures are the cross sections for elastic scattering which 
were obtained by subtracting the cross sections for 
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lic. 3. Experimental values of nonelastic scattering cross 


section in Sn and the calculated values of the cross section for 
elastic scattering. 


nonelastic scattering from the total cross sections. ‘The 
total cross section measurements of Bratenahl, Peter- 
son, and Stoering® from 7 to 14.5 Mev were used. The 
new data of nonelastic cross sections at 8.2 and 9.8 Mev 
fall smoothly on the curves which were previously 
reported,!* and the cross sections above 14 Mev fall 
off slowly with increasing energy. The cross sections for 
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Fic. 4. Experimental values of nonelastic scattering cross 
section in Pb and the calculated values of the cross section for 
elastic scattering. 
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Fic. 5. Experimental values of nonelastic scattering cross 
section in Bi and the calculated values of the cross section for 
elastic scattering. 


5 Bratenahl, Peterson, and Stoering, Phys. Rev. 110, 927 (1958 
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elastic scattering differ by a considerable amount from 
those given by Taylor, Lénsjé, and Bonner,! primarily 
due to the better data available on the total cross 
sections. Elastic cross sections derived from the new 
total cross sections are always as great as the nonelastic 
cross sections within the estimated experimental error 
of about 5%. It is apparent that resonances in the 
elastic cross section are considerably larger in magnitude 
than resonances in the nonelastic cross section. Within 
the experimental error of the measurements there is no 
evidence for resonances in the nonelastic cross sections 
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above 8 Mev. The experimental results up to 14 Mev 
have been compared with the theoretical cross sections 
using the optical model with a diffuse edge.’ The theory 
gives qualitative agreement above about 5 Mev for 
the nonelastic cross sections although it does not 
predict a large enough elastic cross section in Bi in the 
region of the broad resonance between 13 and 18 Mev, 
and gives too small a value for the elastic cross sections 
in Sn in the region of 8 to 14 Mev. Theoretical calcula- 
tions have not been published for neutron energies 
above 14 Mev. 
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Coincidence Studies in the Decay of Tb’*® and Tb’ 


R. W. Henry,* L. T. Dittman, N. B. Gove, AND R. A. BECKER 
Physics Department, University of Illinois, Urbana, Illinois 
(Received August 15, 1958) 


Tb'** (5.35 days) and Tb'™ (7.5 hours and 21.5 hours) were produced by (y,3n) and (y,5) reactions on 
stable Tb’. In addition, Tb'** was produced by a (,2n) reaction on stable Gd'*?. Gamma rays at 89+1, 
200+2, 261+5, 300+10, 3584-5, 4204-5, 53543, 1050+10, 1140+10, 1210+-10, 1410+10, 1630+20, and 
1830-+20 kev were associated with the 5.35-day activity, and 88+1, 12343, 18045, 250+3, 340+10, 
511+10, 6404-15 and others greater than 1600 kev were associated with 21.5-hour and shorter activities. 
Levels of Gd'®* are placed at 89(2+-), 289(4+-), 1140, 1500, and 2035 kev above the ground state. These 
follow electron capture in 5.35-day Tb'**. The K-shell conversion coefficients of the 89- and 200-kev transi- 
tions are determined to be about 1.0 and 0.16, respectively. 


I, INTRODUCTION 


| ae rome produced by proton bombardment 
of enriched isotopes of gadolinium were reported 
by Handley and Lyon! to be associated with isotopes 
of terbium. These workers, aided by chemical tech- 
niques, assigned half-lives of 7.5 hours and 17.5 hours 
to Tb’, and half-lives of 5.5 hours and 5.2 days to 
Tb'®®, They listed gamma rays of 0.10, 0.21, 0.26, 0.36, 
0.54, 0.76, 1.2, 1.4, 1.8, and 2.0 Mev as being involved 
in the decay of Tb'®*. No gamma rays were connected 
with Tb'* by Handley and Lyon. Heydenburg and 
Temmer,? ‘on the basis of Coulomb excitation of 
enriched gadolinium, assigned a level to Gd!** at 89 kev 
above the ground state. In addition, Church and 
Goldhaber® observed neutron-capture conversion elec- 
trons in Gd" which they associated with 88.8- and 
198.7-kev transitions. Further work on 5.5-hour Tb'®® 
was carried out by Mihelich and Harmatz* who 
designated the 5.5-hour activity as arising from the 
decay of an isomeric state in Tb'®®, 88.2 kev above the 
five-day ground state. Considerations of comparative 

ft Supported in part by the Atomic Energy Commission and the 
Office of Naval Research. 

* National Science Foundation Predoctoral Fellow. 

1 T. H. Handley and W. S. Lyon, Phys. Rev. 99, 1415 (1955). 
08s; P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 


’ E. L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) (1954). 
‘J. W. Mihelich and B. Harmatz, Phys. Rev. 106, 1232 (1957). 


lifetimes, and the K/L ratio of observed conversion 
electrons, were quoted by these workers as indicating 
an £3 transition to the ground state. 

A recent survey of neutron-deficient rare earths has 
been made by Mihelich, Harmatz, and Handley.* The 
activities were produced by proton bombardment of 
isotopically enriched targets. The half-lives given in 
this work for Tb'*® are 5.5 hours and 5.6 days. A 
permanent-magnet spectrograph enabled Mihelich e¢ al. 
to make precise measurements of the low-energy 
transitions. They observed transition energies of 89.10, 
111.9, 155.2, 199.4, 262.7, 296.7, 356.6, and 422.2 kev 
with the five-day half-life. The 89.10- and 199,4-kev 
events were interpreted by these workers as 2+ to 0+ 
and 4+ to 2+ transitions between rotational levels, 
respectively. In the same way, Mihelich e¢ al. observed 
123.2-, 248.1-, and 347.0-kev transitions in 8-hour and 
22-hour Tb which they interpret in terms of rotational 
levels as 2+ to 0+, 4+ to 2+, and 6+ to 4+(?), 
respectively. 

The present investigation involves coincidence studies 
of the gamma rays associated with Tb'*® and, to a 
smaller extent, those associated with Tb'®, in an effort 
to ascertain the order of the levels in the daughter 
nuclei. A preliminary report® of the present investiga- 

5 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 


6 Dillman, Henry, Gove, and Becker, Bull. Am. Phys. Soc, 
Ser. IT, 2, 341 (1957) 
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TABLE I. Gamma-ray energies in kev. (Relative intensities of 
gamma rays appear in parentheses. ) 





21-hour or shorter 


X-ray 

88+1 
12343 
180+5 
25043 
340+10 
511+10 
6404-15 

several > 1600 


5.35-day Tb!56 


(250+34) 
(2745) 
(60+5) 
(weak) 

(very weak) 
(21+5) 
(weak ) 
100+ 10 

33412 
26+9 
54416 
21+5 
(weak) 
(weak ) 





Gd K x-ray 
89+1 
200+:2 
261+5 
300+ 10 
358+5 
420+5 
53543 
1050+ 10 
1140+10 
1210+10 
1410+10 
1630+ 20 
1830+ 20 


tion incorrectly listed gamma rays as following 8 
emission from Tb'®®, Further and repeated checks have 
failed to confirm the presence of 8 particles. The 
gamma rays mentioned in the abstract have been 
shown, in the main, to follow orbital capture. 


II. IRRADIATIONS AND APPARATUS 


The activities were produced by (y,3m) and (y,5m) 
reactions with stable Tb', irradiated by x-rays of 
maximun energy 250 Mev from the University of 
Illinois 300-Mev betatron.’? Total activities of the 
order of one microcurie were obtained from a seven-hour 
irradiation of a one-gram sample of Tb,O;. Later, Tb'®® 
was produced by a (,2) reaction on gadolinium 
enriched to 69.7% in isotope 157. The proton bombard- 
ment was for one hour on the 86-inch cyclotron at Oak 
Ridge.* The protons were degraded to 16.2 Mev before 
striking the target in order to prevent the (y,3z) 
reaction. 

Nearly all of the present data involved scintillation 
detectors in conjunction with an R.I.D.L., Model 3300, 
100-channel pulse-height analyzer, and other standard 
equipment. Useful coincidence data involving two 
Nal(TI) detectors 13 inches thick and 1} inches in 
diameter were obtained in two different ways. One way 
was to feed amplified pulses from one detector to the 
100-channel analyzer and to gate it with the output 
of a single-channel analyzer which selected pulse heights 
from the other detector. The second technique, shown 
in Fig. 1, was to gate the 100-channel analyzer whenever 
the sum of coincident pulse heights added up to a 
certain value. The signal input to the 100-channel 
analyzer was again the amplified output of one detector. 
Such coincidences are referred to below as “selected- 
sum” coincidences. Care was taken to distinguish 
between coincidences involving two photoelectric events 


7 Long-lived sources, employed for calibration purposes, were 
obtained from the Atomic Energy Commission. 

8 The cyclotron-produced source of Tb'®* was furnished by J. L. 
Need and the staff of the 86-inch cyclotron at Oak Ridge National 
Laboratory. 
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Fic. 1. Block diagram for the “selected sum coincidence” method. 


and those involving one photoelectric event and one 
Compton event. 

Triple coincidence experiments were performed with 
the proton-irradiated source. Amplified signals from a 
third NaI(TI) crystal 2 inches thick and 2 inches in 
diameter were fed to the 100-channel analyzer. The 
outputs of two single-channel analyzers, which selected 
the desired pulse heights from the two smaller crystals, 
were placed in coincidence. The output of the co- 
incidence circuit gated the 100-channel analyzer. In 
these experiments the axes of the three crystals formed 
a single plane and the source was placed symmetrically 
among them at a distance of one or two centimeters. 


Ill. DATA 
(a) Energies and Lifetimes 


A sample of betatron-irradiated terbium oxide was 
followed for about 40 days with a Geiger counter. Half- 
lives of 5.0+0.3 days, 21.5+5.0 hours, and 6.8+2.0 
hours were observed. The 5-day activity was attributed 
to Tb!*®, the 21-hour activity to Tb', and the 6.8-hour 
activity to a mixture of 5.5-hour Tb'® and 7.5-hour 
Tb". In addition to these, a very weak activity was 
detected with half-life greater than 40 days. 

Many scintillation spectra were taken of both the 
betatron- and cyclotron-produced sources using a 
single crystal. From these the energies and relative 
intensities of the gamma rays were obtained. Table I 
shows the gamma-ray energies in kev. The relative 
intensities of the 5-day gamma rays are in parentheses. 
The intensities were determined with the help of an 
empirical curve of the ratio of the number of counts 
under a photopeak to the total number of interactions 
of that energy gamma ray with the crystal. This curve 
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Fic. 2. Low-energy gamma singles spectra of a betatron source. 
Curve I, obtained 54 days after irradiation, depicts the 5-day 
activity. Curve II represents the difference between data obtained 
one hour and thirteen hours following irradiation of the sample. 


was obtained by measurements of the peak-to-total 
ratio for spectra containing just one or two gamma rays. 
Also corrections were made for crystal efficiency,® and, 
when necessary, absorption’? and the escape of the 
iodine x-ray." 

Using a betatron source the intensities of the x-ray 
and 89-, 112-, 200-, and 535-kev photopeaks were 
measured 9 times over a period of 18 days. All five 
radiations had a half-life of 5.352-0.10 days. Addition- 
ally the x-ray had a 20-hour half-life. (Half-lives as 
short as 7.5 hours would not have been detected in this 
series of measurements.) Later, it was shown that the 
112-kev y ray does not arise from the decay of Tb'*® 
since it does not appear in spectra of the cyclotron 
source. 

The x-rays radiated by a betatron source were shown 
to be mainly Gd K x-rays by direct comparison with 
scintillation spectra of Eu and Tb K x-rays, which 
follow the decay of isotopes produced by (y,) reactions 
in the 22-Mev betatron. 


® Vegors, Marsden, and Heath (private communication), Phillips 
Petroleum Company, Idaho Falls, Idaho. 

1C. M. Davisson, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), pp. 857-874. 

1 P, Axel, Rev. Sci. Instr. 25, 391 (1954). 
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Curves I and II of Fig. 2 are for a betatron source. 
They show a comparison between the gamma spectrum 
of the 5.35-day activity and that of the shorter-lived 
activities. In all cases the numbers associated with the 
photopeaks represent energies in kev. Curve I, taken 
5} days after irradiation, shows the low-energy gamma 
rays of the 5.35-day activity. In addition to the transi- 
tions reported by Mihelich, Harmatz, and Handley,§ 
we see a very strong gamma ray at 535 kev. 

‘Curve IT is the difference between two spectra taken 
one hour and thirteen hours after irradiation. Thus, in 
Curve II, the shorter-lived activities are enhanced 
relative to the 5.35-day activity. The 88-kev peak in 
Curve II is thought to arise from the previously 
reported‘ 5.5-hour isomeric transition in Tb*, The 
other peaks arise from the decay of 7.5-hour and 21- 
hour Tb’, The peak at about 511 kev is probably due 
to annihilation radiation arising from positron decay 
in Tb'4, Coincidence experiments at 180° and 90° gave 
support to this view, although interpretation was made 
difficult by the masking effect of radiation from Tb'**, 

Figure 3 shows the higher energy gamma rays 
associated with the 5.35-day activity. The peak marked 
A at 760 kev has never been shown to occur in Gd!*6 
by half-life or coincidence measurements. Peak B and 
the small hump at C, are due to gamma rays at 1050 
and 1140 kev. These show up prominently in the co- 
incidence measurements, described below, and the 
energies were obtained from those data. 





S DAYS OLD 


Ou 


a ¢l2l0 


a, 


COUNTS PER CHANNEL 








10 1 1 1 
ce) 40 60 80 100 
CHANNEL NUMBER 





Fic. 3. Higher energy gamma singles spectra. The data were 
obtained five days after irradiation of the sample. 
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(b) Double and Triple Coincidence 
Measurements 


Extensive double coincidence data involving the 
x-rays and gamma rays in many combinations were 
obtained in the manners described under II above. 
Figures 4 and 5 show typical results for the Tb'*® 
radiation. Figure 4 presents three gamma-ray spectra 
coincident, respectively, with the 535-, 200-, and 358- 
kev peaks. The two upper curves are on a common 
energy scale which is different from that of the bottom 
one. 

In the top curve of Fig. 4 the peak labeled A arises 
from coincidences between the 535-kev gamma ray and 
535-kev Compton events initiated by higher energy 
gamma rays. The 1210-kev peak is broadened on the 
low-energy side by the presence of the 1050- and 1140- 
kev photopeaks (indicated by B) which are also co- 
incident with the 535-kev gamma ray. The 1050- and 
1140-kev gamma rays show up prominently when co- 
incidences with 358 kev are measured (bottom curve). 
It is to be noted that the middle curve has a much 
narrower peak at 1210 kev, showing the absence of 
coincidences between 200 kev and the peaks at 1050 
and 1140 kev. 

Figure 5 is an interesting example of the type of 
coincidence data described previously as “‘selected- 
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Fic. 4. Radiation in coincidence with the 535-, 200-, and 
358-kev peaks of Tb'°°, 
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Fic. 5. Example of “‘selected-sum” coincidence data. The lower 
curve shows the 735-kev events which involve coincidences 
between the 200- and 535-kev gamma rays of Tb!®, 


sum” coincidences. The upper curve shows a singles 
spectrum, while the lower curve exhibits those 735-kev 
events which involve coincidences between the 200- 
and 535-kev gamma rays. It should be pointed out that 
coincidence data of this kind are obtained in a much 
shorter time than that required for the data of Fig. 4 
(10 minutes as compared to several hours). 

The results of double coincidence measurements for 
the 5.35-day radiation, as well as for the shorter-lived 
radiation, are presented in Table II. A blank entry 
means that the coincidence relationship was undeter- 
mined; the other entries are self-explanatory. 

Triple coincidence experiments were performed in 
order to confirm cascades of three or more y rays which 
were deduced from the double coincidence data. In 
this way the 535-1410-89, 535-1210-200, 535-1210-89, 
535-1140-358, and 535-1050-358 kev cascades were 
confirmed. In the analysis of these data extreme care 
was taken to distinguish between true coincidence 
events and those triple events involving one or more 
random signals. 


IV. DISCUSSION 


A partial decay scheme for Tb!" is presented in Fig. 6. 
The only major discrepancy between population and 
depopulation of a level occurs for the level marked c. 
Possibly y rays for which coincidence relationships 
were not established populate this level, in addition to 
the 358-kev y ray shown in the decay scheme. If this 





1094 DILLMAN, 








Fic. 6. Partial decay 
scheme of Tb'*®, 
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STABLE Gd‘ 


is true, we need to assume no electron-capture decay 
to levels shown in Fig. 6 other than e. 

The ratio of the excitation energies of levels 6 and a 
is 3.25, which is close to the rotational model prediction 
of 10/3. This is consistent with the designation of a 
and 6 as 2+ and 4+ rotational states, respectively, 
and both the 89- and 200-kev transitions being £2 in 
character. The K-shell conversion coefficients calculated 
by Sliv and Band” are 1.5 and 0.16, respectively. 
Using relative intensity measurements on the spectrum 
of radiation in coincidence with the 200-kev gamma 
ray and employing the previously determined’ ratio of 
the number of K-shell conversion electrons to those 
from all shells for the 89-kev transition, we calculated 
the K-shell conversion coefficient of the 89-kev transi- 


2L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 
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TABLE II. Results of coincidence measurements (blanks represent 


an undetermined relationship). Gamma-ray energies in kev. 








x-ray 89 112 358 535 1050 1140 1210 


1410 Yes Yes No No Yes No No No 
1210 Yes Yes No No Yes No No 

Yes No No Yes Yes No 

Yes Yes Yes Yes 

Yes Yes Yes 

Yes Yes 

Yes 

Yes 5.35-day activity 

Yes 

Yes 








x-ray 180 250 340 Sil 640 
Yes No 


Yes 





>1600 Yes Yes Yes 
640 Yes No 
511 ss Yes Yes 
340 N No 
250 
180 21-hr or 7.5-hr activity (Tb!) 
123 





tion to be 1.0. A calculation of the K-shell conversion 
coefficient of the 200-kev transition gives 0.16. This 
was obtained directly from our gamma-ray relative 
intensities, Mihelich’s> conversion-electron relative 
intensities, and our measured K-shell conversion co- 
efficient for the 89-kev transition of 1.0. These estimates 
of the conversion coefficients are additional evidence 
for the £2 character of the low-lying transitions. 
Because of insufficient information, no attempt was 
made to construct a decay scheme for the Tb" decay. 
However, one point is worth mentioning. The observed 
coincidences between the 123- and 250-kev gamma 
rays support the designation of these by Mihelich® as 
2+ to 0+ and 4+ to 2+ transitions of a rotational 
group. However, no coincidences of these with the 
340-kev gamma ray were found. This would indicate 
that the 340-kev gamma ray, contrary to what 
Mihelich has tentatively suggested, does not arise from 
a 6+ to 4+ transition in the same rotational group. 
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Photonuclear Reactions of Gallium and Arsenic with 70-Mev Bremsstrahlung*t 


Fritz D. Scnupp,{ Ciirrorp B. CoLvin, AND Don S. Martin, Jr. 
Institute for Atomic Research and Department of Chemistry, Iowa State College, Ames, Lowa 
(Received October 20, 1958) 


Radiochemical techniques were utilized in the measurement of yields of photonuclear reactions induced 
by 70-Mev bremsstrahlung in gallium and arsenic targets. For As targets the yields of As, Ga”, Ga”, Ga®, 
Zn®, and Zn” were determined. In the gallium targets the yields of Zn®, Zn®", Ni®®, and Co® were meas- 
ured. The integrated cross sections for the indicated photonuclear reactions were estimated from the yields. 
The integrated cross sections of five (y,3p3m) processes were compared. The relative yields of the Zn 


isomeric pair depended upon the process of formation. 





INTRODUCTION 


IELDS of photonuclear reactions induced by brems- 
strahlung of moderate energy, 40 to 100 Mev, 
provide information about the processes which occur 
just above the rather thoroughly studied giant-reso- 
nance region. Processes which involve the loss from 
target nuclei of one to eight nucleons can be observed 
for the middle atomic weight region. Since competition 
for additional particle boil-off increases with energy, 
the cross section for any particular reaction is expected 
to be a peaked function. The determination of the cross 
section function for Ca“(y,3p3n)Cl* up to 66 Mev! has 
demonstrated such an expected maximum of about 0.3 
millibarn at 50 Mev with a width of 6 Mev at half- 
height. 

The yield of radioactivity, Y(£,), which is the rate 
of the photonuclear reaction during an irradiation at a 
particular bremsstrahlung limiting energy, Fi, is given 
by the expression 


Ei 
Y(E,)=N f o(E)P(E,E)dE, (1) 
Et 


where V= the number of target nuclei, ¢(#) =the cross 
section as a function of the photon energy, EZ, P(£,£;) 
=the number of photons per cm? per unit time between 
E and (E+dE) for the limiting bremsstrahlung energy 
E,, and E,= the threshold energy. For two photonuclear 
processes which peak sharply at the energies Emax(1) 
and Emex(2), the yield ratio for a limiting bremsstrah- 
lung energy well above the peak energies gives an 
estimate of the ratio of integrated cross sections. A thin- 
target bremsstrahlung photon spectrum possesses ap- 
proximately a 1/E dependence.’ For such a spectrum, 


* Presented at the American Chemical Society Meeting at 
San Francisco in April, 1958. 

¢ Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

t Deceased. 

1 Schupp, Colvin, and Martin, Phys. Rev. 107, 1058 (1957). 

?L. I. Schiff, Phys. Rev. 70, 87 (1946); 83, 252 (1951). 


the ratio of the yields is given by 


¥(2)/V(1)=| NaF) f o(2a8] / 
[Niza (2) focayae (2) 


In cases for which the fo(1)dE is available, the inte- 
grated cross section for process 2 can then be calculated 
from the yield ratio. The method does require a reason- 
ably accurate evaluation of the values of Emax. This 
method with £,=70 Mev gave 2.4 Mev-mb for the 
Ca” (y,3p3n)Cl* compared to 2.6 Mev-mb obtained 
from the cross-section curve.'! The standard used was 
the Cu®(y,n)Cu® process with the cross section re- 
ported by Berman and Brown.’ 

Photonuclear yields in the range 140 to 320 Mev by 
Halpern and co-workers*~* and by Wolke and Bonner’ 
have indicated a substantial contribution to some 
moderate-energy processes by high-energy photons. 
Therefore, yields at moderate energies, from the giant 
resonance up to 100 Mev, are useful in giving the inte- 
grated cross section for the portion under the initial 
cross-section peak. Yields in this region of energy have 
been reported by Perlman and Friedlander,’ Perlman,® 
Holtzman and Sugarman,'® Edwards and MacMillan," 
and Schupp and Martin.” 


EXPERIMENTAL 


Either stoichiometric chemical compounds or the 
pure elements with natural isotopic abundances were 
irradiated in the 70-Mev bremsstrahlung beam of the 
Iowa State College synchrotron. In each case two or 

3 A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 

‘Debs, Eisinger, Fairhall, Halpern, and Richter, Phys. Rev. 
97, 1325 (1955). 

5 Halpern, Debs, Eisinger, Fairhall, and Richter, Phys. Rev. 
97, 1327 (1955). 

6 T. T. Sugihara and I. Halpern, Phys. Rev. 101, 1768 (1956). 

TR. L. Wolke and N. A. Bonner, Phys. Rev. 102, 530 (1956). 

8 M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 

9M. L. Perlman, Phys. Rev. 75, 988 (1949). 

10 R. B. Holtzman and N. Sugarman, Phys. Rev. 87, 633 (1952). 

1 L, S. Edwards and F. A. MacMillan, Phys. Rev. 87, 377 
(1952). 

2 F. D. Schupp and D. S. Martin, Jr., Phys. Rev. 94, 80 (1954), 
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TaBLeE I. Experimental relative yield determinations for 70-Mev bremsstrahlung. 








Average yield ratio 


No. of Chemical 
per target nuclei 


Target trials Reactions compared sample 


CaCl (32.4 min) AC 








Ca(OH): 2 
Ca—K®*® (7.7 min) 
Ca—K®* 
CaCl, ——— 
Cl—C]* 
CiI—Cl* 





Na—F'* (112 min) 
Cl—Si* (158 min) 


Na®—F'8 


As—Zn® (52 min) 


As, As2O3;, Na:HAsO,-7H,O 
As—Zn®™ (13.8 hr) 


Na:HAsO,-7H,O 


As—As" (17.5 day) 
Na2zHAsO,-7H,O dec ra 


Na—F' 


As—Ga® (14.2 hr) 
As, As2O; pacencccies whe 
As—Zn® 

As—Ga” (5.0 hr) 
As, As2Os pied cca 


As—Ga® (68 min) 
As, Aso ds ean 


Ga—Zn® 


Ga—Zn™ 


Ga—Ni® (2.56 hr) 


Ga—Zn® 


Ga—Ga*® (68 min) 


® (¢4B) is tetraphenylboron anion. 
b (8-HQ) is 8-hydroxyquinolate anion. 
¢ (DMG) is dimethylglyoxime anion. 


K (¢.B)* 

K (¢B)* 
AgCl 

AgCl 

PbCIF 
K2SiF 
PbCIF 
ZnHg(SCN),4 


ZnHg(SCN), 
PtClF 

AseS3, AsoSs 
PbCIF 
Ga(8—HQ),;” 
ZnHg(SCN), 


Ga(8—HQ);" 


Ga(8—HQ);” 


ZnHg(SCN), 


Ni(DMG).° 
ZnHg(SCN).4 
Ga(8—HQ);» 
ZnHg(SCN), 
K;Co(NO2)¢ 
Ga(8—HQ);” 


0.12 + 0.01 


0.21 + 0.01 


0.079+ 0.001 


0.022+ 0.006 


0.51 + 0.03 


0.009+ 0.002 


more radioactive nuclides were produced simultaneously 
in the same target, and their yields were compared. By 
the use of a series of target compounds containing suit- 
able elements, the yield of each process in arsenic has 
been referred to the yield of the N(y,n)N*® reaction, 
chosen originally as a standard by Perlman and Fried- 
lander.* For gallium the processes were all compared to 
Ga®(y,n)Ga®*. The yields of this process given by Perl- 
man and Friedlander,* substantially identical at 50 and 
100 Mev, were used to give the comparison to 


N'(y,2)N. The method avoids many experimental 
difficulties in establishing or reproducing the geometry 
or radiation flux since the target atoms undergoing the 
two processes experience identical radiation intensities. 
It was only necessary to maintain a constant beam 
intensity or to monitor the beam on a relative basis, 
so long as,the bremsstrahlung limit energy was main- 
tained. In case of fluctuations in the beam intensity, 
indicated by a recording ionization chamber, the yield 
of each component activity, Y,°, for a particular beam 





PHOTONUCLEAR REACTIONS OF Ga 


AND As 


TABLE ITI. Relative yields and estimated integrated cross sections of photonuclear reactions studied 


Reaction 


Mg (7,3p3n)F'8 
CH? (-y,3p3n)Si31 
Ca®(y,pn)K% 
Ca”(y,3p3n)C1* 
Ga" (-y,pn)Zn 60m 
Ga™ (y,3p3n)Ni%® 
Ga®(y,2a)Co® 
As75(y,n)As™ 


70 Mev 


(this work) 50 Mevs 


Estimated /{odE 
Estimated (Mev-mb) 
Emax (based on 70- 
Mev yields) 


Yield: N4(y,n)N¥=1 


140 Mev> 320 Meve (Mev) 





0.0424 
0.071¢ 
0.45 
0.054 
0.508 
0.003 
0.0051 
50 


0.0079 
0.011 
< 0.0031 
not detected 


As'5(y,2p)Ga73 
As’5(y,2pn)Ga™ 0.016 
As?5(y,3p3n)Zn 6.69 0.012 
As75(y,2p5n)Ga* 0.030 


0.0081 


® See reference 10. 

b See reference 6. 

¢ See reference 4. 

4 From Schupp and Martin (reference 12). 


0.018" 
0.0535 
0.505 
0.255 


¢ Using the Na®(7,3p3n)F!® value (reference 12) and assuming all Si*®! by this reaction, i.e., Cl*(y,3pn) process negligible. 


f Observed by Schupp, Colvin, and Martin (reference 1) 


® Using the Ga®(y,n)Ga®* yield of Perlman and Friedlander (reference 8). 


b Using the As75(y,)As™/Cu®(y,n)Cu® ratio at 320 Mev of Debs ef al. (reference 4), Cu®(y,n)Cu® =35, and the assumption that (y,) yields are in 


dependent of energy. 


intensity, /°, was obtained from the observed counting 
rate at the end of irradiation, C;, by 


C,/e= neem f ( Y ,er*t/ Y,)dt, (3) 
0 


where \;= the decay constant of the component, 7= the 
irradiation time, and ¢;= the efficiency for counting the 
component ‘7.’ The ratio, Y;/Y,°, was set equal to 
I/I®, taken from the recorder, and the integral was 
evaluated graphically. 

After an irradiation the target material was first 
dissolved. Carriers for the desired elements were added 
to the target solution under conditions which assured 
exchange among the’various possible chemical forms of 
the elements together with holdback carriers for other 
induced activities. The desired elements were separated 
from the solutions by means of radiochemical separa- 
tions and procedures which were modified for the 
specific application from the compilation of Meinke." 
The radioactive species were precipitated as a final 
step in the radiochemical separation. Precipitates were 
collected on tared filter papers, dried, and weighed for 
the evaluation of the chemical yield. The filter papers, 
bearing the precipitates, were mounted with cardboard 
backing and cellophane covering for counting. The 
decay was followed, usually over several half-lives of 
the activity, by a conventional end-window G-M 
counter. Corrections for air, window and cover absorp- 
tion’ were applied. Sample self-absorption and self- 
scattering corrections were made following the pro- 


13W. E. Meinke, U. S. Atomic Energy Commission Report 
AECD-2738, 1949 (unpublished), and supplements. 

4L. R. Zumwalt, U. S. Atomic Energy Commission Report 
AECU-567, 1950 (unpublished). 


cedure of Engelkemeir ef al.'* for counting samples less 
than 15 mg/cm? thickness or the procedure of Baker 
and Katz’® for thick samples. The nuclear properties 
were taken from the compilation by Way et al.” 


RESULTS AND DISCUSSION 


Experimental yield comparisons have been given in 
Table I. The target materials and the chemical forms 
of the counting samples have been indicated. The 
errors reported represent the standard deviations for 
the number of experiments listed in column 2. Uncer- 
tainties in the decay schemes and in the conversion of 
counting rate ratios to disintegration rate ratios intro- 
duce uncertainties which may easily amount to 20-30%. 
For the Zn® isomeric pair the beta-ray of the ground 
state was counted, and the analysis of the decay curve 
provided the yield ratio of the isomeric pair. The forma- 
tion of Ga®* from As’® was confirmed not only by the 
half-life but by the use of magnetic deflection which 
demonstrated the presence of a positron component. 

In Table II the relative yields have been expressed 
on an isotopic basis, relative to N'*(y,n)N™. The rather 
high yields for processes in which Z changes by two or 
more units and A by 4 or more units at these moderate 
energies [e.g., As’®(y,2p5n)Ga® in comparison to 
As?®(y,2p)Ga" ] indicate that a-particle emission occurs 
in the most probable reaction mode. 

The integrated cross sections, estimated by Eq. (2), 
are included in Table II. For these values the 

16 Engelkemeir, Seiler, Stember, and Wineber, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, 
Inc., New York, 1951), National Nuclear Energy Series, Plu- 
tonium Project Record, Vol. 9, Div. IV, pp. 56-65. 

16 R. G. Baker and L. Katz, Nucleonics 11, No. 2, 14 (1953). 

17 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40—A=92, Atomic Energy Commission Report 
ia (U. S. Government Printing Office, Washington, D. C., 
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Cu®(y,n)Cu® process was used for the comparison 
process since it has been studied more than any other 
photonuclear process. For the comparison a yield of 35 
was taken for Cu®(y,n)Cu®, and the cross-section func- 
tion obtained by Berman and Brown’ was used. The 
estimates of Emax for the reactions have been included; 
these values were taken about 10 Mev above the Q for 
the process plus a reasonable Coulomb barrier for the 
most likely reaction mode. 

F Yields reported by Holtzman and Sugarman” at 50 
Mev for As are included in Table II. Their yields for 
Ga™ and Ga” were comparable to the ones from the 
present work. At the somewhat lower energies, however, 
they did not detect the presence of Zn® or Ga®*. Yields 
for 140 Mev and 320 Mev have been estimated from the 
results reported by Sugihara and Halpern® and by Debs 
et al.,‘ respectively. The As°(y,)As” yield, calculated 
from the data of Debs ef al., agrees with the value from 
the present work as well as may be expected. Since the 
(y,m) processes are mostly associated with the giant 
resonance in the vicinity of 20 Mev, their yields do not 
depend upon the bremsstrahlung limit energies which 
greatly exceed this value. However, the yields of the 
multiple nucleon reactions have apparently increased 
strongly with energy. Such results imply that the cross- 
section functions possess a high-energy tail. Indeed, 
results of Sugihara and Halpern indicate that {dE 
from 140 to 320 Mev is considerably greater than the 


area under the peak which is inferred from the present 
work. 

The yields of five (y,3p3n) processes at 70 Mev are 
included in this work. Such yields are expected to de- 
crease as the Z of the target nuclei increases because 
of the higher barrier. However, from the results it is 
apparent that yields are not simple functions of Z. An 
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even-even target nucleus may have a lower density of 
levels and therefore might have a lower capture proba- 
bility for photons. However, the yields of the two even- 
even targets, Mg™* and Ca® (the latter being doubly 
magic), are relatively high. It is noted that the residual 
nuclei for each of these targets are 0.5-1.0 mass unit 
lighter than the stable valley, close to the maximum 
of the yield curve which was described by Halpern 
et al.» The very low yield for Ga” (y,3p3n) Ni® may re- 
sult from the fact that the residual nuclide is 1.3 mass 
units heavier than the valley of stability and is therefore 
rather far from the maximum of the yield ridge. 

The relative yields of the Zn® isomeric states from 
Ga” are consistent with the general rule that the isomer 
requiring the lower spin change from the target in the 
photonuclear process is favored. The fact that the 
ratio of the Zn® isomers, Zn®(52 min, J=})/Zn®™ 
(13.8 hr, J=9/2), produced from As7*(J=) is less 
than that produced from Ga”(J=$) indicates a more 
complete excitation of states in the more complicated 
reaction. When the Zn® isomeric states'® are produced 
by neutron capture in Zn®*(7=0), values for Zn®/Zn®™ 
of 13.6, 6.1, and 2.4, respectively, were observed for 
thermal, resonance (5.2 kev), and fast (1 Mev) neutrons. 
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Polarization of Scattered Protons near 17 Mev* 
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Experimental angular distributions of the polarization of protons elastically scattered from magnesium, 
calcium, copper, silver, and gold near 17 Mev are presented, and comparison with certain theoretical calcu- 
lations made. Data are also given on the polarization of inelastic protons scattered from magnesium with 
Q=-—1.37 Mev. The familiar double-scattering method was used, with carbon serving as second scatterer. 
It is concluded that appreciable elastic polarization may be universally expected at this energy, and that 
therefore some form of spin-orbit interaction is important. 


INTRODUCTION 


EASUREMENT of the polarization of nucleons 

scattered from nuclei has been of considerable 
interest in recent years, both at low! and at high 
energies.” These data have proved valuable in the 
interpretation of scattering phenomena. However, little 
attention has been given to the medium energy range, 
from about 5 to 60 Mev. Indeed, extrapolation of some 
of the high-energy results appeared to indicate that 
polarization of protons scattered from nuclei would 
probably disappear around 50 Mev.* 

More recent results at 10 Mev by Rosen and Brolley,' 
and at 17 Mev by Brockman’ have shown that such a 
conjecture was not true, and that instead significant 
polarization effects could be observed at medium 
energies. In particular, Brockman measured the 
polarization of protons elastically scattered from helium 
and carbon at 17 Mev. Measurements of polarization 
of protons scattered from five additional nuclei at this 
same energy are reported here. 


THEORETICAL BACKGROUND 


Since the various methods of analyzing polarization 
data have been quite thoroughly treated in the litera- 
ture,'~*:* only a few points especially applicable to 
the medium-energy situation will be outlined here. 


* Supported by the U. S. Atomic Energy Commission and the 
Higgins Scientific Trust Fund. 

1 See, e.g.: M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 
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4L. Rosen and J. Brolley, Phys. Rev. 107, 1454 (1957). 
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6 FE. Fermi, Nuovo cimento 11, 407 (1954). 
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The optical model of the nucleus has been widely 
used for fitting elastic cross section data. As originally 
proposed," this approach consisted of replacing the 
nucleus with a complex, central square well. Perhaps 
the most successful medium-energy cross section fits 
were made by Saxon and Woods” to the 17-Mev data 
of Dayton and Schrank. This group used a complex 
central well with a gradually sloping shape. In general, 
their fits were quite good to about the second diffraction 
minimum, but then went out of phase with the experi- 
mental points. 

Fermi,® and, independently, Heckrotte and Lepore’ 
were the first to modify the central optical potential in 
order to calculate polarizations. Their modification 
consisted of adding a noncentral spin-orbit term 
proportional to the gradient of the central form factor, 
in analogy to the Thomas precession term familiar in 
atomic problems. Fermi" has given a physical argument 
for this form. Almost all subsequent theoretical treat- 
ments have employed this modified optical potential, 
though some have used a non-Thomas spin-orbit form 
factor.® 

Fermi’ and Heckrotte and Lepore’ used the Born 
approximation in their computations. However, 
Heckrotte soon showed that in Born-approximation 
polarization is quite independent of well shape. Later 
Levintov'® showed that the Born approximation is 
valid for polarization calculations only at high energies 
and at angles considerably smaller than the first 
diffraction minimum of the elastic cross section. Since 
these conditions are not met in the work considered in 
this paper, a more exact treatment is required for 
quantitative interpretation. Further, as many partial 
waves are significant at this energy for all but the 
lightest nuclei, a machine calculation is implied. 

By means of a machine calculation, Bjorklund and 
Fernbach® were able to make excellent fits to 14-Mev 
neutron differential cross section data, using an optical 

4 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 
96, 488 (1954); Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 
“Ei Semnand Woods, Phys. Rev. 106, 793 (1957). 

137, Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 

4 E. Fermi, Suppl. Nuovo cimento 2, 84 (1955). 

15 W. Heckrotte, Phys. Rev. 94, 1797 (1954). 


16 J, Levintov, Doklady Akad. Nauk S.S.S.R. 107, 240 (1956) 
{translation: Soviet Phys. Doklady 1, 175 (1956)]. 
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potential with a spin-orbit term. From the parameters 
so obtained they also computed polarizations, and found 
that these were appreciable. Bjorklund" repeated this 
procedure for the protons scattered from nuclei at 17 
Mev. His fits (see, e.g., Fig. 2) were much better than 
those of Saxon and Woods,” and his predicted polari- 
zations were appreciable in this case as well. Therefore, 
it appeared that a spin-orbit interaction might well be 
important at medium, as well as at low and high 
energies. 

However, there remained an ambiguity in the values 
of Bjorklund’s optical parameters. Since cross section 
and polarization measurements are complementary in 
that calculation of both quantities involves the same 
parameters in different combinations, it was felt that 
additional polarization data at 17 Mev would not only 
give an indication of the degree of importance of the 
spin-orbit interaction, but might also serve to reduce 
the range of ambiguity of the parameters themselves. 


EXPERIMENTAL PROCEDURE 


Measurements were made by the familiar double- 
scattering method first suggested by Mott,!* and 
discussed by many, including Wolfenstein.” In these 
measurements the target containing the nucleus of 
interest served as first scatterer, while carbon served as 
second scatterer. In each case the asymmetry, e, was 
measured at 45 degrees to the right and left of the second 
scatterer. This asymmetry is defined as the difference 
in the total number of counts on each of the two sides, 
divided by the sum of the counts on the two sides. If 
now P,; and P» are, respectively, the polarizations 
produced by targets 1 and 2 on a previously unpolarized 
beam of particles, then the unknown polarization, P:, 
may be found through the relation e= P,P2, provided 
P, is known, or vice versa. This relation is valid if the 
first and second scattering planes coincide. 

While most of Brockman’s data were taken with 
helium as the second scatterer, he did use carbon in a 
few instances, and noted the comparative advantages 
of the two nuclei.® Briefly, carbon is superior to helium 
from the point of view of energy resolution and back- 
ground, but is more sensitive to errors in alignment, 
and cannot yield results as accurate as can helium, 
since polarization of protons scattered from the latter 
is known to a higher degree of certainty. Nonetheless, 
since great accuracy was not the prime concern of the 
present work, it was decided that the easier to handle 
carbon was to be preferred as second scatterer. 

The general experimental arrangement is shown in 
Fig. 1; it is quite similar to that described by Brock- 
man.® The first scattering angle, 6;, was variable from 
30 to 135 degrees, while the second scattering angles, 
62, were fixed at 45 degrees. A foil containing the nucleus 
of interest was centered in the first scattering chamber, 


17 F, Bjorklund (private communication). 
18 N. Mott, Proc. Roy. Soc. (London) A124, 425 (1929); A135, 
429 (1932). 
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Fic. 1. Schematic diagram of experimental 
double-scattering arrangement. 


while a foil containing carbon was placed in the second 
chamber. This second scattering chamber was clamped 
to a bar, one end of which pivoted about the center of 
the first chamber, varying the angle 6;. The axis of this 
chamber was normal to the second target, and inter- 
sected the center of the first target, which was also the 
point of intersection of the incident proton beam from 
the cyclotron. The darkening of a Teflon foil placed in 
the first target position and bombarded for a few 
minutes checked the latter condition. This procedure 
was repeated several times during the course of the 
experiments; in no case was the beam spot more than 
3z inch off the target center. Exit apertures were of 
equal height above the scattering table so that the first 
and second scattering planes coincided. 

After being scattered from the second foil and 
collimated by the @-inch exit apertures, the twice 
scattered protons were stopped in {-inch Harshaw 
Nal(TI) crystals. Pulses were detected by Dumont 
6292 photomultiplier tubes, shaped by standard cathode 
followers, and recorded by multichannel pulse-height 
analyzers. At the time these experiments were per- 
formed, two such analyzers were available in the 
cyclotron area: an Atomic Instruments 20-channel 
analyzer, and a 100-channel analyzer described else- 
where.” Because of the long counting periods involved, 
recording both the left and the right side simultaneously 
was imperative. However, the long (43-millisecond) 
100-channel dead time did introduce an instrumental 
asymmetry. The effect never amounted to more than 
4%, was easily calculated, and often checked by 
permutation of the two analyzers. Permutation of the 
other elements of the system—in particular the photo- 
multipliers and cathode followers—insured that no 
asymmetry due to an overlooked effect was introduced. 
Frequent checks were also made with the first and 
second chambers used by Brockman.*® 

Since it was desirable to record a background, 
incident charge was collected by a Faraday cup, and 
measured with a beam current integrator. Background 
runs were then taken for incident charge equal to that 
of the main run. In recording background, ;¢-inch 
slabs of brass were placed in front of the scintillation 
counters, and the rest of the apparatus left undisturbed. 


19 Birk, Braid, and Detenbeck, Rev. Sci. Instr. 29, 203 (1958). 
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In particular, both scatterers remained in place. This 
thickness brass was sufficient to stop all elastic protons, 
but allowed neutrons and gamma rays to pass almost 
unimpeded. Charged particles were, in all cases, pro- 
duced with negative Q values,”! and therefore never 
contributed to the apparent elastic peaks. Sufficient 
shielding was used so that in almost all cases the 
background was no higher than about 5% of the total 
elastic peak area. In the very rare cases where it was as 
high as 30%, the possibility that the reactions in the 
ze-inch brass contributed to the apparent backbround 
could not be ignored. However, checks made alternately 
with and without the first and second targets showed 
that such contributions were at best negligible. 

Raw data minus background were plotted, and the 
symmetry of each separate elastic peak required for 
acceptance. Raw asymmetries were then computed 
from these peak areas. All points were run at least 
three times, with the roles of the 20- and 100-channel 
analyzers permuted in at least one of these runs. An 
average was then taken as the final raw asymmetry. 

The incident proton beam was obtained from the 
Princeton 19-Mev FM cyclotron. Since this machine 
produced only a small beam current (about 5 to 10 
millimicroamperes) at the first target position, and 
since double scattering is a highly improbable oc- 
currence, it was necessary to use thick foils and large 
apertures to obtain realistic counting rates. First scat- 
tering foils ranged from about 60 to 120 mg/cm? (i.e., 
a 16-Mev proton lost about 0.8 to 1.5 Mev in these 
targets), while a 40-mg/cm? polystyrene foil served as 
second scatterer in almost all cases. Angular resolution 
of the first scattering was about +4 degrees. Never- 
theless, counting rates were still very low. An ‘“‘average”’ 
point gave about 1 or 2 counts per minute, so that runs 
of three or four hours or longer were required to yield 
the statistics presented. With such low counting rates, 
counter efficiencies were virtually 100%, and pile up 
and, usually, dead-time problems were nonexistent. 
However, because of the thick foils, the energy reso- 
lution of the elastic peak was usually about 15%, in a 
few cases even worse. Hence, some inelastic protons 
were not resolved from the elastic. The effects of this 
factor on the experimental uncertainties will be dis- 
cussed presently. 

To obtain the best possible energy resolution under 
the given conditions, in each case the first target was 
turned so that its normal bisected the first scattering 
angle. As this made the effective target thickness 
different at each angle, it was necessary to change the 
incident beam energy in order to keep the mean energy 
of first scattering constant with angle. The mean energy 
of the elastic peaks was certain to about 0.2 Mev, the 
uncertainties being due to incident beam spread, 


2% F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
thos’ P. Endt and C. Braams, Revs. Modern Phys. 29, 683 
1957). 

21 A, Wapstra, Physica 21, 367 and 385 (1955). 
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cyclotron fluctuations, and uncertainties in setting the 
cyclotron energy by means of the current in the 
cyclotron magnet. 

All first targets were metallic foils containing the 
natural isotopic mixture. With the exception of calcium, 
these were obtained commercially. The calcium foil 
was rolled from a small block of the element under dry 
mineral oil, and stored in this oil until ready for use. 
It was then cleaned in dry benzene, and placed in the 
first chamber. Even at the running pressures (of order 
10-* mm/Hg) there was sufficient oxygen to form an 
oxide coating. However, this coating was sufficiently 
thin so that the contamination was less than 5% of the 
thick target. To check this, points were repeated at the 
beginning and end of a series of runs (i.e., with a fresh 
and a contaminated target surface), and statistical 
disagreement noted in only one instance (45 degrees 
the elastic minimum). This angle was repeated with a 
fresh target, and agreement obtained. Beyond 70 
degrees the oxygen elastic peak was resolved from the 
calcium, but was rarely observed above background. 

Brockman® found that the polarization of protons 
scattered from carbon at 45 degrees is a function of 
energy. Since in these experiments the mean energy of 
second scattering was a function of first scattering angle, 
it was necessary to have a calibration curve of the 
polarization vs angle for carbon. Brockman’s data 
served as a basis, and a number of other points in the 
14- to 18-Mev range were measured by first scattering 
from graphite at 45 degrees, setting either E, or E2 at 
an energy at which the polarization was known, and 
fixing the other energy at a desired value by means of 
the cyclotron magnet and absorber foils placed between 
the two scattering foils. The curve so measured was in 
statistical agreement with Brockman’s results, and also 
showed that a calculation of asymmetries due to finite 
geometry was correct in predicting a negligible cor- 
rection. Therefore, the raw asymmetries obtained as 
described above, and the calibration curve giving P»2 as 
a function of energy, permitted determination of the 
unknown polarization, P». 


RESULTS 


The polarization of protons elastically scattered from 
magnesium, calcium, copper, silver, and gold is given 
as a function of angle in Tables I-V; Table VI gives the 
polarization of protons inelastically scattered from 
magnesium with 0= —1.37 Mev. In each case the mean 
energy of first scattering was chosen so that the proton 
had 16.4 Mev in the center-of-mass system. Wolfen- 
stein’s sign convention was adopted; that is, the 
normal to the first scattering plane is taken in the 
direction kyXk,, where ko and k; are, respectively, the 
incident and scattered wave vectors. 

Experimental uncertainties are chiefly statistical, 
and were computed by means of the well-known ex- 
pression for root mean square error. Permutation of the 
various elements of apparatus, and checks with the 
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arrangement previously described by Brockman® 
showed that any errors due to misalignment were well 
within statistical limits. 

In a few cases, failure to resolve inelastic protons 
from the elastic resulted in uncertainties greater than 
the statistical limits. Let P(E+J) and P(J) be, re- 
spectively, the total polarization computed from the 
unresolved experimental peaks, and the actual mean 
polarization of the unresolved inelastic protons; let 
P(E) be the actual elastic polarization. Then if y is 
the ratio of the cross section of the unresolved inelastic 
protons to the total cross section (i.e., elastic plus 
unresolved inelastic), a straightforward calculation 
shows that the uncertainty due to this effect is 


AP=P(E+1)—P(E)=—7[P(E+D—P()]. 


To apply this equation, y was estimated by comparing 
well-resolved single scattered spectra to corresponding 
double spectra, and an a priori value of zero given to 
P(I). This assignment was based on the observation 
that, very roughly speaking, those inelastic polari- 
zations that have been observed are usually smaller 
than, and of the same sign as, the corresponding elastic 
polarization at the same angle.® Of course, this assign- 
ment is open to question, and a different value for P(/) 
could change the uncertainty due to this effect. The 
few cases where the given procedure resulted in an 
uncertainty greater than the statistical limits are 
discussed below. 

Magnesium. 
were not resolved from the elastic and 
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The many levels of Mg*® and Mg”® 
— 1.37-Mev 


TABLE I. Polarization of protons elastically scattered from 
magnesium at 17.8+0.2 Mev 


sf 60.1 sf 


—0.08 +0.10 
+0.52+0.10 
+0.28 +0.12 


62.0 +0.10+0.06 
72.2 —0.18+0.06 

—0.30 +£0.06 
—0.24 +0.08 


—0.12 40.05 
—0.20 +0.06 
+0.28 +0.06 82.: 
+0.44 +0.06 92.: 


TABLE II. Polarization of protons elastically scattered from 
calcium at 17.3+0.2 Mev. 


Be.m P 6e.m P Bo.m P 

96.5 +0.23+0.10 
106.4 +0.04+0.10 
3 —0,06 +0.10 
2 —0.22+0.16 


—0,56 +0.06 
—0.65 +0.08 
—0.31 +0.08 116. 
+0.51 +0.08 126. 


61.2 
66.3 
76.5 
86.5 


30.7 0 +0.05 
35.8 +0.05+0.05 
40.9 +0.15+0.06 
46.0 —0.05+0.08 
$1.1 —0.18 +0.06 


TABLE ITI. Polarization of protons elastically scattered from 
copper at 17.0+0.2 Mev. 


8e.m P 


91.0 —0.22+0.08 


Be. , :m 
—0.22 +0.06 

+0.08 
+0.36 —0.06 

+0.10 
+0.54 —0.06 
+0.52 +0.06 


30.5 +0.24+0.04 


35.5 +0.18+0.05 101.0 —0.40+0.08 


—0.38 +0.10 
+0.80 +0.15 


110.9 
120.8 


40.5 0 +0.06 
45.6 —0.19+0.06 
50.6 —0.31+0.06 
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TABLE IV. Polarization of protons elastically scattered from 
silver at 16.8+0.2 Mev. 








1 8c.m 


55.4 +0.19+0.04 —0.24+0.08 
+0.22 +0.06 O +0,10 
+0.17 +0.06 +0.23 +0.10 
—0.04 +0.05 —0.55 +0.13 





—0.04 +0.04 
—0.09 +0.04 
+0.03 +0.04 
+0.07 +0.05 
+0.14+0.05 


TABLE V. Polarization of protons elastically scattered from 
gold at 16.5+0.2 Mev. 


P 


—0.02 +0.04 
—0.06 +0.04 
+0.05 +0.04 
+0.13 +0.05 


+0.02 +0.04 
—0.07 +0.06 
+0.27 +0.06 
+0.17+0.07 


+0.20 +0.08 
—0.07 +0.08 
+0.29 +0.10 


TABLE VI. Polarization of inelastically scattered protons from 
magnesium. Q= —1.37 Mev; £:=17.8 Mev. 


id 1 j P 


+0.08 +0.12 
+0.08 +0.12 
—0.22 +0.14 


—0.14+0.12 +0.44 +0.14 
—0.32 +0.14 ° +0.27 40.14 
+0.26+0.14 +0.19+0.14 
+0.40+0.14 —0.34+0,.14 


peaks from Mg”. However, these are inelastic levels in 
10% isotopes, and therefore introduced negligible 
difficulty. In order to increase the separation of the 
elastic and —1.37-Mev peaks, a 70-mg/cm* thickness 
of aluminum absorber was introduced in front of the 
counters. In all cases the ratio of elastic peak to valley 
was at least 4. This procedure had the adverse effect 
of depressing the —1.37-Mev peak further into the 
background, as reflected in the statistics. 

Calcium.—The first excited state of the 96% isotope 
40 is at 3.35 Mev,” and was well resolved from the 
elastic peak. However, the oxygen contamination, 
previously noted, was unresolved at angles smaller than 
70 degrees, but only caused difficulty at 45 degrees. 
Here y was estimated to have an upper limit of 0.1, 
and the uncertainties extended accordingly. 

Copper.—Both stable isotopes (63 and 65) have a 
number of levels below about 1.5 Mev.” According to 
Dayton and Schrank," levels around 1 Mev are the 
first to show significant yields compared to the elastic 
peak. These levels were only partially resolved in the 
double spectra; comparison with well-resolved single 
spectra, however, indicated that the resulting un- 
certainties were greater than statistical only at 65, 70, 
and 75 degrees. 

Silver —Dayton and Schrank" observed an inelastic 
level at 0.44 Mev that was never resolved in the double 
spectra. From the asymmetry of single spectra it was 
estimated that only the resulting uncertainties on 
points from 85 to 100 degrees were greater than sta- 


* Mazari, Buechner, and DeFigueiredo, Phys. Rev. 108, 373 
(1957). 





POLARIZATION 


(mb/st ) 


do 
dw 








10° 1 nl 1 n 1 nl rn 4 4 n —" 
Oo 1§ 30 45 60 75 90 105 120 135 150 '65 180 


Oc.m. 


Fic. 2. Optical fit by Bjorklund to the proton elastic cross section 
of copper at 17.0 Mev (data by Dayton and Schrank). 


tistical. The levels observed by Cohen*® around 2 Mev 
were always resolved. 

Gold.—Dayton and Schrank" pointed out that there 
are many low-lying levels in gold, but that their con- 
tribution is small. No level unresolved in the double 
spectra, but resolved in single spectra was more than a 
negligible fraction of the elastic peak ; those unresolved 
from even the single peaks contributed no noticeable 
distortion. Hence, it was felt the statistical uncertainties 
were sufficient in all cases. 


CONCLUDING REMARKS 


A few qualitative observations may be made con- 
cerning these data. There appears to be little doubt 
that the polarization of protons elastically scattered 
from nuclei at medium energies is an almost universal 
phenomenon, and that large polarizations may be 
expected. These experiments have shown polarization 
in five nuclei ranging from mass 24 to 197, while 
polarization from helium and carbon has been previ- 
ously reported. Further, the polarizations are roughly 
correlated with the differential cross sections, as may 
be seen by comparing these data with the differential 
cross section data of Dayton and Schrank. Many 
extremum points on the polarization curves fall near 


23 B. Cohen, Phys. Rev. 105, 1547 (1957). 


OF SCATTERED PROTONS NEAR 17 


MEV 1103 


the diffraction minima of the corresponding elastic 
cross sections, suggesting that polarization is a dif- 
fraction effect, and indicating that a spin-orbit term 
is a necessary part of any optical potential. 

The quantity A sin(@/2) is found to have an approxi- 
mately constant value for the successive extremum 
polarization angles for each nucleus in this series, as 


well as for the carbon data reported by Brockman.°® 
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the polarization of protons elastically scattered from magnesium. 
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Fic. 4. Optical calculation (Bjorklund) and experimental points for 
the polarization of protons elastically scattered from calcium. 
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Fic. 5. Optical calculation (Bjorklund) for the polarization of 
protons elastically scattered from zinc, and experimental points 
for the polarization from copper. 
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Fic. 6. Optical calculation (Bjorklund) and experimental points for 
the polarization of protons elastically scattered from silver. 
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Fic. 7. Optical calculation (Bjorklund) and experimental points for 
the polarization of protons elastically scattered from gold. 


Since this quantity is proportional to the product of 
momentum transfer by nuclear radius, a diffraction 
mechanism is again suggested. It also appears that the 
spin-orbit force involved is common to all nuclei, and, 
extrapolating from Brockman’s results, is attractive in 
states in which the spin and orbital angular momenta 
are parallel. Finally, the decreasing magnitude of the 
polarization with increasing mass may conceivably be 
attributed to the increasing importance of the Coulomb 
repulsion.!” 


BLANPIED 


As has been noted, any quantitative fit to these data 
would probably require a machine calculation. No 
actual fit has yet been attempted, but Bjorklund!’ has 
made some predictions based on fits to differential cross 
section data, as discussed earlier. These are shown, 
along with the experimental data, in Figs. 3-7. His 
nuclear potential is described in the literature, and 
consisted of a real Saxon™ central well, an imaginary 
Gaussian central well, and a real (real at these energies) 
spin-orbit well proportional to the gradient of the 
Saxon form factor. Figure 2 shows one of his typical 
cross-section fits, from which he derived the optical 
parameters and calculated the polarizations. 

Figures 3-7 show that the predictions are in only 
qualitative agreement with experiment. A few remarks 
should be made in this regard. First, the finite angular 
resolution in the experiments could serve to depress the 
peaks. Second, Bjorklund!’ has shown that his curves 
are quite energy dependent, and most of the theoretical 
and experimental curves in Figs. 3-7 are not at exactly 
the same energies. Washouts due to target thickness may 
also help to explain some of the discrepancies. Third, 
the predictions are quite sensitive to variations in the 
optical parameters; in particular, to the imaginary well 
depth and thickness of the Gaussian surface.!’ 
Bjorklund has stated that better agreement could 
doubtless be obtained if the experimental curves were 
fit directly. Finally, polarization is much more an 
10 


interference phenomenon than diffraction scattering, 
and the optical model may indeed prove to be too crude 
to explain it in all detail. 
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Mass doublets have been measured from which atomic masses for the stable isotopes of mercury and lead 
are found. The doublet D,—Het has also been measured and found to have a value 25.6074+3 mMU. 


REVIOUS measurements of atomic masses at this 
laboratory using the large double-focusing mass 
spectrometer have covered the mass regions from boron 
through silicon,'? from phosphorus through manga- 
nese,® and from iron through zinc‘ as well as the sec- 
ondary standards, hydrogen, carbon, and sulfur. In 
the present investigation, masses of the mercury and 
lead isotopes were found and a value determined for 
the doublet D,—He‘. Masses of the lead isotopes are 
particularly interesting since they afford a means of 
comparing the masses of the natural radioactive chains 
and transuranic elements with the masses of the light 
elements. Various tabulations for this purpose have been 
made.** These tabulations suffer from the defect that 
accurate direct measurements of the lead isotopes have 
not been available and hence only indirect or relatively 
inaccurate data had to be employed. 
The spectrometer and the method of measurement of 


TABLE I. Mass doublet differences. 








Number of 


Doublet* runs 


D.— Het 11 
C;Hi4— Hg" 9 
C;Hi;—}Hg"® 12 
4Hg'™—C His 12 
C;His—}Hg™ 9 
3Hg™!—C;Hie 10 
CsH;—}He™ 
CsHe— sHg™™ 
CsH.—4$Pb™ 
CsH;—}Pb™* 
4Pb*®’— C,H; 
CsHs— $Pb*8 
4Hg™—tHg™ 
}Hg™!—3Hg™ 
Hg — Hg 
CsHs—C;H;7 
C7His—C7Hig 
CsHe—CsH; 
CsHs—CsH; 


4M 
(mMU) 
25.6074 
126.673 
134.040 
366.858 
141.075 
360.065 
53.828 
60.231 
60.428 
67.576 
433.307 
74.296 
1001.744 
501.149 
500.908 
1008.148 
1008.144 
1008.143 
1008.148 


12 
12 
6 
9 
9 
9 
18 
10 
10 
8 
7 
5 
6 


mass doublets have been described in some detail in 
other reports.!** The mass differences, AM, are meas- 
ured in terms of a difference in resistance, r, and calcu- 
lated by means of Eq. (1): 


AM = Mir/R=Mur/(R+r), (1) 


where M, and M, refer, respectively, to the masses of 
the lighter and heavier constituents of the doublet, 
and R is a fixed resistance. The standard error of the 
mean, 6(AM) associated with AM is then calculated 
from Eq. (2): 


5(AM)/AM = {[6,(r)/r P+[6.(r)/r ? 
+[6.(R)/RF}', (2) 


where 6,(r) is the standard error of the mean of the set 
of determinations of r, 6.(r) is the calibration error in r, 
and 6,(R) is the calibration error in R. 


Errors (uMU) 
[8e(r)/rJAM (8-(R)/RJAM 
0.25 
12 


[8s(r)/r]AM 6(AM) 


0.10 
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® Throughout this paper H and C are used to represent H! and C", respectively. 


+ Supported by the joint program of the U. S. Atomic Energy Commission and the Office of Naval Research. 
* Now at the Duluth Branch of the University of Minnesota, Duluth, Minnesota. 


1 Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 
2 Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 
3C. F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 

4 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
5 Quisenberry, Giese, and Benson, Phys. Rev. 107, 1664 (1957). 
6 J. R. Huizenga, Physica 21, 410 (1955). 


7H. E. Dickworth, Progress in Nuclear Physics (Pergamon Press, London, 1957), Vol. 6, p. 138. 
8 Johnson, Quisenberry, and Nier, Handbook of Physics (McGraw-Hill Book Company, Inc., New York, 1958), Part 9, p. 55. 
9A. O. Nier, Nuclear Mass and Their Determination (Pergamon Press, London, 1957), p. 185. 
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TABLE II. Present D2—He* compared with other determinations. 


Differences from 


D2 —Het (mMU) present result (uMU) 


25.607443* 
25.6082+6> 
25.007 +4° 
25.600 +24 
25.6116+6° 


+0.8+0.7 
0 +4 

—7.44+2.0 

+4.2+0.7 


* Present value. 

> See reference 10. 
© See reference 11. 
4 See reference 12. 
© See reference 13. 


MEASUREMENTS 


Listed in Table I are the doublets measured, the 
number of runs taken, the average values found for the 
mass differences, and the associated errors. Whereas 
in most of the earlier work the doublets were ‘‘narrow,”’ 
i.e, AM/M was small, in the present investigation some 
rather “wide” doublets had to be employed in order 
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to find suitable comparison ions. In such cases the 
major source of error may be the uncertainty in the 
calibration of r and R. Accordingly, all three of the 
quantities which enter into Eq. (2) are given, together 
with the final result. 

The use of wide doublets may introduce an additional 
error, if, for example, unknown effects are present 
which cause the actual dispersion characteristics of the 
mass spectrometer to differ from the theoretical value 
given in Eq. (1). That this effect, and also any error 
associated with resistor calibration is small, may be 
seen from the last four entries in Table I. Each of these 
doublets gives a value agreeing within the error with 
the measured mass of hydrogen, 1.0081451+2 amu.® 

The present value of D.— He’ is compared with other 
determinations in Table IT. It is seen to agree very well 
with a previous determination from this laboratory” 
and with the value computed from nuclear reaction 
Q values by Wapstra." The agreement is less satis- 


TABLE III. Isotopic and isobaric mass difference compared with other measurements. 


Mass Present value 
difference amu 

Hg'*8 — Hg! 

He — He" 


2.001556+10* 
1.001795+13» 
1.001816+114 
Weighted average 1.001812+11 


Hg — Hg 10004254 9 


Heg™! — Hg 1.002281+-12¢ 
1.002297+11" 


Weighted average 1.002291+11 


1.000652+11: 
2.003483 + 12* 
2.003487 +22! 
2.003484+ 11 


Hg*— Hg”! 
Hg” — Hg” 


Weighted average 


Pb%6— Ph 
Pb* Dea Ph 


2.001993+15™ 
1,001766+ 13" 


Pb%8 — Ph®? 


1.001084+ 13° 


Hg”! — Pb™ 0.000393 + 16 


* Calculated from doublet values 2 and 3 in Table I. 
» Calculated from doublet values 3 and 4 in Table I. 
© See reference 14. 

1 Calculated from doublet value 15 in Table I. 

* Calculated from doublet values 4 and 5 in Table I. 


Other determinations and method 
amu 


1.00182 + 6° mass spect. 


1.00031 + 6° 
1.00036 + 3! 


mass spect. 
(n,y) 


1.00226 + 6° 
1.00209 +20: 


mass spect. 
(y,n) 
1.00064 + 6° 


mass spect. 


1.00174 + 
1.001754+ 
1.00179 + : 
1.00156 + 7 
1.00181 + 5 
1.00106 + 
1.001060+ 
1.00108 + 33 
1.00096 + 
1.00108 + 5i 
0.000456+ 114 


mass spect. 
(n,y) 
(d,p) 
yn) 
(d,t) 
mass spect. 
(n,y) 
(d,p) 
(y,n) 
(d,t) 
B decay 


‘PD. M. Van Patter and Ward Whaling, Revs. Modern Phys. 29, 757 (1957). 


« Calculated from doublet values 5 and 6 in Table I. 
» Calculated from doublet value 14 in Table I. 


iD. M. Van Patter and Ward Whaling, Revs. Modern Phys. 26, 402 (1954). 


i Calculated from doublet values 6 and 7 in Table I. 

k Calculated from doublet values 7 and 8 in Table I. 

! Calculated from doublet value 13 in Table I. 

™ Calculated from doublet values 9 and 10 in Table I. 
® Calculated from doublet values 10 and 11 in Table I. 
© Calculated from doublet values 11 and 12 in Table I. 
P Calculated from doublet values 8 and 9 in Table I. 

a See reference 15. 


 K. S. Quisenberry (private communication, 1955). 
A. H. Wapstra, Physica 21, 367 (1955). 





ATOMIC MASSES 


TABLE IV. Neutron separation and pairing energies. 


Isotope 


soHg'™ 
soHg™ 


Pn (mMU) 


1.387+14 


8.334411 
7.220+13 
7.902+13 


1.639+14 
0.682+18 


factory with the mass spectroscopic value given by 
Demirkhanov ef al.” and with the recent mass syn- 
chrometric result of Friedman and Smith.” 


ISOTOPIC AND ISOBARIC MASS DIFFERENCES 

From doublet values listed in Table I, it is possible 
to calculate isotopic mass differences for lead and 
mercury and in one case the isobaric mass difference 
Hg*4— Pb™*, These mass differences are listed in Table 
III along with other mass spectroscopic mass differences 
and with values calculated from nuclear reaction 
measurements. Except in one case, good agreement is 
obtained for all of the comparisons of the present mass 
differences with other mass spectroscopic results. The 
present Hg—Hg!” mass difference disagrees with 
both the previous mass spectroscopic measurement and 
with a mass difference derived from a nuclear reaction 
Q-value. This disagreement is not understood at present. 

In general, reasonable agreement is obtained between 
the present mass differences and mass differences 
derived from Q values. Comparison indicates that the 
weighted average of the (y,2) reaction energies em- 
ployed to calculate the Pb”’—Pb** mass difference is 
probably incorrect.‘* The present Pb*’’— Pb”? mass 
difference is slightly higher than the accurate mass 
difference derived from the (n,y) reaction. The com- 
parison between the present isobaric mass difference 
Hg™—Pb™ with that calculated from §-decay 
energies indicates a disagreement of 63419 u.MU.'® 


NEUTRON SEPARATION AND PAIRING ENERGIES 


From the data in Table I, it is possible to compute 
neutron separation and pairing energies. The neutron 


12 Demirkhanov, Gutkin, Dorokhov, and Rudenko, Atomnaya 
Energ. 2, 21 (1956) [translation : J. Nuclear Energy 3, 251 (1956) ]. 

13. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 

144 W.H. Johnson, Jr., and V. B. Bhanot, Phys. Rev. 107, 1669 
(1957). 

15 L. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 

16 The value given in reference 15 for the Q value of Tl*(e)Hg™ 
is the weighted average of the value 0.33+1 Mev given by E. 
der Mateosian and A. Smith, Phys. Rev. 87, 193(A) (1952); 
88, 1186 (1952), and the value of 0.376+20 Mev given by R. G. 
Jung and M. L. Pool, Bull. Am. Phys. Soc. Ser. II, 1, 172 (1956). 
If the more recent value of 0.376+20 Mev is used instead of the 
weighted average, the Hg™—Pb* mass difference becomes 
418+20 MU. This value is in good agreement with that found 
in the present investigation. 
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TABLE V. Atomic masses computed from data in Table I.* 


Isotope 


Hgis 
Hg 
Hg 
Hg 
Hg”! 
Hg 
Hg™ 
Pb™4 
Pb 
Pb”? 


Mass amu 
196.028136+ 8 
198.029692+ 7 
199.031487+10 
200.031911+ 6 
201.034192+ 9 
202.034845+ 9 
204.038328+ 9 
204.037935+14 
206.039928+ 7 
207.041695+11 
208.042779+ 6 


* Calculated from doublet vaiues of Table I using H =1.0081451 +2, 
=12.0038156+4, and CH4 =16.0363961 +5 from reference 5. 


e 
separation energy, Sy, for neutron number JN is defined 
as 


Sy=M(Z, N—1)—M(Z,N)+M(n), (3) 


where M(Z,.N) is the mass of the atom with Z protons 
and N neutrons and M(n) is the neutron mass, 
1.0089860+ 10 amu.” The neutron pairing energy, Py, 
for a nucleus of even JN is defined as 


Py=Sy—Swn-1. (4) 


These quantities, calculated where present data permit, 
are presented in Table IV. The results, except for Hg™ 
as already noted, are in excellent agreement with those 
given by Johnson and Bhanot." 


ATOMIC MASSES 


The atomic masses of all the stable isotopes of lead 
and mercury may be calculated from the doublet values 
of Table I using the known masses of hydrocarbon 
comparison peaks.'* These masses are presented in 
Table V. A recently reported mass spectroscopic study 
by Kerr and Duckworth” gives the masses of the fol- 
lowing mercury isotopes: Hg?®=200.03127+8 amu, 
Hg*"'= 201.03351+12 amu, and Hg™= 204.03851+9 
amu. Reasons for the disagreements between these and 
the present values are not understood. 
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17 M(n) is calculated from the M(n)—H mass difference of 
reference 11 using the H mass of reference 5. 

18 The masses of the comparison peaks are calculated from the 
values from reference 5: H=1.0081451+2 amu, C=12.0038156 
+4 amu and CH,=16.0363961+5 amu. 

19 John T. Kerr and Henry E. Duckworth, Can. J. Phys. 36, 
986 (1958). 
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Point Source of Cosmic Rays in Orion 


Y. Sexrpo, S. Yosuma, AnD Y. KAMryaA 
Physical Institute, Nagoya University, Nagoya, Japan 
(Received March 31, 1958; revised manuscript received October 22, 1958) 


By using Geiger-Muller counter telescopes with alt-azimuth mountings, a point source of cosmic rays was 
found. The telescopes were kept nearly horizontal so as to observe only high-energy cosmic rays which could 
pass through the thick layer of the atmosphere. Upon scanning the celestial sphere, a small part of it was 
observed again and again during the period from April, 1954 to December, 1956, and thus the existence of a 
point source was established. The declination of the point source was about 0.5°N and the right ascension 
was about 5 h 15 min. The average momentum of the primary particles effective for this observation would 
be about 280 Gev/c if they are protons. In this momentum range, the time average of the intensity was 
about 10% of the background cosmic rays, while there were some periodic variations during the period of 


observation. 


1. INTRODUCTION 


OSMIC rays have been supposed to be almost 
isotropic around the solar system. But because of 
the complicated geomagnetic deflection of cosmic rays, 
there had been no observation with sufficiently narrow 
effective angular resolution to examine the possible 
existence of point sources until 1949, when this work 
was started with the idea of using the atmosphere as a 
filter of low-energy cosmic rays. 

An alt-azimuth Geiger-Miiller (GM) counter tele- 
scope of narrow angular resolution was made, and kept 
nearly horizontal, the effective cosmic rays thus being 
free from complicated deflection. In the scanning of the 
celestial sphere during the period from December, 1951 
to October, 1953, especially large intensities were 
observed at two positions, as noted in our earlier paper.! 

To determine whether one of the positions is a point 
source or not, observations of a small part of the 
celestial sphere have been repeated since April, 1954. 
Meanwhile, another telescope of higher accuracy was 
built, and since July, 1955 observations with two tele- 
scopes have been repeated. By the observations up to 
August, 1955, the statistical significance of the intensity 
difference between the position and its vicinity was 
attained,? and then the significance was improved* 
step-by-step by the integration of data. By the results 
up to December, 1956, the existence of the point 
source was established and its intensity variation was 
suggested‘ as described in this paper. 

While this work was being carried on, the galactic 
magnetic field was discovered by Hiltner ef al.°; con- 


1 Sekido, Yoshida, and Kamiya, J. Geomag. Geoelec. (Kydto) 
4, 22 (1954). 

2 Sekido, Yoshida, and Kamiya, Nature 177, 35 (1956); Pro- 
ceedings of the Mexico Conference, 1955, Memoria del V Congreso 
Internacional de Radiacion Cosmica (Instituto Nacional de In- 
vestigacion Cientifica, México, 1958), p. 433. 

3 Sekido, Yoshida, and Kamiya, Proceedings of the Stockholm 
Conference, 1956, Electromagnetic Phenomena in Cosmicai Physics 
(Cambridge University Press, New York, 1958), p. 441. 

4Sekido, Yoshida, Kamiya, Ueno, and Nagashima, Proceedings 
of the Varenna Conference, 1957 (Suppl. Nuovo cimento 8, 482 

1958) ]. 

wa Hiltner, Astrophys. J. 109, 471 (1949); L. Davis and 

J. L. Greenstein, Astrophys. J. 114, 206 (1951). 


sequently a simple interpretation of the observed point 
source has met with some difficulty. Meanwhile, ob- 
servations by air-shower equipment having narrow 
angular resolution were started at various places around 
the world. Among them, Jelley e¢ a/.6 in January, 1957 
started observations to check this point source in Orion. 


2. EQUIPMENT 


The telescopes, No. 1 and No. 2, are coincidence 
sets of GM-counters, with alt-azimuth mountings, as 
shown in Fig. 1. The movable ranges are 55°<Z 
(zenith distance) <90° and 0°<A (azimuth) <360°. 
Observations were done with a fixed zenith distance 
Z=80°, so the atmospheric cutoff of the primary 
energy is E.<~300+100 Gev. Iron plates of 1588 g/cm? 
placed between counter trays in telescope No. 1, and 
plates of 924 g/cm? in telescope No. 2, were used to 
exclude low-energy particles which enter after any 
appreciable deflection in the atmosphere. 
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Fic. 1. Alt-azimuth G-M counter telescopes. No. 1: 4-fold 
coincidence of trays 1, 2, 3, 4 with anticoincidence tray 5. No. 2: 
6-fold coincidence of trays a, b, c, d, e, f with anticoincidence tray g. 


6 J. V. Jelley (private communication). 
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Fic. 2. Zenith distance dependence of cosmic ray intensities 
observed with various thicknesses of iron absorber, compared 
with theoretical curves. © : normalization point. 


Telescope No. 1 is a 4-fold coincidence set, with 8 
counters in each tray. The area of a tray is 31X28 cm’. 
The resolution angle, i.e. the maximum deviation from 
the axis, is 5°. Tray 2 (Fig. 1) was covered with 5 cmPb 
to absorb side showers, and tray 3 was covered with 
anticoincidence counter tray 5 to exclude the effect of 
side showers. The number of coincidences at Z=80° is 
about 4 per hour, which includes about 1 side shower 
per hour. 

.Telescope No. 2 is a 6-fold coincidence set. The area 
of tray b (Fig. 1) is 12842 cm’; that of anticoincidence 
counter tray g is 150196 cm?, and the effect of side 
showers is negligibly small. In each of the trays a and f, 
12 counters are kept horizontal. In each of the trays 8, c, 
d, and e, 32 counters are kept perpendicular to those in a 
and f. In every tray, 4 adjacent counters are connected 
in parallel. Counter groups in trays (a,f) and in trays 
(b,c,d,e) are arranged cross-counterwise to form many 
small elementary telescopes. Resolution angles of the 
elementary telescope are AZ=2.5° and AA=4°. The 
coincidence pulses from the elementary telescopes of 
the same direction are collected and used to drive a pen. 
Pulses from 15 directions, i.e. 3 different zenith distances 
and 5 different azimuths, are registered with 15 pens, 
respectively, on a paper running 6 mm per min. 


3. PRELIMINARY EXPERIMENTS 


The zenith distance dependence of the coincidences 
observed with three different thicknesses of iron 
absorber in telescope No. 1 is shown in Fig. 2, where 
the side showers were subtracted by another experiment 
done with trays 1 and 4 (Fig. 1) taken out of the 
straight line. From this result, we found that about 
10? g/cm? Fe is sufficiently thick at Z=80°. The 
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observed zenith distance dependence is in good agree- 
ment with that theoretically expected by Murayama 
and others,’ to be the solution of a diffusion equation 
assuming a source function of r-mesons. According to 
this theory, it is plausible to assume the average energy 
of the primary protons to be about 300+100 Gev, and 
also to expect the observed flux. Thus, the average 
momentum of the effective primaries is considered to 
be about 2 Stérmers, and the geomagnetic deflections 
were easily calculated. As described later, nearly the 
same value (2.2 Stérmers) was obtained from a direct 
measurement of the primary momentum. 

The scanning of the celestial sphere was done with 
telescope No. 1 at Nagoya (latitude 35°N, longitude 
137°E, geomagnetic latitude 25°N). The zenith distance 
was kept at Z=80° throughout the scanning. The 
azimuth was kept constant for 2 or 3 days, then shifted 
by 5° step-by-step, thus covering all directions 
0°< A<360°. Taking the geomagnetic deflection (about 
10°) into account, the part of the celestial sphere 
—45°<6 (declination) <+70° was scanned 3 times. 
By this method, the same position in the celestial 
sphere was observed twice a day, when it was in the 
East (0°<AS180°) and when it was in the West 
(180°< A<360°). The total number of coincidences 
was 18 842 in 4691.1 hours. 

To eliminate possible variations of atmospheric and 
instrumental origin, the intensity deviations from the 
average of each declination band were used in further 
analyses. The observed field of the celestial sphere was 
divided into 1536 small squares, each (AR)?=5°X5°. 
Positions where the intensities observed by the East 
scanning were larger than a certain criterion (signifi- 
cance level 8%) are called xg. The surroundings of xg 
and the remaining positions are called yg and zz, 
respectively. The intensities at xz, etc., observed by 





(@) (b) 


fz 


4. rn i 














5 ? 0 +10 +20° 


Fic. 3. Statistical results of the scanning. (a) Presumed existence 
of point sources. J: cosmic ray intensity. R: angular distance on 
the celestial sphere from the position x, where the intensities are 
relatively high. (b) Estimation of charge and average momentum. 
©: assumed geomagnetic deflection. The value of ©, which gives 
the largest intensity difference between x(R=0°) and z(R>10°), 
is the most probable value of 8. @=+10° corresponds to posi 
tively charged 2-Stérmer particles. 

7 Murayama, Murakami, Tanaka, and Ogawa, Progr. Theoret. 
Phys. 15, 421 (1956). 
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TABLE I. Two positions noted by scanning observations. 


A 
7430" 
45°S 

69/12 hr 
43.2/12 hr 
7% 


Right 2 ascension a 
Declination 6 

Intensity at these positions 
Intensity in background 
Significance level 


* These values were written as (a =5530™, §=0°) in reference 1. Here 
the experimental fact is the same, but the previous calculation of (a,6) was 
rough. 


the West scanning were denoted as Jyw(xzg), etc., 
respectively. In Fig. 3(a), J(x) is the average of 
Iw(xg) and Ip(xw), etc. The intensity /(x) is larger 
than J(y) or J(z), the significance level of the difference 
being 0.3%. Thus the existence of point sources was 
presumed through statistical argument. 

The correspondence of positions observed in two 
different azimuths was determined by assuming the 
geomagnetic deflection of positively charged particles 
having the rigidity of 2 Stérmers, the deflection angle 
thus being about 10°. A similar analysis was done by 
assuming various values for the deflection angle, in- 
cluding the case of negatively charged particles. The 
result, Fig. 3(b), shows that the anisotropy is due to 
positively charged particles having momenta not 
greatly different from 2 Stérmers. 

In the scannings described above, especially large 
intensities were observed at the two positions given in 
Table I, although they are not large enough to be 
statistically significant. The positions given in this 
table are the directions of cosmic rays before they 
enter into the geomagnetic field. 


4. EXISTENCE OF A POINT SOURCE 


To confirm the existence of one of the point sources 
(6=0.5°N, a=5h 15 min) suggested in Table I, observa- 
tions were done by telescope No. 1 (April, 1954-March, 
1956 and July-December, 1956) and telescope No. 2 
(July, 1955-December, 1956). The zenith distance was 
kept at Zo=80°. The point source was expected to 
pass azimuths A =85° (measuring from North to East) 
and 255° at the sidereal time about éjg= 2320 and 0930, 
respectively. Therefore the azimuth of the telescopes 
was changed twice a day. In the following analysis, the 
intensities obtained by each pair of the two adjacent 
elementary telescopes in telescope No. 2 (Z—Zo=0° 


TABLE IT. 


Azimuth T 
Ao Telescope hours 


928 
1447 
1047 
1617 
5039 


No. 1 272820 
No. 2 14600" 
No. 1 27640" 
No. 2 152520" 

847520" 


un Gi Oo OO 
naman | 
oo Of 


mh 


Total 
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Fic. 4. Four independent observations of the point source. 
I: cosmic Mie intensities along 6(declination)=0.5N. a: right 
ascension. £,: A (azimuth)=85°, , telescope No. 1. Wi: A=255°, 
tel. No. 1. oe A=85°, tel. No. 2. Wz: A=255°, cel. No. 2 


and °) were added, thus forming the resolution 
angle 5°X4° which is nearly equal to that of 
telescope No. 1 

The small part of the celestial sphere (6=0.5°N 
+2.5°, 0410<a<0630+10 min) was observed 1647 
times by telescope No. 1 and 895 times by telescope 
No. 2 with no lack of time in any observation. Fi igure 4 
shows the intensities at the two azimuths A»=85° 
(£; and E2) and Ap=255° (W, and We) observed by 
the two telescopes, respectively. Larger intensities were 
observed just at the expected sidereal time in every 
case, as shown in Fig. 4 and Table II, where J is the 
integrated time interval of observations corresponding 
to each point in Fig. 4, Vp is the number of coincidences 
observed at the expected point P, and .Vo is the average 
number at the other 7 positions .V; (i#P). 

By telescope No. 2, intensities at five adjacent 
azimuths (Ao, Ap+4°, and Aop+8°) were observed 
simultaneously. But no increase of intensities was 
observed except at the particular azimuths A described 
above. Therefore, the increases shown in Fig. 4 or 
Table II are considered not to be a kind of time vari- 
ation, but rather to be attributable to a locality in the 
celestial sphere. The two telescopes gave the same 
position for the eastern image (/; and £2) and also 
the same position for the western image (W’,; and W). 


The point source observed in two azimuths (Ao) by two telescopes. 


Significance level 


2X 107% 
5X 102% 
4x 102% 
3X 107% 

10-79% 





10.243.6% 
9.0+2.9% 
11.043.4% 
6.742.7% 
8.941.5% 





POINT SOURCE 
The positions of the two images, (az,5z) and (aw,éw), 
are, respectively, the same as those suggested by the 
previous scanning, and the two images, after correction 
for the geomagnetic deflections, were identified as one. 
This is the identification of the two variables (a,6) 
through the adjustment of one parameter p (average 
momentum). Also the average momentum of the cosmic 
rays assumed for this identification is the same as that 
estimated statistically from the previous scanning 
[Fig. 3(b)]. This value is plausible if the average 
momentum is determined by the atmospheric cutoff. 

Thus, the one point source (a=5 h 15 min, 6=0.5°N) 
was confirmed by four independent observations, shown 
in Fig. 4. The integration of these four curves is shown 
in the central part of Fig. 5(a). As given in the last line 
of Table II, the increase is 6 times as large as 9}, 
where 1/No!=1.47%. That is to say, the intensity at 
position P cannot be considered as a statistical fluctu- 
ation of the Poisson distribution, the mean value of 
which is the same as that of the vicinity. 

On the other hand, the intensities in the vicinity are 
not greatly different from the statistical fluctuation. 
In Fig. 5(a), intensities in a little larger part of the 
same declination band are shown, after small corrections 
for the lack of observations. The error bars correspond 
to 1/\,*}, where .V;* is the number of coincidences 
before the correction. The standard deviation of \, 
(i#P), calculated by taking the relative weight into 
account, is c= 1.8% of Noo, where Vo is the weighted 
mean of \; at 21 positions (i#P). In this case, o is 
slightly larger than 1/No!, and No is slightly higher 
than No, although both of these differences are not 
significant. Now, Vp—.Voo=+4.2c. That is to say, the 
large intensity at position P is not the result of ir- 
regularity in distribution of the intensity, but this 
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Fic. 5. Intensity distribution over a part of the celestial sphere 
including the point source. (a) Telescopes No. 1 and 2. (b) 
Telescope No. 2, July, 1955—June, 1956. 
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Fic. 6. The point source observed in different years. 


position P is a singular point in this part of the celestial 
sphere, the significance level being 2 10-°%. 

Figure 5(b) may be useful for noting the singularity 
in a much larger part of the celestial sphere. This 
figure is the result of simultaneous observations of five 
adjacent declination bands by telescope No. 2. It was 
not possible to determine the absolute intensities of the 
five bands with sufficient accuracy to make a mutual 
comparison. Therefore the average intensities of all 
five bands were assumed to be equal. The point source 
seems to be the most significant position in this larger 
part, which is about 2% of the total celestial sphere. 

To check whether the appearance of the point source 
is a single event or an existing phenomenon which can 
be observed again and again, the curve of Fig. 5(a) 
was divided into three curves, one for each of three 
years, and is shown in Fig. 6 together with the result 
of the previous scanning. As in Fig. 6 and Table III, 
the increase is significant for every one of these four 
successive observations. Therefore, the point source is 

TABLE III. The point source observed in each year. 
Np—No Np—No 

Period of —— - Significance 

observation Np No No Nob level 


9X 10% 
2X 107% 
4X 10% 
3X 102% 


1952, 1953 27 12.3 
1954 441 384 
1955 1740 1564 
1956 2858 2680 


119.5+42.2% 
14.94 5.5% 
11.34 2.7% 
6.64 2.0% 
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Fic 7. Identification of the two images of the point source. 
8: declination. a: right ascension. E-image: observed at the 
azimuth A =85°. W-image: observed at A =255°. Dotted lines: 
correction for geomagnetic deflection by assuming various 
momenta. 


an existing phenomenon, irrespective of whether or 
not its time variation is significant. 

Through the examinations of results as described in 
this chapter, the existence of the point source was 
established. 


5. GENERAL CHARACTERISTICS 


The most probable position of the point source (a,é) 
and the most probable value of the average momentum 
of the effective primaries p, were determined from the 
observations by telescope No. 2, where the number of 
coincidences for every 10 min were read from the 
registrations for five adjacent azimuths, respectively. 
The most probable positions of the East image and the 
West image, which are not corrected for the geo- 
magnetic deflections, are given in Table IV. Figure 7 
shows the corrections for the geomagnetic deflections, 
corresponding to various values of the parameter /. 
The identification of the two images gives the most 
probable position (a,5) (see Table IV) and the most 
probable momentum p= 280 Gev/c. The discrepancy 
in the identification is indicated by the smaller circle 
in Fig. 7, which implies that the error in position (a,6) 
is about 1° and the error in momentum ? is about 
+40 Gev/c 


TABLE IV. Position of the point source inside (E, W) and 
outside (0) the geomagnetic field. 





Sidereal 


time Declination 


6z=10°40'N 

aw = 451™ bw= 5°20'S 
a=5>15™ 6= 0°30'N 

a* = 5505" 6*= 1°00'S 


ascension 


= 456m 


Azimuth 


E-image 85° 23523™ 
W- aa 255° Ob3 gm 
mage) central dipole 

— s dipole 
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The correction above described was done by assuming 
the geomagnetic field to be the conventional central 
dipole. But Simpson*® has suggested that the geo- 
magnetic field in the upper atmosphere may be twisted 
by about 45°. Then, the identification of the two images 
was checked by the simple assumption of another 
central dipole, the longitude of the pole being displaced 
westward by 45°. In this case also, the two images 
were identified as one, and the corrected position 
(a*,6*)is given in Table IV. Neither of the dipole models 
assumed in these two cases are satisfactory for repre- 
senting the real geomagnetic field. But the difference 
between the two positions, (a,5) and (a*,6*) may give 
the error of the position due to the insufficient 
knowledge of the geomagnetic field. 

The position (a@,5) described above is the direction 
just outside the geomagnetic field. At present we do 
not know whether this direction is the direction of the 
origin or not. The examination for a possible annual 
variation of (a,6) will be described later. As to a secular 
variation of the position, Fig. 6 shows no indication. 

The time interval during which the point source 
crosses the field of the telescope fixed on the earth, 
may give the width of the image. The apparent width 
is due not only to the width of the image itself, but 
also to the finite solid angle of the detector and the 
finite time interval of the reading. Taking these two 
finite factors into consideration, x? tests were made by 
assuming various radii r of the (circular) image to 
examine the intensities observed by the three pairs of 
elementary telescopes (Z=Zo, Zo%2.5°) during 10 min 
in the two azimuths, respectively. The result was r<3°, 
and probably not more than 5°. The lower limit of r 
was not obtained because the resolution angle of the 
telescope was about 3°. 

In Fig. 7, the apparent dimension of the image 
(r=3°) is shown by the larger circle. This dimension 
gives the uncertainty in position which is large enough 
to account for the small discrepancy in identification 
of the two images. 





Fic. 8. Examination 
for atmospheric broad- 
ening of the image of 
the point source. [: 
intensity. At: time in- 
terval before and after 
the crossing. Solid line: 
6,=3.5°. Chain line: 
6,=2°. Dotted line: 
6,=0°. 6,: median angle 
due to x-meson produc- 
tion. ©: normalization 
point. 
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( § Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
1956). 
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In Fig. 8, the intensities observed at the two azimuths, 
A=85° and 255°, were plotted against the time interval 
At before or after the moment when the image crossed 
the axis of the telescope. The curves are the intensities 
expected by Murayama, assuming parallel incidence of 
primary protons with energies 280 Gev and various 
types of atmospheric scattering, taking into account, 
of course, the effect of the finite solid angle of the 
telescope and the finite time interval of the reading, as 
described above. The median angle of the scattering 
due to -u decay and the angle due to the Coulomb 
scattering of u-mesons were easily estimated to be 
6,-y~0.2°—0.3° and 6,~0.7°, respectively. The pre- 
dominant factor is the angular distribution of z-meson 
production. The median angle is 6,~3.5° if the pro- 
duction is assumed to be isotropic, or is 6,~2° if 
assumed to be cos’# in the center-of-mass system of 
nucleon-nucleon collision. The three curves in Fig. 8 
correspond to the three assumptions, 06,=3.5°, 2°, and 
0°, respectively. 

In any case, the radius of the image just outside the 
atmosphere is smaller than 3°, and it may be considered 
that the primary rays form a nearly parallel beam. 
The effective primary particles may be protons having 
an average momentum of about 280+40 Gev/c, 
although heavy nuclei are not excluded. 


6. TIME VARIATION 


Figure 6 shows that there is no secular variation of 
the position of the point source. The intensity devia- 
tions from the background are shown in Table IIT and 
Fig. 9. This figure seems to indicate a secular variation 
of the intensity of the cosmic rays coming from the 
point source. The significance level is about 0.5%. 

The yearly variation of the intensity is plotted in 
Fig. 10, using the data obtained during 1954-1956. 
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Fic. 9. Secular vari- 
ation of the intensity 
from the point source. 60 
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Fic. 10. The yearly variation of the intensity from the point 
source. (a) Curve: superposition of annual and semiannual 
harmonics. (b) Phase of harmonics and direction of the point 
source. 


The annual and semiannual harmonics are given in 
Table V. Both of these harmonics are significant. It 
may be noted that do>~a,;~d2 and tmax,1~tmax,2. That 
is to say, here the minimum value of the intensity from 
the point source is approximately zero. This indicates 
that the point source appears and disappears twice a 
year. The first maximum is about 3 times as high as the 
second maximum, as shown by the curve in Fig. 10(a). 
At the time of the first maximum, the earth is almost 
opposite the point source with respect to the sun, as 
shown in Fig. 10(b). 

The day-to-day variation of the intensity was 
examined by means of Chree’s method, and a recurrence 
tendency having a period of about 18 days was obtained. 
To find out whether this recurrence is due to a random 
epoch phenomena or to a periodic variation with a 
fixed phase, the following analysis was done. The 
daily intensity from the point source was defined as 
I=(Np—Noo)/Noo, where Np is the number of co- 
incidences observed during the 20 min corresponding 
to the passage of the point source, and V9 is the average 
number during the period from 3 hours before to 4 
hours after the passage, not including the period from 
1.5 hours before to 1.5 hours after the passage. This 
was done to avoid the effect of any possible displace- 
ment of the point source. 

Using the daily intensity /, the first harmonic of 
the periodic variation with fixed phase was obtained 


TABLE V. Yearly variation of intensity of the point source. 


Significance 
Harmonics level 


Amplitude Phase 


Constant term 
Annual 
Semiannual 


d= 8.9+1.5% 
a,=10.24+2.0% 
a2= 9.242.0% 


10-8% 


tmax,1= May 25 
10% 


tmax,2= May 1 





SEKIDO, 





Fic. 11. Examination 
of short-period _ vari- 
ation. a: amplitude. T: 
assumed period. 





























by assuming various values for period 7. The ampli- 
tudes corresponding to the various values for the period 
assumed are plotted in Fig. 11. The periodic variation 
giving the largest amplitude is in Table VI, where the 
error of the amplitude was estimated to be 1/(.V/3)', 
where .V is the total number of coincidences in 20 min 
integrated over the whole period. The open circles in 
Fig. 11 are the amplitudes calculated by using oo 
instead of J. The small amplitudes thus obtained show 
that there is no significant periodic variation in .V oo, 
and these small amplitudes may give a measure by 
which to estimate the error of amplitude a in Table VI. 


TABLE VI. Short period variation of intensity of the point source. 


Significance level 


T=17.9+0.5 days 

a= 8.8+3.2% 
tmax = June 3, 1956 

do= 7.741.9% 


Period 
Amplitude 
Phase 
Constant term 


0.27% 


The amplitude and phase of the 18-day periodicity of 
the daily intensities J were calculated for each set of 
data obtained by different telescopes, azimuths, and 
periods of observations, and the same result was 


obtained under the various conditions. Thus, the 
existence of the 18-day periodicity was established. 

In Table VI, it may be noted that ao~a. That is to 
say, the minimum value of the intensity from the point 
source is approximately zero. This indicates that the 
point source appears and disappears once in every 
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18-day period. The dotted line in Fig. 11 shows the 
apparent dispersion of the period expected from the 
finite number of 18-day cycles even if the amplitude 
were constant. A little larger dispersion of the solid 
line may be due to the modulation of the amplitude. 
There is a correlation between the amplitude and the 
corresponding 18-day average intensity for each cycle, 
the significance level being 0.2%. This proves the 
existence of the modulation. The annual and semi- 
annual variation may represent the modulated ampli- 
tude of the 18-day periodicity (see Fig. 10). 

One of the present authors (Yoshida) suggests that 
the intensity in the vicinity of the point source also 
shows the 18-day periodicity having the same phase, and 
the amplitude modulation of the 18-day periodicity may 
be due to the displacement (Aa=—30 min Ad= —3°) 
as well as the dispersion of the point source. The 18-day 
amplitude observed in a wider solid angle appears to be 
constant, and the average momentum of the effective 
primaries seems to be constant too. Therefore, the 
annual and the semiannual modulation may be caused 
by something from the sun, which deflects the cosmic 
rays coming from the point source. 


7. DISCUSSION 


Since discovery of the galactic magnetic field, it has 
been difficult to explain how the point source, if it 
exists, can be observed from the earth. Nagashima 
examined the possibility of various explanations, 
including the one suggested by Kraushaar who assumed 
a moving magnetic cloud. Most of them were found 
to be difficult, but Nagashima suggested a possible 
explanation based on an inverse focusing effect of the 
inhomogeneous galactic magnetic field, by assuming a 
special condition for the locality of the origin. Accord- 
ing to him, much higher intensity can be expected than 
calculated by inverse square law. At present, of course, 
we have no proof of such a special condition. 
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Emission of Heavy Fragments in Nuclear Disintegrations 
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A phenomenological description is given of the processes which lead to the emission of energetic heavy 
fragments from cosmic-ray stars. The energy spectra, angular distribution, and relative frequency of the 
particles have been determined, and a detailed comparison is made with the predictions from nuclear 
evaporation theory. A simple method for charge determination of the fragments is described. 


INTRODUCTION 


URING the last years numerous reports have been 

given of the observation of heavy nuclear frag- 
ments emitted from stars in photographic emulsions.!~” 
The phenomenon represents a complex many-body 
reaction in high-energy nuclear physics, and the 
mechanism of ejection of such aggregates of nucleons is 
far from being understood. Apart from the general 
physical interest of the process, the phenomenon may 
have a bearing on the question of the emission of the 
hyperfragments, and further on various problems in 
radiochemistry, astrophysics, etc. 

The present paper deals with the ejection of energetic 
lithium, beryllium, and boron isotopes from stars. As 
the phenomenon presents similar problems to that of 
the emission of energetic (/>45 Mev) helium particles, 
a study of the latter has also been included in the 
investigation. The experimental part is mainly phe- 
nomenological. In the following discussion an attempt 
is made to compare the observations with the predic- 
tions from nuclear evaporation theory, leaving open 
the question of cascade processes, fission, etc. as 
possible explanations of the mechanism of ejection. 

The material was recorded in a stack of stripped 
Ilford G5 emulsions, each 600 uw thick, exposed at high 
altitude by means of free balloons. Figure 1 shows a 
photomicrograph of a boron nucleus, with kinetic 
energy ~ 100 Mev, ejected from a star. 


EXPERIMENTAL 
A. Identification of Heavy Fragments 


Multiply-charged particles in electron-sensitive photo- 
graphic emulsions can easily be separated from singly- 
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11, 191 (1956); 12, 747 (1957). 

OQ. V. Lozhkin and N. A. Perfilov, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 913 (1956) [translation: Soviet Phys. JETP 4, 790 
(1957) ]. 

11 EF, Baker and S. Katcoff, Bull. Am. Phys. Soc. Ser. II, 2, 222 
(1957). 

12 Barkow, Kane, O’Friel, and McDaniel (to be published). 


charged particles due to the large increase in total 
ionization with charge. For the energetic heavy frag- 
ments the most characteristic feature of the tracks is 
the large number of delta rays which the particles pro- 
duce in their passage through the emulsions. A study of 
the distributions of these delta rays along the tracks 
provides a precise method for determining the charge 
of the fragments. For low-energy fragments (of range 
<500 u) the delta-ray method is unsuitable, and a 
different method depending on measurement of the 
total ionization of the tracks has been developed." 
As most of the fragments in the present investigation 
are of short range, the latter method has been used for 
charge determination. The delta-ray method has only 
been applied to identify the helium particles. 

By means of a projection microscope, a drawing of 
the fragment has been made on tracing paper placed on 
a glass plate 150 cm above the microscope. Using a 
Leitz microscope with ordinary Leitz light bulbs (36w), 
a maximum magnification of ~ 4500 was obtained with 
a X95 objective and a X10 ocular. By means of a 
special device the fine focus of the microscope could be 
regulated so as to keep the track in focus as the drawing 
was made. The drawing was subdivided into short 
lengths, each 5 cm long, and the area of each interval 
was measured with a high-precision planimeter. Upon 
integrating the area of the intervals over a certain 
track length, the tracks were clearly separated into 
groups corresponding to different values of charge. 

Influence on track area of dip in the emulsions was 
tested by measuring Li’ “hammer” tracks of different 
dip angle. For tracks with dip <20° no corrections for 
dip were needed. Some helium particles with angle of 
dip <5° and range > 1000 u, which were distributed in 
all layers of the emulsions, were also measured by the 
planimeter. There appeared to be no significant change 
in track area from one emulsion depth to another for 
particles between 50y and 550y from the surface 
of the emulsion. The helium particles are used for 
calibration in the charge spectrum represented in Fig. 2. 

The rest of the tracks in Fig. 2 represent the result of 
measurements on 500 heavy fragments ejected from 
cosmic-ray stars, and which by visual inspection 
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Fic. 1. Photomicro- 
graph of a star ac- 
companied by the emis- 
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appeared to be more highly charged than helium 
nuclei. The criteria for the selection of the tracks were 
as follows: 


(1) The tracks ended in the emulsion. 

(2) The ranges were > 100 yz. 

(3) The angle of dip in the undeveloped emulsion 
was <20°. 

(4) The tracks were located between 50 uw and 550 u 
from the surface of the emulsion. 


From Fig. 2 three groups of particles, A, B, and C, 
are clearly separable. Group A consists to a great extent 
of the identified helium nuclei represented by the 
shaded part of the histogram. The black portions in 
group B and C represent “hammer” tracks satisfying 
the criteria (1)-(4). As the over-all majority of 
“hammer” tracks are due to Li’ nuclei, and as the main 
group of “hammer” tracks coincides with those of 
group B, we may conclude that the latter also represent 
lithium nuclei. The fact that the “hammer” tracks of 
group B are so clearly separated from those of group C 
proves that the latter most probably are due to B®. 
Group C must therefore consist of a mixture of still 
heavier elements. The problem therefore arises how to 
distinguish between the different elements mixed in 
group C. 

The magnification obtainable with the projection 
microscope is strongly limited by the intensity of the 
visible light from the microscope bulb relative to its 
thermal radiation because a too high heat absorption in 
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Fic. 2. Histogram showing the total track area, in arbitrary units, 
of the last 106» of 500 nuclear fragments. 


sion of a boron frag- 
ment of kinetic energy 
~100 Mev. 


the photographic plate destroys the emulsion. By means 
of a “Xenon-Hochdruckbrenner 150 w, XBO 162”, 
combined with an ~7-cm water filter, however, we were 
able to increase the magnification to ~ 6500. This also 
seems to be the optimum magnification. 

By this new arrangement all the particles of group C 
were remeasured. The result of this is presented in 
Fig. 3, where we also have included 95 heavy fragments 
detected after the measurements of the tracks included 
in Fig. 2 were finished. 

Figure 3 also reveals three groups of particles B, C’, 
and C’’. Group B clearly coincides with the Li® 
“hammer” tracks and are mainly composed of tracks 
from the 95 new heavy fragments mentioned above. 
Group C from Fig. 2 has, however, been split into two 
main groups C’ and C” in Fig. 3. From the track area of 
the B® “hammer” tracks we may conclude that group 
C’ is due to beryllium and C” mostly to boron nuclei. 
Poor statistics, however, forbids any conclusions to be 
drawn on the presence of nuclei heavier than boron. 

The heavy fragments observed in the present experi- 
ment are taken from a stack of 80 stripped nuclear 
emulsions, Any small difference in the degree of 
development from one plate to another will tend to 
broaden the track area distributions. In order to 
investigate the accuracy of the planimeter method on 
tracks minimally influenced by emulsion in homogeneity, 
we have measured tracks in a single Ilford G5 emulsion, 
50 uw thick, exposed to C® and O"* ions in the linear 
accelerator for heavy ions in Berkeley. The ion tracks 





Fic. 3. Histogram 
showing the total 
track area, in arbi- 
trary units, of the 
fragments in group 
C of Fig. 2. The 
measurements are 
made by means of a 
B “Xenon-Hochdruck- 

brenner.” 
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made an angle of 9° with the plane of the emulsion, 
and the C” and O"* ions could be separated by different 
ranges. 

Figure 4 represents the result of track area measure- 
ments on 64 heavy-ion tracks for different values of the 
residual range, and with a magnification of ~6500. It 
is seen from Fig. 4 that a statistical discrimination 
between carbon and oxygen is already possible at a 
residual range of ~30 yu. In order to get an individual 
charge determination of each track, however, we need a 
track length >60y. Assuming a similar spread in the 
track area distribution for nitrogen, we may also con- 
clude from Fig. 4 that a residual range of >140 yu is 
necessary in order to separate the tracks of all the 
lighter nuclei. 


B. Energy Spectra of Heavy Fragments 


Due to the very high probability of losing short 
lithium tracks during the scanning of the emulsions, the 








Fic. 4. Histograms 
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track area, in arbi- 
trary units, of tracks 
of C? and O'8, 
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number of particles in groups B and C of Fig. 2 does 
not directly give the relative frequency of lithium 
> 100 u to heavier fragments > 100 yu. This effect, which 
is very important in estimating the energy spectra and 
the relative frequency of the fragments, can be demon- 
strated as follows. 

In Fig. 5 we have plotted the energy spectrum of 
1481 Li*® “hammer” tracks observed in the present 
experiment. The tracks have been selected irrespective 
of their range and angle of dip, and we assume the loss 
during scanning to be negligible due to the characteristic 
appearance of the tracks. The spectrum had been 
corrected in the usual way for loss of particles leaving 
the emulsion before coming to rest. In Fig. 6 the energy 
spectrum of all the stable lithium fragments (Li®,Li’) 
satisfying the above criteria (1)—(4) and identified by 
the planimeter measurements is plotted. The energy 
spectrum has been calculated assuming the particles to 
be an equal mixture of the two isotopes Li® and Li’. 
The spectrum has a cutoff at 29 Mev corresponding to 
a selection of lithium fragments of range > 100 u. 
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Fic. 5. Observed energy spectrum of Li’ “hammer” tracks. The 
curve is calculated from the formulas (2a,b) with T=11.5 Mev, 
V=6 Mev and v=0.016c. 


The form of the spectra in Fig. 5 and Fig. 6 is seen 
to have marked differences in the energy region 30-50 
Mev. As there is no reason to assume such a very great 
difference to be real, the lack of any strong increase in 
the number of (Li®,Li’) fragments in the energy region 
from 50 Mev to 30 Mev must be due to a heavy loss of 
short, stable lithium tracks during scanning. 

We believe that (Li®,Li’) fragments of kinetic energy 
>60 Mev (corresponding range of Li’ >370y) and 
angle of dip <20 degrees are rarely lost during scanning, 
due to the conspicuously heavy ionization of the tracks. 
This limit is of course rather arbitrary, but seems 
reasonable. We therefore regard Fig. 6 to give a correct 
picture of the energy spectrum of the stable (Li®,Li’) 
fragments only in the energy region >60 Mev. 

In Fig. 7(a) is presented the energy spectrum in the 
region 60-130 Mev of (Li®,Li’) fragments ejected from 
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Fic. 6. Energy spectrum of Li®, Li’ fragments 
of kinetic energy >30 Mev. 
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Fic. 7. Energy spectra of different nuclear 
fragments with energies >50 Mev. 


cosmic-ray stars. In the same figure are presented the 
energy spectra of Li® “hammer” tracks 50-90 Mev and 
fast helium nuclei 50-100 Mev ejected from cosmic-ray 
stars. For the helium fragments, all the nuclei are 
assumed to be alpha particles. 

In Fig. 7(b) are plotted the energy spectra of all the 
beryllium and boron fragments satisfying the above 
criteria (1)—(4) identified by the planimeter 
method. In calculating the energy spectra we have as- 


and 


sumed the two types of fragments to be isotopes of Be® 
and an equal mixture of the two isotopes B’ and B", 
respectively. We assume further that the loss of tracks 
of beryllium and boron > 100 yu in the present material 
is negligible, due to the very heavy ionization of the 
corresponding particles. 

The five spectra represented in Fig. 7(a) and Fig. 7(b) 
are normalized so as to give the relative frequencies of 
the various types of heavy fragments ejected from the 
cosmic-ray stars observed in the present experiment. 


Fic. 8. Angular dis- 
tribution of fast helium 
nuclei of kinetic energy 
>45 Mev. 
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C. Angular Distributions of Heavy Fragments 


In those cases where the heavy fragment has been 
emitted from a star with a distinguishable incident 
particle, the angle between its track and the line of 
motion of the “primary” particle has been measured. 
During the cosmic-ray exposure, the plates were 
arranged with the emulsions lying in a vertical plane, 
and it is therefore possible to determine the direction 
of motion of a particle, in its passage through the 
emulsion, relative to the vertical. It has been assumed 
as a sufficient criterion, that a track is that of a particle 
producing a particular nuclear explosion if its specific 


ionization is near the minimum value for charge | e| , and 


if it is the only such track in the ‘upper hemisphere” 
of the star. We have excluded stars produced by heavy 
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Fic. 9. Angular distribution of (Li®,Li7) and Li’ fragments, 
grouped together, for three different intervals of kinetic energy. 


The curves are calculated from the formula (5) with T=11.5 Mev, 
*=6 Mev, and v=0.016c. 


primaries, but included nuclear disintegrations pro- 
duced by relativistic alpha particles representing ~8% 
of the stars. In Fig. 8 is represented the angular dis- 
tribution of 398 helium nuclei with kinetic energies 
>45 Mev. In Fig. 9 is shown the angular distribution of 
the (Li®,Li’) and the Li’ fragments grouped together for 
three intervals of kinetic energies, and in Fig. 10 is 
shown the corresponding distributions for the beryllium 
and boron fragments. All the various types of fragments 
are characterized by a strong forward collimation, and 
in the case of the lithium nuclei the degree of collimation 
is seen to increase from almost isotropy for energies 
<30 Mev to a very high degree of ‘‘forward” emission 
for the faster particles. Another illustration of this 
effect is given in Fig. 11, which shows the ‘forward to 
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Fic. 10. Angular distributions of beryllium and boron fragments. 


backward” ratio for (Li®,Li’) and Li’ fragments grouped 
together, as a function of energy. 


D. Fragment Production and Nuclear Excitation 


In order to study the mechanism of ejection of heavy 
fragments, the energy spectra, angular distributions, 
and relative frequencies of the fragments have to be 
compared with the energy released in the nuclear 
disintegration. As a measure of the latter we use the 
number of heavily ionizing prongs V,, defined as the 
number of tracks with grain density greater than 1.4 
times minimum, 
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Fic. 11. The observed “forward to backward” ratio for (Li®,Li’) 
and Li’ fragments grouped together as a function of energy. The 
curve shows the theoretical F/B ratios for Li® calculated from 
(3a,b) with T=11.5 Mev, V=6 Mev, and 1=0.016c. 
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Fic, 12. The average kinetic energy of fast helium nuclei >45 
Mev as a function of the number N, of heavily ionizing prongs in 
the star. 


In Fig. 12 is plotted the mean kinetic energy of fast 
helium nuclei in the interval 45-125 Mev ejected from 
cosmic-ray stars, as a function of V,. As seen from the 
figure, no very strong correlation exists between the 
particular energy with which a fast helium nucleus is 
emitted and the energy the associated 
nuclear disintegration. 

Further, we have divided the Li’ “hammer” tracks in 
two groups corresponding to stars with 7< N,<19 and 
N,220. The lower limit of N,=7 ensures that the 
majority of the stars are due to disintegrations of the 
silver and bromine nuclei of the emuslion. The corre- 
sponding two energy spectra are plotted in Fig. 13. As 
seen from the figure, the form of the two spectra does 
not depend very strongly on the energy release in the 
associated star. 

In Fig. 14 is plotted the probability of emission of 
various types of nuclear fragments as a function of Ny. 
Here also only nuclei of range > 100 uw are considered. 

In estimating the frequency of (Li®,Li’) fragments 
>100 » it is necessary to know the true form of the 
energy spectrum >30 Mev, which includes the region 
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Fic. 13. Energy spectra of Li® fragments for two intervals of Nj. 
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3. 14. The absolute probability of emission of different types of 
fast heavy fragments as a function of N,. 


30-60 Mev where the loss effect was shown to be very 
serious. We have made the reasonable assumption 
therefore that the (Li®,Li’) spectrum has approxi- 
mately the same form as that of the Li® “hammer” 
tracks for kinetic energies in the interval 30-60 Mev. 
In constructing the total spectrum of the (Li®,Li’) 
nuclei >100 4 we have used the observed spectrum 
(Fig. 6) for kinetic energies >60 Mev, and for the 
lower energies have fitted the spectrum to that of the 
Li’ “hammer”’ tracks in Fig. 5. 

In Fig. 15 is represented the probability of emission 
of Li® “hammer” tracks > 100 uw (corresponding energy 
>31 Mev) as function of V,. As we assume no loss of 
“hammer” tracks during scanning, a determination of 
the total probability of ejection of a Li® fragment is 
possible. In Fig. 16 is presented the probability of 
ejection of a Li® nucleus of energy >3 Mev, the lowest 
energy of a “hammer” track observed in the present 
investigation. 

Figures 14-16 show a very rapid rise in the probability 
of emission of all types of fragments as the size of the 
stars increases. Further, the observations seem to 
indicate a very slow decrease with N, of the ratio of 
lighter to heavier fragments, as shown by Table I. 

Four examples of the ejection of B* “hammer” tracks 
> 100 uw have been observed in the present experiment, 
the most energetic one with an energy of 250 Mev. 


DISCUSSION 


The emission of heavy fragments from stars repre- 
sents a complex, many-body problem in high-energy 
nuclear physics, and the present observations do not 
allow anything like a complete explanation of the 
phenomena to be given. It may be, however, of interest 
to compare our results with what is to be expected 
from more well-known nuclear reactions like evapora- 
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tion, nuclear cascades, fission, etc. Recently, intra- 
nuclear cascade calculations in the Bev region have been 
performed by various authors using Monte Carlo tech- 
niques.’ All the calculations, however, have disregarded 
the possible existence in the nucleus, and interacting 
with the incoming particle, of aggregates of nucleons. 
Thus, the cascade emission of complex units such as 
alpha particles, lithium nuclei, etc., cannot be pre- 
dicted. At the moment nuclear evaporation is the only 
theory from which relative frequency, energy spectra, 
etc. of heavy fragments can be calculated. In the 
present experiment we therefore have strictly limited 
ourselves to a detailed comparison of our observations 
with the predictions from nuclear evaporation theory. 
We have used the simplified representation of Le 
Couteur’s theory’® of nuclear evaporation given by 
Hagedorn and Macke,!” which is very convenient for 
comparison with experiment. 

The evaporation of charged particles from a highly 
excited nucleus (silver or bromine) is mainly deter- 
mined by the mean temperature 7 and the average 
height V of the effective potential barrier. If the heavy 
fragments are the result of an evaporation process, the 
particles should be emitted isotropically. The anisotropy 
observed in the present experiment (Fig. 9 and Fig. 10) 
can therefore only be explained on the basis of nuclear 
evaporation theory by assuming the fragment emission 
to take place during the flight of the highly excited rest 
nucleus formed after the initial meson-nucleon cascade 
of the reaction is completed. This condition is in general 
acceptable, as the average momentum transfer of the 
incoming particle to the target nucleus mostly results in 
times of flight of the recoiling rest nucleus much longer 





Li®> 31MEV 


ABSOLUTE PROBABILITY 











Fic. 15. The absolute probability of emission of Li® fragments 
of energy >31 Mev as a function of Np. 


16 Metropolis, Bivins, Storm, Turkevitch, Miller, and Fried- 
lander, Phys. Rev. 110, 185 (1958); 100, 204 (1958). 

16K. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 

17 R. Hagedorn and W. Macke, Kosmische Strahlung (Springer- 
Verlag, Berlin, 1953), p. 201. 
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than the time taken for the de-excitation of the nucleus 
by evaporation. 

In the center-of-mass system of the evaporating 
nucleus the probability of a particle being emitted with 
kinetic energy between E’ and E’+dE’ is given by the 
well-known formula'®: 


E'-V E'-V 
P(E')dE' =—— exp/ —_-—_ dae (1) 
T T 


If the evaporating nucleus is moving with a velocity v 
assumed to be small compared to the velocity of the 
emitted particles, the energy spectrum in the laboratory 
system is approximately given by 


1 
P(E)=—(1—€- +) (a+b+1)} 
2Tb 


for V—(2mV)'x<E<V+(2mV)!v, (2a) 


1 
P(E) =—{e-“-») (a—b +1) —e- ) (a+-0+-1)} 


2Tb 
for E>V+(2mV)'v, (2b) 


with a= (E—V)/T and b= (2mE)'v/T, where m is the 
mass of the emitted particle and E£ is the kinetic energy 
in the laboratory system. 

Further, the isotropic angular distribution in the 
center-of-mass system is transformed in the laboratory 
system into an anisotropic spectrum where the “forward 
to backward” ratio F/B is approximately given by 


F e*— (a+1) 


B (at1)—e%(a+b+1) 
for V<E<V+(2mV)!0, 

F  eb(a—b+1)—(a+1) 

B (at1)—e%(a+b+1) 
for E>V+(2mV)'0. 





(3a) 


(3b) 


The fragments in the present investigation are 
collected from stars with NV, values in the region from 
~7 to ~35. This means large variations in the excita- 
tion energies of the individual disintegrating nuclei, and 
corresponding broad distributions in the values of T, 
V, and v. These parameters in (2a,b) and (3a,b) there- 
fore have to be considered as mean values. 

The problem which now arises is to find a set of 
values for T, V, and v which gives the best fit of the 
formulas (2a,b) and (3a,b) to both the observed 
energy spectra and the angular distributions. If these 
values are each within physically reasonable limits, 
nuclear evaporation must be considered as a possible 
explanation of the emission mechanism of heavy 
fragments. 

In order to have data of sufficient statistical weight, 
the comparison between our observations and nuclear 


"18 V, Weisskopf, Phys. Rev. 52, 295 (1937). 
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Fic. 16. The absolute probability of emission of Li* fragments 
of energy >3 Mev as a function of Nj. 


evaporation theory will mainly be confined to the 
energy spectrum of the Li® “hammer tracks” (Fig. 5) 
and the corresponding F/B distributions (Fig. 11). 
We do not regard the fact that the observations in 
Fig. 11 are based on a mixture of three different isotopes 
of lithium as important in using Fig. 11 as a good 
approximation for the F/B ratios for Li’ fragments. 

It is found by a method of successive approximations 
that the set of values 


T=11.5 Mev, 


gives the best fit of the formulas (2a,b) and (3a,b) to 
both the observed energy spectrum and the F/B ratios. 

In Fig. 5 is plotted the energy spectrum of ejected 
Li’ nuclei calculated from (2a,b) with the mean values 
for T, V, and v given by (4). The agreement with the 
observations is seen to be very good. The corresponding 
values for the F/B ratios calculated from (3a,b) and (4) 
are presented in Fig. 11, and are seen to reproduce the 
experimental results very well. The anisotropy caused 
by the recoil of an evaporating nucleus increases very 
strongly with the energy of the emitted particles. This 
effect, which is somewhat surprising, is a result of the 
Maxwellian distribution of the evaporated particles. 

In Fig. 17 is shown a similar F/B plot calculated for 
beryllium fragments (of an average mass number 9.5) 
with T and v given by (4) and V(Be)=8 Mev. The 
latter value for the effective potential barrier depends 
on very uncertain assumptions, but it is shown below 
that the theoretical F/B curves are not very sensitive 
to variations in V. The observed F/B ratios are seen to 
be of the right order of magnitude, but the statistical 
errors are too large to permit a more detailed compari- 
son with the lithium data. 

If 6 is the angle in the laboratory system between the 
direction of motion of the ejected fragment and the 


V=6 Mev, v=0.016c (4) 
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Fic. 17. The observed 
“forward to backward” 
ratio for beryllium frag- 
ments as a function of 
energy. The curve shows 
the theoretical F/B ratios 
for beryllium calculated 
from (3a,b) with T=11.5 
Mev, V=8 Mev, and 
v=0.016c. 
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evaporating nucleus, the probability of observing 
fragment emitted between 6 and 6+4d@ is given by 


W (E,0)d6 


m\* (E—V)—(2mE)'v cos 
= const 1-+0( ~) cos —_—__—— 
2E i 
(E—V)—(2mE)'v cosé 
xexp| — - | sinéd@. (5) 
T 
In Fig. 9 is plotted the theoretical angular distribu- 
tion of Li® nuclei calculated from (5), with T, V, and v 
given by (4), for the three energy values E= 18.1 Mev, 
40.4 Mev and 77.5 Mev. These figures correspond to the 
mean values for the kinetic energies of the observed Li® 
fragments in the three intervals E<30 Mev, 30 Mev 
<E<60 Mev and E>60 Mev. The agreement between 
the theoretical curves and the experimental values is 
satisfactory, particularly for E>30 Mev. 
The comparison of the formulas (3a,b) and (5) with 
the observations depends, of course, on the assumption 
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_ Fic. 18. Theoretical energy spectra of Li® fragments calculated 
from formula (2a,b) with V=6 Mev, »=0.016c, and T=6 Mev 
and 11.5 Mev, respectively. 
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that the average direction of motion of the evaporating 
nuclei coincides with the direction of the incoming 
particle producing the nuclear disintegration. This 
assumption, however, is questionable, as the effect of 
the successive impulses to the residual nucleus during 
the evaporation is considerable, and in large stars the 
additional velocity due to successive random recoils is 
of the same order of magnitude as the initial velocity v 
imparted to the nucleus before evaporation.” One 
could get over this objection by assuming that the 
fragments always are emitted in the initial phase of the 
evaporation process. This view is supported by a 
preliminary investigation of the low-energy spectrum 
(<30 Mev) of protons from the stars emitting heavy 
fragments, indicating a mean evaporating temperature 
much lower than the value T= 11.5 Mev given in (4). 

The theoretical formulas of evaporation theory are 
therefore able to fit simultaneously, the observed 
energy spectrum, the angular distribution, and the F/B 
ratios of the ejected Li® fragments. The question now 
arises as to whether the mean values for the tempera- 
ture, the effective potential barrier, and the recoil 
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Fic. 19. Theoretical “‘for- 
ward to backward” ratios 
for Li® fragments calculated 
from (3a,b) with V=6 Mev, 
v=0.016c, and three differ- 
ent values of T. 
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velocities given by (4) are realistic from a physical 
point of view. Further, the sensitivity of the fit of the 
theoretical curves to the observations for variations in 
the values (4) of T, V, and v has to be investigated. 

It is generally assumed that evaporation theory 
breaks down when the excitation energy of the nucleus 
exceeds the total binding energy. The upper limit for 
the applicability of evaporation theory on excited 
silver or bromine nuclei in emulsions is commonly 
regarded to be of the order of ~800 Mev corresponding 
to temperatures of ~ 10 Mev.” The value 11.5 Mev for 
the mean temperature in (4) is therefore somewhat too 
high to be accepted. This conclusion is even further 
supported by the results of nuclear cascade calcula- 
tions,!® giving average excitation energies of the residual 
nuclei of the order of only a few hundred Mev. 

An interesting feature of the observed energy 
spectrum (Fig. 5) is that a substantial part (~25%) of 
the Li® nuclei are ejected with kinetic energies below 
the generally assumed potential barrier, which corre- 


19 J. B. Harding, Phil. Mag. 40, 530 (1949). 
»” J. B. Harding, Phil. Mag. 42, 63 (1951). 
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Fic. 20. Theoretical energy spectra of Li fragments calculated 
from formula (2a,b) with T=11.5 Mev, v=0.016c, and three 
different values of V. 


sponds to about ~ 16.5 Mev for the heavy nuclei in the 
emulsion. This effect is most probably similar to the 
phenomenon observed by Harding, Lattimore, and 
Perkins”! on the emission of alpha particles from high- 
energy cosmic-ray stars, where ~40% of the particles 
have kinetic energies below the corresponding potential 
barrier ~12 Mev. As suggested by Bagge” at the 
excitation energies we are considering, the barrier may 
be reduced by as much as ~50% due to an increase in 
the effective nuclear radius caused by large amplitude 
surface oscillations. Still, the value ~6 Mev for V in 
(4) seems somewhat too low. 

The value for v given in (4) is reasonable, and in 
agreement with the figures obtained by other investi- 
gators using different methods.” 

In order to illustrate the influence of the variations 
of 7, V, and v in more detail, we have calculated a 
number of different energy spectra and F/B ratios for 
Li® nuclei by varying partially the three parameters 
about the values represented in (4). The results are 
shown in Figs. 18-23, and give the following picture. 

Both the form of the energy spectrum and the figures 
for the F/B ratios are very sensitive to variations in the 
nuclear temperature 7. Figure 18 illustrates the well 
known fact that the energy spectrum of the particles 
becomes broader with increasing 7, and Fig. 19 shows a 
strong decrease in the F/B ratios as T increases. 

Variations in the height of the potential barrier V 





Fic. 21. Theoretical 
“forward to backward” 
ratios for Li® fragmenis 
calculated from (3a,b) 
with T=11.5 Mev, 
v=0.016c, and three dif- 
ferent values of V. 
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21 Harding, Lattimore, and Perkins, Proc. Roy. Soc. (London) 
A196, 325 (1949). 

2 E. Bagge, Ann. Physik 33, 389 (1938). 

3D. H. Perkins, Phil. Mag. 41, 138 (1950). 
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_ Fic. 22. Theoretical energy spectra of Li’ fragments calculated 
from formula (2a,b) with 7=11.5 Mev, V=6 Mev, and three 
different values of v. 


practically do not change the form of the Maxwellian 
energy distribution, as is shown in Fig. 20. The only 
effect on the energy spectrum is to shift it along the E 
axis. Further, as illustrated in Fig. 21, the values of the 
F/B ratios are not very sensitive to variations in V. 

It is reasonable to assume that the velocities of the 
evaporating nuclei do not exceed ~0.025c. It is shown 
in Fig. 22 that up to this limit variations in v do not 
significantly change the form of the energy spectrum. 
Figure 23, however, shows that the values of the F/B 
ratios are very sensitive to variations in v, and increase 
strongly with increasing velocity of the nucleus. 

The major difficulty in reconciling the observed 
energy distribution (Fig. 5) with a pure evaporation 
spectrum is the broadness of the distribution, leading to 
temperatures for which nuclear evaporation theory is 
no longer valid. There may be two major possibilities of 
avoiding the very high values for the mean temperature 
and still retain the broad form of the energy spectrum: 
(a) Figure 22 shows that the peaking of the energy 
spectrum and the displacement of its maximum result- 
ing from a lowering of T could be compensated by a 
corresponding strong increase in the value assumed for 
the mean recoil velocity v. However, as shown in Fig. 19 
and Fig. 23, both the lowering of T and the increase in 
v very strongly increase the values of the F/B ratios. It 
is found that relatively small variations of T and v in 
these directions give curves for the F/B ratios far 
outside the observed values in Fig. 11. We therefore 


Fic. 23. Theoretical 
“forward to backward” 
ratios for Li® fragments 
calculated from formula 
(3a,b) with T=11.5 
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different values of v. 
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Fic. 24. The theo- 
retical ratios (Li®+Li’)/ 
(Be7+Be®+Be”) and 
(Be’+Be®+Be”)/ 

(B+ B") 
as functions of the tem- 
perature 7, calculated 
from nuclear evapora- 
tion theory. Only frag- 
ments of range >100 4 
are considered. 
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exclude the possibility of much higher recoil velocities 
as the main reason for the broad energy distribution. 

(b) As the second possibility in overcoming the 
difficulty with the high temperature necessary for 
explaining the broad energy spectrum we may assume a 
very strong variation in the height of the potential 
barrier during the evaporation process. The observed 
energy distribution would then be the result of the 
overlapping of a large number of considerably more 
peaked spectra (with corresponding smaller mean 
temperatures) characterized by wide differences in the 
values of the effective potential barriers. This would 
also explain the large number of Li* nuclei observed with 
kinetic energies less than the “classical” potential 
barrier ~ 16.5 Mev. As seen from Fig. 19, a decrease in 
the temperature would result in a strong increase in the 
values of the F/B ratios. This effect, however, may be 
compensated by assuming lower mean values for the 
velocity v of the evaporating nuclei, as shown in Fig. 23. 
As the actual values for the recoil velocities are very 
uncertain, rather large variations in v may be tolerated 
without upsetting the argument. Further, as illustrated 
in Fig. 21, the F/B ratios are not very sensitive to even 
large variations in V. The most probable reason for such 
wide differences in V might be a strong dependence of V 
on the excitation energy of the nucleus. If the number 
N, of heavily ionizing tracks in a star is a good measure 
of the excitation energy of the evaporating nucleus, this 
dependence should show up in marked variations in the 
energy spectrum with NV,. However, the almost com- 
plete lack of such an effect, as illustrated in Fig. 13, is an 
argument against very strong variations of the potential 
barrier with the excitation energy of the nucleus. We 
therefore do not regard low mean temperatures and 
large differences in V as a possible explanation of the 
broad energy spectrum. 

The above analysis is based on the demand that the 
formulas (2a,b) and (3a,b) simultaneously must fit both 
the observed energy spectrum and the F/B ratios. We 
therefore conclude that unless it is justifiable to use 
mean values for temperature, potential barrier, and 
recoil velocity very near to the figures given in (4), the 
observed emission of Li® fragments, and most probably 
also the ejection of heavier nuclei, are phenomena con- 
siderably more complex than pure evaporation processes. 

Nuclear evaporation theory should also in principle 
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TABLE I. Observed relative frequencies of heavy fragments as a 
function of the number of heavily ionizing tracks in a star. 





Lis.7/Li® 


14.4+4.6 
14.1+3.8 
9.4+2.4 
9.6+2.4 


Li®.7/Be?.9,10 


13.4+3.5 
28.5+8.7 
10.5+2.4 
12.7+3.0 


Be?.9,10/B10,11 


2.30.6 


be able to predict the relative frequency of different 
types of heavy fragments. In Fig. 24 are presented the 
lithium/beryllium and beryllium/boron ratios as func- 
tions of the temperature 7, calculated from Le Couteur’s 
evaporation theory.!7 Only stable and long-lived iso- 
topes having energies corresponding to ranges 2 100 u 
in a photographic emulsion are considered. In plotting 
these curves we have used a formula!’ 


V=5.5Z Mev (6) 


for the effective potential barrier, where Z is the atomic 
number of the fragments. The expression (6) for V 
obviously gives too high values for the potential 
barriers when, for example, compared with the value 
~6 Mev for Li® nuclei indicated by the experiments. 
This makes a comparison between the theoretical and 
the observed values of the relative frequencies very 
problematic. Another difficulty is the very uncertain 
relationship between the average nuclear temperature T 
and the number of heavily ionizing tracks N, in the 
star. The only qualitative information to be drawn 
from Fig. 24 is that evaporation theory predicts a 
decrease in the ratio of lighter to heavier fragments as 
the temperature increases. A similar tendency is 
observed in Table I where we have represented the 
experimental values for the Li®:7/Li’, Li®7/Be7*, and 
Be? ?°/B! ratios as a function of N,. Only tracks 
>100 uw are used. The data, however, are not of suffi- 
cient statistical weight to draw any further conclusions 
about this point. 
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Study of Thallium, Lead, and Bismuth Nuclei Produced in the Bombardment of 
Gold with 380-Mev Protons* 
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Gold has been bombarded by the 380-Mev proton beam of the Nevis Cyclotron in a study of secondary 
reactions. Secondary reactions produce nuclei with charges greater than that of a target nucleus by means 
of an intermediate fragment emitted from one target nucleus and absorbed in a second. The increase in 
atomic number permits isolation of the effect by chemical separation. 

Thallium, lead, and bismuth fractions were separated from irradiated gold bars and carefully purified. 
The radioactive decay of these samples was followed with a NalI(T1) crystal scintillation counter. Nuclei 
produced by secondary reactions were detected for all three elements, the yields decreasing rapidly with 
increasing atomic number. From the secondary reaction yields of thallium and lead isotopes, it has been 
possible to calculate the upper portion of the energy distribution of the respective intermediate alpha and 
lithium fragments. This provides a comprehensive picture of a secondary reaction and demonstrates (1) 
that the yield of secondary particles is a rapidly increasing function of the bombardment energy for a 
given target nucleus, (2) that the energy distribution of the secondary fragment possesses an appreciable 
high-energy tail, and, (3) that secondary reactions can be treated in terms of conventional nuclear reaction 


theory. 





I. INTRODUCTION 


HE production of radioactive nuclides with atomic 
numbers two or three greater than that of the 
target has been observed in high-energy proton irradi- 
ations.'* While it is possible to form them in the 
interactions between the primary protons and the target 
nuclei,‘ it is far more likely that these products are 


produced in nuclear reactions between target nuclei 
and secondary helium or lithium particles which have 
been produced within the target by the inelastic 
interactions of the incident high-energy protons. 

Of the several studies of secondary reactions in 
medium-weight elements that have been reported,!* 
the most detailed is that of Marquez and Perlman* who 
investigated the production of iodine in the proton 
bombardment of tin. To explain the surprisingly large 
yield of iodine which they found, it is necessary to 
postulate either that the cross section for forming 
lithium fragments with reasonable energies (about 30 
Mey) is of the order of a barn, or that lithium fragments 
formed with a reasonable cross section (about 0.05 
barn) possess an initial kinetic energy of the order of 
100 Mev. 

In the investigation of secondary reactions reported 
here, the choice of target, gold, presents two important 
advantages: the high atomic number lessens the 

* Supported in part by the U. S. Atomic Energy Commission 
and by the Office of Naval Research. 

¢ Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University. 

1 Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 

2 A, Turkevich and N. Sugarman, Phys. Rev. 94, 728 (1954). 

3, Marquez and I. Perlman, Phys. Rev. 81, 953 (1951). 

4A reaction involving the emission of «~ mesons could be con- 
sidered an example of this statement. See, for example, Bonner, 
Friedlander, Pepkowitz, and Perlman, Phys. Rev. 71, 511 (1947). 
The cross section for multiple «~ meson emission without a further 
breakup of the excited nucleus is negligible for irradiations with 
about 400-Mev protons. 


difficulties caused by impurities in the target, and the 
fact that gold is monoisotopic greatly increases the 
information that may be derived from this kind of 
experiment. Since the apparent cross section for the 
production of a secondary product depends upon the 
differential cross section for the production of secondary 
fragments in a given energy interval and upon the 
probability that a secondary fragment of a given initial 
energy will participate in a nuclear reaction before 
being brought to rest by electromagnetic interactions, 
a monoisotopic target makes it possible to estimate the 
energy spectrum of the alpha and lithium fragments 
produced. 


Il. EXPERIMENTAL 
A. Target Purity 


The gold used in this investigation was obtained from 
two sources: Handy and Harman, Inc. (commercially 
rated as 99.99% pure), and Johnson-Matthey and 
Company (commercially rated as 99.999% pure). Since 
the anticipated yield of secondary products varied 
from very low to nonexistent, it was necessary to 
preclude the possibility that any product of a secondary 
reaction is formed from impurities in the gold via a 
spallation reaction. Therefore, thallium, bismuth, and 
lead were individually separated from typical gold 
targets by precipitation with a nonisotopic carrier. The 
first two elements were assayed by neutron activation; 
lead, which possesses a low thermal neutron cross 
section, was assayed colorimetrically with dithizone.® 
The results showed that the commercial gold contained 
from one-half to one ppm of lead and a fifth to one 
ppm of bismuth. The same series of analyses demon- 
strated that by repeated scavenging, the bulk of these 
impurities could be removed from gold. Accordingly, 


5 E. B. Sandell, Colorimetric Determination of Traces of Metals 
(Interscience Publishers, Inc., New York, 1950). 
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samples were so treated prior to two cyclotron irradi- 
ations, and the contribution of spallation reactions to 
the products of interest was greatly reduced. 


B. Irradiations 


Proton bombardments were performed in Columbia 
University’s Nevis Synchro-Cyclotron at a _ radius 
corresponding to an energy of 380 Mev. Three different 
elements, gold, lead, and bismuth, served alternately 
as targets. Gold, the primary material, was irradiated 
in three forms: a commercial bar 2 cm*2 mmX2 mm; 
a powder which, following the preliminary chemical 
treatment mentioned in the preceding section, was 
carefully washed, dried, and wrapped in 2-mil aluminum 
foil; and as a foil 0.05 mm in thickness. The foils were 
bombarded in pairs, with each gold foil sandwiched be- 
tween a set of three 2-mil aluminum foils. The stacked 
foil irradiations provided an absolute cross section for 
the production of the internal monitor (Au) through 
comparison with the known cross section for the 
Al*?(p,3pn)Na*™ reaction. 

The bombardments of bismuth and lead targets were 
necessary because of the presence of the trace impurities 
of these elements in the gold. The lead and bismuth 
activities that were separated from lead and bismuth 
targets were compared with corresponding activities 
from gold bombardments. This was done in order to 
confirm the existence of the lead and bismuth formed 
from secondary reactions by observing differences in 
the gross decay curves. Subsequently, after measuring 
the cross sections for the production of lead and bismuth 
activities from lead and bismuth targets, it was possible 
to correct for the impurities found in the gold. 

Bismuth was irradiated both as powdered bismuth 
oxychloride and as a 5-mil metallic foil. Five-mil lead 
foil was used for all lead irradiations. The internal 
monitor for the bismuth and lead irradiations was Bi. 
Its absolute cross section was measured in the same 
manner as described above for the gold monitor. All 
foils were obtained from J. D. McKay. 

The bombardments of the gold bar and the gold 
powder targets were of two to three hours duration in 
order to maximize activities. All others were from 5-20 
minutes in length. 


C. Chemical Separations 


The irradiated gold targets were dissolved in aqua 
regia. Five milligrams each of thallium, lead, and bis- 
muth carriers were added and the solution was boiled 
to remove excess acid. Lead was precipitated as the 
sulfate, bismuth as the phosphate. Following these 
steps, the gold was carefully reduced with dilute 
hydrazine hydrate. The thallium in the supernatant 
solution was oxidized with nitric acid and extracted 
into diisopropyl! ether. 

The procedure for purifying the lead fraction con- 
sisted of an initial extraction into a dithizone solution 


AND 


J. M. MILLER 


in chloroform followed by alternate precipitations of 
lead sulfate and lead chromate. The sample was counted 
as the chromate. Bismuth was purified by repeated 
precipitation of bismuth phosphate and reduction of 
bismuth chloride by powdered nickel. Bismuth was 
counted as the phosphate. Thallium was purified by 
extraction into diisopropyl ether combined with the 
precipitation of thallous iodide. Thallium was counted 
as the iodide. Gold was cleaned by extraction into ethyl 
acetate and reduction by hydrazine hydrate. It was 
counted as the element. Holdback carriers were used 
at appropriate points in all procedures. 

Chemical fractions from lead and bismuth targets 
were cleaned using the same methods outlined for gold, 
although there was some variation in the preliminary 
separation and fewer cleaning cycles were required. 


D. Counting Techniques 


The products of secondary reaction in gold are all 
expected to be on the neutron deficient side of stability 
and therefore to decay by electron capture. Scintillation 
detection presents a good method of recording such 
events when they occur in heavy elements. However, 
each electron capture will, in general, be accompanied 
by a spectrum of gamma rays, each with its own 
coefficient of internal conversion. For the scintillation 
counter to have the same efficiency for the detection of 
all disintegrations regardless of the number of gamma 
rays and the amount of internal conversion that may 
occur, it is necessary that the counter have an efficiency 
of 100%. If the efficiency is less than this, a different 
value of the efficiency, depending upon the individual 
decay scheme, would have to be applied to the counting 
rate of each nuclide in order to obtain even relative 
yields. 

The counter, which has been designed to have a 4r 
geometry, consists of two Dumont 6292 phototubes, 
each fitted with a crystal of NaI(T1). Tubes and crys- 
tals, after a light-tight wrapping with black electrical 
tape, have been enclosed in a brass box completely 
surrounded by two inches of lead shielding. The photo- 
tubes have separate high voltage supplies which are 
adjusted to provide an identical amplitude response 
from each phototube to signals of equal energy. Pulses 
from the phototubes are put through a common linear 
amplifier and pulse-height analyzer. All sample counting 
has been done with an infinite-energy channel width, 
and with discrimination at about 20 kev in order to 
eliminate low level noise. The pulse-height analyzer 
has also been used to identify the characteristic K 
x-rays of a particular element and thereby confirm the 
radiochemical purity of a sample. When the crystals 
are brought together to count a sample, the crystal 
assembly measures 14 inches in diameter and 1} inches 
in length. At the center is a well, } inch in depth and 
: of an inch in diameter, into which samples are placed 
for counting. 
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B'(24%) 
0.802 Mev 
Bi76%) 
0.886 Mev 





Y 0.084 Mev 
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Fic. 1, Decay scheme of thulium-170. 


The efficiency of the scintillation counter was deter- 
mined by comparing the disintegration rate of a 
standard source with its measured counting rate in the 
scintillation counter. Thulium-170 was chosen as the 
standard since it emits gamma rays of 84 kev, an energy 
at which the unit efficiency is required, as well as an 
energetic beta particle. The decay scheme of this 
nuclide is simple and well known (see Fig. 1).° 

The disintegration rate of the thulium standard was 
obtained by 6-y coincidence counting. If C is the 
recorded counting rate, d the disintegration rate, and 
f an over-all counting efficiency, we have: 
for the gamma counter, C,=0.24/,d; 
for the beta counter, Cs= (0.24f-+0.76/3.)d; 


and for the number of coincidences, Cg,=0.24fs: fd, 


so that 


CsCy (0.24 fe +0.76 far) 


Coy fe 


In order for CsC,/Cs, to equal d, the counting effici- 
encies of the two betas must be equal. Since both 
transitions involve a spin change of one and a change 
in parity, and since the betas are not more than 10% 
apart in energy (0.886 Mev and 0.802 Mev), this 
equality should be a valid approximation. 

The 84-kev gamma ray counting rate of Tm!” in the 
4-r counter was obtained from the pulse-height distri- 
bution by measuring the area beneath its photoelectric 
peak. The contribution of the beta particles to the 
gamma-ray photoelectric peak was estimated by deter- 
mining the pulse-height distribution above the 84-kev 
peak and extrapolating down to the energy interval of 
the peak. This correction amounted to about 16% of 
the gamma peak counting rate. From the counting rate 
of the gamma ray and the value (0.026) given by 
Jaffe’ for the probability of its emission in Tm!” decay, 
a value of the disintegration rate as measured by the 
scintillation counter was calculated. This result was 
within 1% of the disintegration rate of the standard 
obtained by coincidence counting. Based on this value 
we may expect any single decay which emits only one 

6 Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952). 

7H. Jaffe, University of California Radiation Laboratory 
Report UCRL-2537, 1954 (unpublished). 
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photon of energy between 20 and 100 kev to have a 
detection efficiency of 99_,+'%. The efficiency of the 
scintillation counter will approach 100% for those 
heavy nuclides whose decay is accompanied by a 
gamma cascade. 

The radioactive samples are put into a form suitable 
for counting in the crystal “well” in the following way: 
After a desired chemical fraction from an irradiated 
target has been separated and purified, it is suction- 
filtered onto a disk of highly retentive filter paper in a 
funnel assembly designed to distribute the sample 
uniformly over an area less than 3 of an inch in diam- 
eter. When thoroughly dried this filter paper is then 
covered on each side by a disk of cellophane and over 
each piece of cellophane is placed a piece of scotch 
tape. The scotch tape holds the sample firmly in place, 
and the cellophane separators allow the sample to be 
easily recovered for chemical analysis. 


III. RESULTS 


Secondary-reaction cross sections for the production 
of thallium and lead isotopes in a gold target are given 
in Table I. Each value has been corrected for the 
contribution resulting from the spallation of bismuth 
and lead impurities in the gold target. The average 
percentage corrections [ (uncorr.— corr.) X 100/uncorr. ] 
are given in column 4 of Table I. The errors assigned 
to the measured cross sections are root-mean-square 
deviations from the mean of several determinations. 
The anomalously low value for the cross section T]'% 
was also found in the spallation of lead and bismuth. 
If this discrepancy is not due to a systematic error in 
resolving the decay curves, the most reasonable expla- 
nation would seem to be the existence of an isomeric 
state which was not detected. 

The purest gold samples used in this work produced 
bismuth fractions with gross decay rates less than half 
of the 4% counter background. Since the initial activity 
of bismuth samples whose final chemical purification 


TABLE I. Secondary reaction cross sections from the 
bombardment of gold by 380-Mev protons. 


Average 

impurity 

Relative correction 
yields (%) 


Cross section with 
standard deviation 


Isotope (in microbarns) 


TL% 13.6 +0.9 145 
TI 1 -7 185 
TP 710 +0.27 18 
TI 4 450 
Tl ye B.” - 240 
TI™ 1.46 16 
TI! 0.094 +0.028 1 
Ti™ <0.0011+4--: <0.01 


© ee ee ee ee 


- Nw 


Ph8 
Pb! 
Pb 
Pb! 
Pb” 
Pb™3 


0.089 +0.006 3.0 
0.131 +0.040 
0.097 +0,006 
0.030 +0.008 
0.006 +0.008 
0.002 +0.002 
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occurs 6-8 hours after the end of bombardment contains 
isotopes with half-lives of 14.5 days, 6.4 days, and 12 
hours, as well as possible shorter components, no 
resolution could be effected. It was therefore necessary 
to deal directly with the entire decay curve. The 
contributions to the bismuth-from-gold decay curves 
due to either lead or bismuth impurities in the gold 
were calculated by employing Bi®® as a standard of 
reference. The ratios of gross bismuth-from-impurity 
activities to their end of bombardment Bi®® activity 
were tabulated at intervals of several hours. Multiplying 
the ratio at a time ¢; by the Bi cross section and the 
measured impurity level gives the gross bismuth 
activity at the time /; due to the presence of that 
impurity. 

When the calculated gross impurity activities were 
subtracted from the total activity of the bismuth-from- 
gold sample, the remainder was to be attributed to 
secondary reactions. However, those samples of bis- 
muth-from-gold that were considered most reliable 
from the standpoint of effective cleaning and identifi- 
cation of the x-ray peak, were found to contain between 
10 and 25% less activity than expected from the 
impurities alone. 

Contradictory qualitative evidence has been observed 
by comparing the gross decay curves of bismuth 
fractions from gold, lead, and bismuth targets, respec- 
tively, and noting that the low level bismuth-from-gold 
fractions decay more rapidly than either of the other 
two curves. This is what would be expected for a 
secondary reaction: an increase in the proportion of 
neutron-deficient species. 

A quantitative estimate of the amount of secondary 
bismuth present in a bismuth-from-gold curve has been 
made on the basis of the preceding observation, by 
assuming that a sample counting rate at the low 
activity end of the decay curve is due wholly to activity 
arising from impurities. Only the longer lived isotopes, 
whatever their means of formation, will be expected to 
survive to this reference time (about 100 hours after 
the end of bombardment). Since these long-lived 
bismuth isotopes are Bi*’® (14.5 days) and Bi? (6.4 
days), their production via a secondary reaction be- 
tween Au'*’7+Be® or Be® would require the subsequent 
evaporation of zero or one neutron. However, in view 
of the energy which these beryllium secondary frag- 
ments must have in order to penetrate the Coulomb 
barrier (~40 Mev), multiple neutron emission should 
occur in the great majority of cases, so that Bi®® and 
Bi are probably not formed in secondary reactions. 

From the bismuth-from-bismuth and bismuth-from- 
lead decay curves, taken in proportion to the ratios of 
bismuth and lead impurities in the sample, we calculate 
what the activity should be 18 or 24 hours after the 
end of bombardment, based on the counting rate at 
the 100 hours reference point. The difference between 
this value and the actual counting rate 18 or 24 hours 
after the end of bombardment is ascribed to secondary 
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activity. This net activity is extrapolated back to the 
end of bombardment with a 12-hour half-life. Twelve 
hours is used because it was the shortest half-life which 
could be observed 18 hours after the end of bombard- 
ment (Bi**, 4;=12 hr and Bi™, ¢;=12 hr). The second- 
ary reaction cross section found in this manner for the 
formation of Bi? and Bi™ from gold was 0.0026+0.0009 
microbarn. 

An estimate of the upper limit of the bismuth-from- 
gold cross section has been made by an analysis of 
possible errors. The errors considered were: (1) the 
error in measuring the level of impurities of lead and 
bismuth, (2) the error in measuring the cross section 
for Bi®® produced by lead and bismuth, and (3) the 
error in measuring the proton intensity of a given bom- 
bardment. The rms of these errors yielded 0.004+0.001 
microbarn as the probable upper limit of the cross 
section. This compares with a total cross section of 0.40 
microbarn for all resolved lead isotopes produced by 
secondary reactions, and a total cross section of 98 
microbarns for all resolved thallium isotopes produced 
by secondary reactions, an increase of roughly two 
orders of magnitude per unit charge increase of the 
intermediate fragment. 


IV. DISCUSSION 


A. Experimental Characteristics of 
Secondary Reactions 


The following features clearly establish the fact that 
the cross sections listed in Table I represent secondary 
reactions, rather than spallation reactions: 

(1) Both secondary reaction distributions peak, the 
thallium at A=198 and the lead at A=199; the 
spallation distributions do not peak at these mass 
numbers. 

(2) The relative yields of the more neutron-abundant 
isotopes are much lower for the secondary reactions 
than for the spallation reactions. The isotope Tl?” was 
not detected in the secondary product distribution 
because its production by means of a doubly-charged 
intermediate fragment would require a particle with a 
mass greater than four, and on the basis of nuclear 
stability, such nuclides should comprise only a very 
small fraction of the helium isotopes produced.’ The 
cross section of TI! will be small because, although 
the penetration of the monoisotopic gold nucleus 
(A=197) by an alpha particle results in a combined 
mass of 201, most of the secondary alpha particles 
which penetrate the Coulomb barrier do so with 
considerable energy and the chance that no subsequent 

8 It is possible to form Tl” via a secondary reaction involving 
a lithium particle as the intermediate fragment followed by proton 
emission, but the cross section for such a process will be negligible 
for two reasons: (1) the total cross section for secondary reactions 
involving lithium fragments is very much lower than the total 
cross sections involving alpha fragments and (2) proton emission 
is highly unfavorable vis-a-vis neutron emission for heavy ele- 
ments. 
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nucleon emission occurs is slight. An analogous situation 
in terms of lithium fragments is responsible for the 
decrease in the secondary reaction yield from Pb*! to 
rom. 

(3) The sharp drop in the total cross section of 
secondary reactions as we go from thallium to bismuth 
is due to a decrease in the secondary fragment yield as 
the atomic number of the fragment increases. This rate 
of change, about two orders of magnitude per unit 
charge increase in the secondary product, is much 
greater than can be accounted for by any distribution 
of impurities in the gold target. 

(4) The purity of the gold targets used for the 
bombardments was not the same in all cases. The 
apparent cross section for a given isotope therefore 
varied, sometimes very widely, from bombardment to 
bombardment. After making the appropriate correction 
to each value of the apparent cross section, according 
to the level of the impurities which were present, the 
resultant cross sections not only remained finite, but 
showed much better agreement with each other than 
did the apparent cross sections. 


B. Analysis of Secondary Reaction Parameters 


The basic mechanism of a secondary reaction is 
straightforward, although certain details remain ob- 
scure. For the purposes of the treatment which follows, 
a secondary reaction will be divided into a three-stage 
process: (1) production of the secondary fragment in 
the course of an interaction between the incident 
particle and a target nucleus, (2) the collision of this 
fragment with a second target nucleus to form what 
will be referred to as a secondary compound-nucleus, 
and (3) the subsequent de-excitation of this secondary 
compound-nucleus. The cross sections presented in 
Table I represent the relative number of nuclei produced 
in a secondary reaction by intermediate fragments of a 
given atomic number. To see if these results are 
consistent with other available data, it is necessary to 
identify and evaluate the parameters that characterize 
each of the above stages. 

In stage one we need to know the total cross section 
for production of the secondary fragment, o,;, as well 
as the variation of this cross section with the fragment 
energy o/(E)dE. 

Stage two, the formation of the secondary compound 
nucleus, requires a knowledge of the probability that a 
fragment will undergo a secondary reaction with a 
target nucleus. The cross section for the formation of 
secondary compound nuclei can be expressed as 


« 


a= f o,;(E)P.(E)dE, (1) 


where P(E) is the probability that a fragment of 
initial energy £ will interact with a target nucleus at 
some point in its range to give a secondary compound 
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nucleus. This probability can be expressed as 


E 


E 
P(k)= f noe(edr= f na R°T (e)dr, (2) 
0 


0 


where m is the number of target nuclei per cubic 
centimeter; o, is the cross section for formation of a 
compound nucleus and is given by the product of the 
geometric cross section and a coefficient, 7(e), for 
penetration of the potential barrier; 7 is the distance 
travelled by the fragment. A relationship between 
energy and range will eliminate one of the variables 
and permit integration. 

The first step in studying the de-excitation of the 
compound nucleus is to calculate the probability 
distribution of excitation energy deposited by the 
secondary fragment. This distribution can be obtained 
from the equation 


pv)= f o(E)P(B/UME / (3) 
= 


where P;(E/U) is the probability that a secondary 
fragment of initial energy £ will introduce a quantity 
of excitation energy U (U includes the binding energy 
of the reaction) into the compound nucleus and P,(U) 
is the same probability taken over the entire secondary 
fragment energy distribution. The relationship between 
the probabilities P.(Z) and P,(E/U) is given by the 
equation 


E 
P(E) -f P,(E/U)dU. (4) 
0 


At this point it is necessary to introduce the reason- 
able assumption that proton emission is negligible in 
the de-excitation of these secondary compound nuclei. 
This assumption is based on the effect of the Coulomb 
barrier in inhibiting the emission of charged particles 
from heavy elements and has been borne out by 
experiments.’ By the use of this assumption the process 
of de-excitation can be confined to the evaporation of 
neutrons. With the excitation energy distribution, it is 
possible to calculate the relative probabilities of 
emitting a given number of neutrons from the secondary 
compound-nucleus if we also know how the probability 
for the emission of a given number of neutrons varies 
with the excitation energy of the compound nucleus. 
The latter probability has been investigated by Jack- 
son” from whose results we obtain the quantity P,”(U), 
the probability of evaporating y neutrons from a nucleus 
having an excitation energy U. The relative number of 
secondary nuclei resulting from the emission of y 
neutrons from the excited compound nucleus will thus 
be given by 


Ny= f P.(U)P(U)dU. (5) 
0 


, Walter John, Jr., Phys. Rev. 103, 704 (1956). 
0 J. D. Jackson, Can. J. Phys. 34, 767 (1956). 
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It is evidently possible to reverse the order of steps 
in this treatment and, beginning with an _ isotopic 
distribution of secondary nuclei, to calculate an exci- 
tation probability function, P,(U), and consequently 
a secondary-fragment energy distribution, o;(E)dE. 
This has been done from the data for both sets of 
secondary products, thallium and lead, given in Table 
I. Details and results of this procedure will be given in 
the following section and some comparisons will be 
made with relevant data previously reported in the 
literature. 


C. Application of Analysis to 
Experimental Results 


The experimental results for thallium, with an 
interpolated value for Tl'*’, were used to construct both 
the excitation probability function, P,(U), shown in 
Fig. 2 and the energy distribution of alpha particles 
shown in Fig. 3. Both computations were made by 
using numerical methods to solve the integral equations 
(5) and (3). The values of ¢, were obtained by interpo- 
lation from a table of capture cross sections given in 
Blatt and Weisskopf." Ranges of the alpha particles 
in gold were obtained from a range-energy plot for 
alpha particles in lead” by making the appropriate 
corrections for mass, charge, and ionization potential. 

Bailey has directly measured the energy distribution 
of alpha particles produced in the bombardment of 
gold with 190-Mev protons. The two alpha particle 
energy distributions are compared in Fig. 3. Ratios of 
the two distributions, computed for a series of energies, 
demonstrate a tendency for the average energy of 
emission of the secondary fragment to shift to higher 
energies with increasing incident particle energy (see 
Table Il). The curve derived from the experimental 
thallium distribution is cut off at about 27 Mev due 
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Fic. 2. Probability distribucion of excitation energy for secondary 
thallium compound nuclei—from secondary yields. 


J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 352-353. 

® Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663, 1949 (unpublished). 

18. E. Bailey, University of California Radiation Laboratory 
Report UCRL-3334, 1956 (unpublished). 
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Fic. 3. Energy distributions of secondary alpha particles. 


to the insensitivity in this experiment to lower energy 
alpha particles. This comes about because secondary 
fragments produced with an energy in the vicinity of, 
or lower than, the potential barrier, have a compara- 
tively limited range in which to initiate a secondary 
reaction. The calculated energy distribution is therefore 
most reliable at the high energy end; this is in contrast 
to Bailey’s distribution which is most dependable in a 
20-30 Mev energy range centered near the Coulomb 
barrier because of the greater number of events meas- 
ured in this interval. 

The excitation energy probability distribution, 
P,(U), derived from Bailey’s energy distribution for 
alpha particles, was obtained by numerical integration 
(see Fig. 4). Using this distribution in (5), it was 
possible to calculate secondary reaction yields of 
thallium isotopes. A comparison of the calculated values 
with the experimental results is given in Table III and 
shows reasonably good agreement. The maximum is at 
TIS in both cases. The percentage yields show that 
there is a definite shift towards the more neutron 
deficient species as the bombarding energy increases, 
as expected in view of the previous observation that 
the alpha energy distribution shifts towards higher 
energy with increasing proton energy. The total calcu- 


TaBLE II. Ratios of alpha particle energy distributions produced 
by 380-Mev and 190-Mev proton bombardment of gold (from 
Fig. 3). 

Ratio 


Alpha particle energy (Mev) 


70 4.8 
60 “4 
0 
7 
1 


4. 
50 4 
40 3 
30 3 
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Fic. 4. Probability distribution of excitation energy for secondary 
thallium nuclei—from Bailey. 


lated cross section for the production of thallium from 
gold due to 190-Mev protons is 21 microbarns, com- 
pared to 98 microbarns measured with 380-Mev 
protons. 

A treatment of those secondary reactions which 
produce lead isotopes in a gold target is complicated by 
the fact that the secondary fragment may be any one 
of at least three lithium nuclei.‘ In order to use the 
isotopic distribution of lead to estimate the energy 
spectrum of the emitted lithium nuclei, it is necessary 
to know the relative yields of Li®, Li’, and Li’. This 
information can be obtained from measurements by 
Deutsch of the relative amounts of light charged 
particles emitted in the high-energy (340 Mev) bom- 
bardment of various elements.'® From his results for a 
gold target and the addition of the assumption that 
the energy distributions of these three nuclei are 
identical, ratios of 0.55:0.41:0.043 for Li®: Li?: Li’ are 
obtained. After using these ratios in the estimation of 
N,, it is possible to follow the same procedure that was 
described above for thallium in the computation of 
both an excitation energy probability function, P,(U), 
for secondary compound lead nuclei produced in the 
reaction of lithium particles with gold nuclei, and an 
energy distribution of lithium fragments produced in 


TABLE III. Percentage yields of thallium isotoves 
produced by secondary reactions. 


Atomic number 200 199 198 197 196 195 194 


Calculated % 1 23 37 25 12 


3.2 0.22 
Experimental % 1 18 33 24" 14 10 tee 


® Interpolated. 

4Tn the preceding treatment of thallium, all of the secondary 
fragments were assumed to be alpha particles. This is not true; 
He’ is also produced, but according to measurements made by 
Deutsch contributes less than 4% to the total number of second- 
ary helium particles. 

16 R, W. Deutsch, Phys. Rev. 97, 1110 (1955). 
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the initial interaction of high energy protons and gold. 
Rather than perform a detailed and difficult compu- 
tation for the quantum mechanical penetration coeffi- 
cient, 7(e), of gold nuclei by lithium particles, an 
approximation was made by analogy to the correspond- 
ing coefficients for alpha particles. The penetration 
coefficients for alpha particles were compared to those 
obtained from the classical function (1—V/e) (where 
V is the potential barrier and ¢ is the particle energy) 
and the percentage difference was calculated. This 
percentage difference was used to correct (1—V/e) for 
lithium particles (for identical values of V/e) to give 
an estimate of the lithium-on-gold penetration coeffi- 
cients. The ranges of lithium fragments in gold were 
computed from the corresponding ranges of alpha 
particles in lead with corrections for mass, charge, 
and ionization potential of the gold target as well as 
for the mass and charge of the fragments themselves. 
The distributions of P,(U’) and o;/(£) for the pro- 
duction of lead in gold are shown in Fig. 5 and Fig. 6, 
respectively. The latter is cut off at the low-energy end 
for the same reason previously discussed for the calcu- 
lated energy distribution of alpha particles. The cutoff 
is further the Coulomb barrier for lithium 
particles than it is for alpha particles, which suggests 
that the actual yield of Pb", of Pb”, or of both should 
be somewhat higher than those found experimentally, 
or that there should be a greater proportion of Li® in 


above 


the secondary fragment ratio. 

In the case of secondary reactions which produce 
bismuth, no detailed treatment could be made since 
the experimental data are so sketchy. We are therefore 
restricted to substituting the estimated bismuth 
secondary cross section (0.0026 microbarn) in a simpli- 
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Fic. 5. Probability distribution of excitation energy for secondary 
compound lead nuclei. 
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Fic. 6. Energy distribution of secondary lithium particles. 


fied form of (1): 


E 
o;=0; P(E)=0./ f nr R°T (e)dr 


(la) 


in order to calculate a total cross section for the mono- 
energetic emission of beryllium fragments for a series 
of assumed energies, E. The results are shown in Table 
IV. Marquez and Perlman have measured the yield of 
beryllium seven fragments in the 335-Mev proton 
bombardment of gold to be 10~* barn.‘ This corresponds 
to a monoenergetic emission energy of about 100 Mev, 
an unexpectedly high value. The contribution of 
beryllium fragments with mass numbers other than 
seven will lower the required emission energy. In 
addition, either too high a cross section for the pro- 
duction of bismuth in the gold target, or too low a 
cross section for the emission of beryllium particles 
could give rise to an error. Both measurements were 
handicapped by extremely low sample decay rates. 
Table V presents a direct comparison between the 
data reported by Marquez and Perlman and the results 
of this investigation. For a given emission energy of 
lithium fragments, the cross section for lithium forma- 
tion must be 30-50 times greater to produce the yield 


TABLE IV. Corresponding values of the calculated cross section 
and the effective emission energy of beryllium fragments produced 


$2.5 60 97 129 


ope(barns) 107% 4xX10* 10% 4xX10° 10% 4x10 
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of iodine nuclei in a tin target measured by Marquez 
and Perlman, than to produce the yield of lead nuclei 
in a gold target measured in this experiment. The 
results of Deutsch for the relative numbers of secondary 
particles emitted from silver and gold contain no 
evidence that the total cross section for secondary 
fragment emission varies with the atomic number of 
the target. 

Munir has measured the cross section for the pro- 
duction of Li’ in the 950-Mev proton bombardment of 
silver and bromine (using emulsion plates) to be 
1.1+0.3 millibarns.'* If we assume that this cross 
section is valid at about 350 Mev, and multiply it by 
the ratio of Li® plus Li’ to Li* computed from their 
relative yields, a cross section for lithium emission of 
26 millibarns is obtained. This corresponds to a lithium 
emission energy of more than 100 Mev in order to 
produce the measured cross section of iodine in tin, 
but requires less than 43 Mev to account for the cross 
section of lead in gold. Even if the total cross section 
for lithium production is reduced by as much as a 
factor of five, as an estimate of the decrease in the Li® 
cross section for the change in proton energy from 950 
Mev to 380 Mev, the effective emission energy for 
lithium particles in gold is still well within the energy 
distribution of Fig. 6. 


TABLE V. Corresponding values of the calculated cross section and 
the effective emission energy of lithium fragments produced. 


A. 335-Mev proton bombardment of tin* 
E(Mev) 36 40 50 80 120 200 


o.i(barns) 3.0 A 0.3 5xk10? 2X10? 5x<10°3 


B. 380-Mev proton bombardment of gold 


38.2 40.2 47 54.5 76.5 104 182 


E(Mev) 


ori(barns) 0.1 0.04 0.01 4X10% 10% 4xX10% 10% 


® See reference 3. 


In conclusion, the results of these three secondary 
reactions have shown that: 


(1) In contrast to the findings of Marquez and 
Perlman, there is no evidence to support either an 
anomalously large cross section for the production of 
secondary fragments or of an extremely high average 
energy of emission. 

(2) The yield of secondary particles is a rapidly 
increasing function of the bombarding energy for a 
given target nucleus. 

(3) The experimental isotopic distribution of second- 
ary nuclei requires that the energy distribution of 
secondary fragments possess a substantial high-energy 
tail. 

(4) The entire secondary reaction can be treated in 
a straightforward manner by ordinary nuclear reaction 
theory. 


‘6B. A. Munir, Phil. Mag. 1, 355 (1956). 
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Photoproduction of Charged « Mesons from Nuclei* 


Joun R. WatERsT 
Cornell University, Ithaca, New York 
(Received October 20, 1958) 


The y-ray beam from the Cornell synchrotron was used to investigate the photoproduction of low-energy 
charged + mesons from several nuclei at 35° to the beam direction. Maximum photon energies used were 
800 Mev and 1 Bev. The yields of 40 and 80 Mev z* and 40 Mev = mesons were observed with a detection 
system whose aperture was known absolutely. It was found that in some cases the meson yields were pro- 
portional to the atomic number, A, of the target rather than the more usual A!. The data are compared 
with the predictions of an optical model of the nucleus. The deviations observed can be partially explained 
in terms of the inelastic scattering of high-energy mesons and of multiple meson production. An excitation 
function was measured for 80 Mev z* mesons from carbon by varying the machine energy; this indicated 
the presence of an appreciable number of multiply produced mesons. 


I. INTRODUCTION 


HE photoproduction of + mesons from complex 

nuclei has been studied with a view to investi- 
gating the behavior of the mesons inside nuclear matter, 
rather than to learn more about the basic photo- 
production process. Previous workers'~’ have found a 
meson yield which varies as A!, where A is the atomic 
number of the nucleus. This result is usually explained 
in terms of an optical model in which the mesons are 
uniformly produced in the nuclear matter, but their 
interaction mean free path is so short that only those 
from the surface can escape to be detected. It is found 
that the effect of the Coulomb barrier is appreciable, 
especially for the lower energy mesons and the heavier 
nuclei.*:? The results of meson scattering experiments” 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

t Now at the United Kingdom Atomic Energy Research 
Establishment, Harwell, England. This paper is based on a thesis 
submitted to the Graduate School of Cornell University in partial 
fulfillment of the requirements for a Ph.D. degree. 

1R. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952). 

2 Imhof, Perez-Mendez, and Easterday, Phys. Rev. 100, 1798 
(A) (1955). 

3 W. L. Imhof, University of California Radiation Laboratory 
Report UCRL-3383 (unpublished). 

‘Imhof, Knapp, and Perez-Mendez, Bull. Am. Phys. Soc. Ser. 
II, 1, 173 (1956). 

5 Motz, Crowe, and Friedman, Phys. Rev. 98, 268 (A) (1955). 

6 Motz, Crowe, and Friedman, Phys. Rev. 99, 673 (A) (1955). 

7 Williams, Crowe, and Friedman, Phys. Rev. 105, 1840 (1957). 

8 W. R. Hogg and D. Sinclair, Phil. Mag. 1, 466 (1956). 

9J. G. Rutherglen, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1956), [X-50. 

1D. H. Stork, Phys. Rev. 93, 868 (1954). 


confirm that the interaction mean free path is short; 
for example, it is about a meson Compton wavelength 
at 60 Mev. In generai the predictions of the optical 
model agree with the several experiments performed 
with bremsstrahlung of energy up to 550 Mev. 

In this report we extend the measurements of low- 
energy meson yields from bremsstrahlung of up to 1 
Bev for a range of nuclei. It is found that there are 
significant differences in the yield as compared with the 
lower energy data. In some cases the meson yield 
appears to be proportional to A and in others it is 
intermediate between A and A!, Measurements were 
also made of the ratio of the yields of negative to 
positive mesons using a detection system which was 
equally efficient for both. Since the aperture of the 
detection system was known, the meson cross sections 
reported are known absolutely. 


II. EXPERIMENTAL METHOD 


The arrangement of the apparatus is shown in Fig. 1. 
The gamma-ray beam from the Cornell synchrotron 
was collimated, struck the meson producing target and 
was absorbed in the beam monitoring ionization cham- 
ber. A magnet selected those mesons emitted at 35° to 
the beam direction and having the required momenta, 
and caused them to enter the counter telescope which 
was shielded from direct radiation by several inches of 
lead. 

The magnet was that used in a previous experiment!! 

1 Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
(1954). 
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Fic. 1. Schematic diagram of the experimental apparatus. 


for which its entrance aperture had been measured 
using the floating wire technique.'*:* It was double- 
focusing with horizontal and vertical focal lengths equal 
(n=}4) and capable of analyzing mesons up to 85 Mev. 
In this work it was used to select mesons of 40 or 80 
Mev of either charge. Its momentum resolution (the 
full width at half-maximum) was 12% The target was 
placed at the focal point so that the emerging mesons 
were in a parallel beam directed onto the counter 
telescope. 

The counter telescope consisted of three plastic 
scintillation counters (plastic from the National Radiac 
Corporation) and a water Cerenkov counter. This was 
3 in. thick and had a frequency shifter (DuPont MDD 
3169) added to increase the size of the light pulse." 
The Cerenkov counter was necessary to discriminate 
against the large number of electrons produced at these 
forward angles in the heavier targets. A meson was 
registered for the sequence of counts 4+ B+C—D, and 
an electron for A+B+C-+D. The discrimination levels 
in the plastic counters were set by observing the 
spectrum of pulses in each counter on a 40-channel 
mechanical pulse-height analyzer which was gated with 
a triple coincidence A+ B+C. The peaks due to mesons 
and electrons could be clearly separated at the lower 
magnet setting but were not resolved at the higher one. 
A considerable amount of time was spent in ensuring 


2T. R. Palfrey, Jr., Ph.D. thesis, Cornell University, 1953 
(unpublished ). 

%P. D. Luckey, Jr., Ph.D. thesis, Cornell University, 1954 
(unpublished). 

44 E. Heiberg and J. Marshall, Rev. Sci. Instr. 27, 618 (1956). 
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that the bias levels were set correctly before every run 
since there were usually more electrons being counted 
than mesons. The procedure finally adopted was to set 
two of the biases up high, well into the meson peak, 
and observe the spectrum in the third counter. This 
had a well defined shape since only mesons were being 
observed, allowing the bias level to be set easily. The 
procedure was repeated for the other two counters. 
The discriminator on the Cerenkov counter was set 
just above the noise level. The pulse spectrum observed 
from this counter had very few small pulses near the 
discrimination level showing that it was thick enough 
to register all the electrons entering it. Additional 
checks were carried out to ensure that there was no 
electron contamination of the meson counts. The 
mesons were stopped in a block of copper placed in the 
telescope which, however, allowed a large fraction 
(about 80%) of the electrons to go through it. The 
electron counting rate agreed with the A+B+C+D 
rate observed normally. A second test was to vary the 
target thickness and observe the change in the counting 
rate. The meson counting rate should be proportional 
to the thickness whereas the electron rate should vary 
as the square of the thickness, since an electron count 
comes from a two stage process, v%7z., production in the 
target and then scattering from it. In Fig. 2 we have 
plotted the counting rate per unit target thickness as a 
function of the target thickness for a lead target which 
is a prolific electron producer. It will be seen that the 
A+B+C counts do show some contamination (since 
the line is not horizontal) whereas the A+B+C—D 
counts are due only to mesons. Lead has a high Z so 
that the clean separation of mesons and electrons 
observed gives confidence that no electrons were being 
counted for the other targets either. 

The signals from the counters were amplified, passed 
through a discriminator and into a coincidence unit 
whose resolving time was about 0.4 microsecond. 
Provision was also made for taking the signal from the 
Cerenkov counter in anticoincidence. The system was 
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Fic. 2. Test for the rejection of electrons. The counting rate 
per unit target thickness from lead is plotted as a function of 
target thickness. The points ABC are the rates taking the three 
plastic scintillators only; the points A BC-D are the rate with the 
Cerenkov counter in anticoincidence. 
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gated on only during the expulsion of the beam from 
the synchrotron. 

The maximum energy of the y-ray beam was altered 
by turning off the radio-frequency accelerating voltage 
before the peak of the magnetic cycle. By shaping the 
voltage at the turn off point, the beam could be spread 
out in time. Typical beam widths were 500 microseconds 
at 800 Mev, corresponding to an energy spread of 
+23% and 1.5 milliseconds at 1 Bev (about +1%) 
with the magnet operating at 1 Bev. The beam monitor 
was an ionization chamber, designed by Wilson,' which 
measured the energy produced in the shower formed 
by the passage of a high-energy photon through a series 
of copper plates. The charge produced was integrated 
electronically.'® The ionization chamber was an absolute 
instrument and its calibration was checked against the 
earlier standard “Cornell”? type ionization chamber at 
several energies. The difference between the two values 
of the chamber calibration'’ was about 2%. The energy 
of the circulating electrons in the synchrotron was 
measured by integrating the magnet voltage from the 
time of injection to the time at which the beam was 
brought out. This instrument has been calibrated by 
measurement of the magnetic field in the machine and 
by observation of the maximum energy electron pairs 
produced by the photon beam in a cloud chamber, in 
photographic emulsion, and in a pair spectrometer. 
This last measurement'® was the most accurate and 
showed that the calibration was accurate to within 
+10 Mev at 1050 Mev. Any error in either the monitor 
or the beam energy calibration will introduce corre- 
sponding errors into the values of the absolute cross 
section, but will not affect relative values between 
different targets. 

The targets used were much larger than the beam 
(which was about 1 in. square) and set normal to it. 
The elements chosen were Be, C, Al, Ca, Cu, Sn, Pb, U. 
Due to the large numbers of electrons produced at 35° 
the targets were all made about one tenth of a radiation 
length thick with the exception of beryllium. Two 
targets were used for this element; a fairly thick one 
(8.8 grams/cm*) which gave a high meson yield and 
was used as a frequent check target, and a thinner one 
(3.98 grams/cm?) for the experimental points. 

The data were obtained in a series of runs of varying 
length. Before the start of a run, the counter biases, 
the machine energy and the current in the analyzing 
magnet were set up. A check was made of the counting 
rate from the beryllium target to see that it agreed 
with previous data (if any). The targets to be investi- 
gated were then placed sequentially in position, a 
“target out” count being taken after every two or three. 
When all the targets had been used the magnet current 
was changed and another run taken. It was not always 


18R. R. Wilson, Nuclear Instr. 1, 101 (1957). 
16R. M. Littauer, Rev. Sci. Instr. 25, 148 (1954). 
17R, M. Littauer (private communication). 

18 EF. Malamud (private communication), 
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possible to perform a measurement on the yield of, 
say, 80-Mev w+ mesons immediately after the yield of 
80-Mev m mesons due to the other demands on 
machine time and also to the fact that the analyzing 
magnet interfered with the synchrotron field, so that 
no sudden changes could be made without destroying 
the electron beam. The experimental results are the 
collection of a number of separate runs and illustrate 
the reproducibility of the detection system and the 
method of setting the biases. During the course of a 
run, the kicksorter was attached to the four counters 
sequentially as a monitor and to catch any electronic 
troubles quickly. 


III. CALCULATION OF THE CROSS SECTION 


The counting rate, V, of photoproduced mesons may 
be written 
N=n/(da/dQ)n(k)ARAQ, 


where 2(k)Ak is the number of photons of mean energy 

k within the interval Ak; AQ is the observed solid angle 

subtended by the detection system at the target; 

da/dQ is the differential laboratory cross section, and n 

is the number of target nuclei per square centimeter. 
This can also be written as 


N=n/(do/dQ)n(k)AE(dk/dE)AQ, 


where £ is the kinetic energy of the meson. 

Since we are investigating a many body process, 
dk/dE is not uniquely defined so that the expression 
for N is transformed in terms of the number of “‘effective 
quanta,” Q, and the cross section per unit energy 
interval as follows: 


Defining Q by 
kmax 
Ona f kn(k)dk, 


0 
or 
(= total energy in the beam/maximum photon energy, 


and 
da(k) do dE Q 


d2  (QdEdQ dk kn(k) 


d’a 
N= n(- - Joaras, 
QOdEdQ 


d’a N 


then 


so that 


(1) 


QdEdQ2 nQe 


where «= AQAF, the integrated solid angle accepted by 
the detection system. 
The values to be inserted in (1) are 
Q= (4.71 10° per integrator ‘“‘sweep”’)/Rinax, 
e=0.121+0.007 Mev sterad at 40 Mev 
=().182+-0.009 Mev sterad at 80 Mev. 
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N, the number of counts per integrator sweep, was 
corrected for the following effects: 


(1) “No target” background. Measurements of the 
meson counting rate were interspersed between normal 
target runs. The amount to be subtracted was small, 
a few percent of the target counting rate. 

(2) Decay of the x mesons in flight. A correction of 
+ (16+3)% at 40 Mev and + (10+2)% at 80 Mev was 
made to account for the decay of the mesons between 
the target and the telescope. This takes account of 
those few mesons which decayed but still traversed the 
telescope. 

(3) Scattering out losses. The separation of the pole 
pieces of the magnet was one inch at the central point. 
This is small enough so that a correction of +(4+1)% 
and +(2+1)% at 40 and 80 Mev was needed. These 
values have been checked experimentally.”:” 

(4) Contamination due to high-energy electrons in 
the meson beam. Although a large fraction of the beam 
passing through the counter telescope consisted of 
electrons (for the high-Z targets), no correction was 
made to the observed meson counting rate for this 
effect. This was because the tests outlined previously 
showed that there was a clean separation of mesons and 
electrons even for a lead target five to ten times as 
thick as the experimental one. 

(5) Meson energy losses in the target. The energy 
lost by the mesons in escaping from the target was, in 
general, much smaller than the energy interval accepted 
by the magnet. This latter was 7 and 15 Mev for the 
40- and 80-Mev settings. Typical energy losses of 40- 
and 80-Mev mesons were: For lead 0.4, 0.3 Mev; for 
copper 1.8, 1.4 Mev; for beryllium (the worst case) 
6.0, 4.5 Mev. An estimate was made for the correction 
to be applied to the beryllium data at 40 Mev which 
was found to be — (3+1)%; all the other corrections 
were less than a percent and were ignored. 

Compounding the above factors a total correction to 
the measured counting rates of + (18+3)% at 40 Mev, 
and +(11+2)% at 80 Mev was applied. The values 
for the absolute cross sections are uncertain by a larger 
amount. The errors quoted in the following tables are 
the statistical standard deviations in the measured 
counting rates. They represent the relative accuracy of 
the data between the various target elements. The 
absolute values must be taken with a larger uncertainty 
to take into account the errors present in the determi- 
nation of the magnet solid angle, the maximum photon 
energy, the calibration of the beam intensity monitor, 
and errors in the corrections made to the counting rates. 
One might estimate these as follows: 


5% 
<2% 
5% 
3% 


Calibration of the magnet solid angle 
Maximum photon energy 
Calibration of the beam integrator 
Uncertainties in the corrections 
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Thus one might expect the absolute values of the 
cross sections to be correct to about 10%. 


IV. RESULTS AND DISCUSSION 


A. The Dependence of Meson Yield on 
Atomic Number of the Target 


The observed yields of 40- and 80-Mev mesons are 
shown as a function of atomic number in Tables I and 
II and Figs. 3, 4, and 5. For comparison, lines with 
slope corresponding to the yield being proportional to 
A and A! have been superimposed on the experimental 
points. It will be seen that there is a considerable 
difference between the 40- and 80-Mev yields, their 
best fits being to A and Af}, respectively. 

The results have been analyzed using the optical 
model of Brueckner, Serber, and Watson! for the 
nucleus assuming uniform production of positive mesons 
by all Z protons. The cross section from a nucleus of 
atomic number A is 


oa=Zo,f(A), 


where o, is the photoproduction cross section from a 
free proton and f(A) represents the absorption of the 
mesons in leaving the nucleus, \ being the mean free 
path. This simple expression can be modified to account 
for the Pauli principle which reduces the number of 
states available, and also for the Coulomb barrier effect 
causing reflection of some of the mesons at the nuclear 
surface. Writing these factors as n and ¢, respectively, 


TABLE I. Cross sections for the production of 40-Mev mesons 
at 35° by 800-Mev bremsstrahlung in units of cm?X10-"/Mev 
sterad “Q”’ nucleus. 








Element xt = 
28.4+1.0 44.2414 
42.6+1.8 46.7+1.5 
98.5+4.9 120+6.7 

149+9.1 150+8.0 
260+-18 247413 
328+33 520+40 
568+80 840+68 
581+83 1210+95 


a~/x* 


1.56+0.07 
1.10+0.06 
1.22+0.09 
1.00+0.08 
0.95+0.08 
1.59+0.20 
1.47+0.24 
2.08+0.34 








TaBLE II. Cross sections for the production of 80-Mev z+ 


mesons at 35° by 800 Mev and 1-Bev bremsstrahlung in units of 
cm?X 10-®/Mev sterad “Q” nucleus. 








By 800-Mev brem. By 1-Bev brem. 


42.2+0.8 

58.7+1.3 
126+6.0 
170+9.0 
214+15 
321427 

436+37 
604+68 


Element 





35.1+1.4 

45.642.1 

88.6+4.6 
119+9.0 
184+ 16 
284+34 
351482 

487+86 








1 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1956). 





PHOTOPRODUCTION OF CHARGED « M.ESONS 


we have 
o,=Znooyf(d). 


Williams, Crowe, and Friedman’ (hereafter called 
WCF) summarize the previous work of various authors 
and also present explicit formulas for n, ¢, and f(A). 
They normalize their cross sections to one element 
(copper) thus eliminating the need to know ay. The 
agreement between the theory and their measured 
yields of positive mesons of energy between 33 and 152 
Mev from 550-Mev bremsstrahlung is good. Analyzing 
the results obtained in this experiment on the same lines 
we get the curve in Fig. 6 labelled “Optical Model.” 
The normalization was to the beryllium point. It will 
be seen that, especially for the 40-Mev mesons, the 
divergence is large, as much as a factor of 2. This is 
quite surprising since there is an essential similarity 
between this experiment and that of WCF, especially 
from the point of view of an optical model analysis 
which is not concerned with the details of the photo- 
production of the mesons but with their escape from 
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the nucleus. In both experiments the meson energies 
and angle of detection were similar. Likewise the targets 
covered the full range of atomic number. The main 
difference is that in this experiment the bremsstrahlung 
energy was higher, 800 or 1000 Mev as compared with 
550 Mev. 

The observed yield of low-energy mesons can be 
split up as follows: 


Mesons counted 
= (mesons produced directly) 
+ (higher energy mesons scattered in) 
— (mesons scattered out). 





r Optical model plus 
inelastic scattering 
| Relative 
Yield 


40 Mev 7* 


Atomic Number ——» 
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Fic. 6. Comparison of the yields of 40- and 80-Mev x* mesons 
from 800-Mev bremsstrahlung with the predictions of the optical 
model theory including also the effect of inelastically scattered 
mesons. 
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TasLE III. Excitation function for carbon for the photo- 
production of 80-Mev x* mesons at 35°. The integral yield, Y, 
is in units of cm*X 10-™"/Mev sterad “Q” nucleus; the differential 
yield, Y/Eo, in units of cm*X 10-"/Mev sterad Bev “Q” nucleus. 


Differential 
yielc 
Y/Eo 

40.8414 
73.4415 
80.1412 
58.7411 
66.0412 
125+10 
113+6 


Mean photon 

energy 

in Mev 
890 
770 
670 
570 
465 
360 
265 


Max photon 
energy, Eo, 
in Mev 


1000 
952 
827 
800 
723 
620 
517 


Yield, Y 


58.7+1.3 
54.341.4 
49.441.2 
45.642.1 
42.1+0.9 
34.0+0.8 
28.2+0.8 
413 21.5+0.9 
310 9.1+0.5 
220 0 


These can be further subdivided : 
Mesons produced directly 
= (singly produced mesons) 
+ (multiply produced mesons) ; 
mesons scattered in 
= (elastically scattered mesons) 
+ (inelastically scattered mesons). 


Of these five methods for the production of and 
removal of mesons being counted in the telescope, two 
could be appreciably changed by using higher energy 
photons. These are the number of multiply produced 
mesons and the number of those scattered inelastically. 

Woodward, Wilson, and Luckey” have shown that 
the multiple-production cross section for 40-Mev 
mesons increased by a factor of 3 from 550- to 800-Mev 
photons. Also a measurement of the excitation function 
for 80-Mev mesons from carbon (Table III and Fig. 7) 
shows that the yield continues to rise for increasing 
maximum photon energy up to 1 Bev instead of leveling 
off above 400 Mev. This would be the behavior if only 
single production from the resonance were taking place. 
Thus, it seems that quite a large fraction of the mesons 
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Fic. 7. Yield of 80-Mev x* mesons from carbon at 35° as a 
function of the maximum bremsstrahlung energy. 


® Woodward, Wilson, and Luckey, Bull. Am. Phys. Soc. Ser. 
II, 2, 195 (1957). 
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counted may have been multiply produced. However, 
unless the Z dependence for the multiple-production 
process is very different from that for single production, 
it should not affect the result appreciably. If we suppose 
that the cross section for multiple production is roughly 
the same from protons and neutrons (by analogy with 
single-production cross sections, see Luckey*!) and that 
the multiple-production cross section oy is € times the 
single-production cross section, os, i.e., 


omp(proton)=oyn(neutron)=cy, 
and 


oM=€5s, 
then the processes that can occur are 


ytpntat, ytn-nt+nr-+7r"*, 
yt+p— pta-tr, 
(y+p— n+n°+7n*). 


So that 
Crotal =Zo,+Zoue+Nomn 
=Zo,(1+e(1+N/Z)). 


For carbon V/Z=1 and for uranium V/Z=1.6. Thus 
the fractional increase in the total cross section between 
these 2 elements is (0.6€)/(1+2e). For e=} this is 15%, 
and for e=} it is only 10%. Since one does not expect 
e to be large, the fractional increase in the cross section 
for high A elements should be less than 10-15%. This 
experiment shows an increase more like 100%. Hence 
the effect of the multiply produced mesons is in the 
right direction but not of sufficient magnitude. 

An attempt was also made to determine the contri- 
bution of inelastically scattered mesons to the meas- 
ured counting rate. Blau and Caulton® and Ignatenko” 
have shown that the probability of a high-energy meson 
suffering an inelastic scattering and emerging at low- 
energy increases with meson energy. Since the higher 
energy photons can produce these high-energy mesons 
we can get an appreciable contribution to the measured 
rate. To estimate the yield, Yj,(7), of inelastically 
scattered mesons, one can write 


Tmax 
Vin( r= (yield of mesons at energy 7”) 
Tmin 


X (fraction absorbed in nucleus) 


X (fraction re-emitted at energy 7) 
X (fraction at energy T which 
escapes from nucleus) Xd7", 


where the integration is over meson kinetic energy. 

2 P. D. Luckey, Jr., Phys. Rev. 90, 711 (1953). 

*%M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954). 

% A. E. Ignatenko, Proceedings of the CERN Symposium on 
High-Energy Accelerators and Pion Physics, Geneva, 1956 (Euro- 
pean Organization of Nuclear Research, Geneva, 1956), Vol. II, 
p. 313; A. E. Ignatenko et al., J. Exptl. Theoret. Phys. U.S.S.R. 
31, 546 (1956) (translation: Soviet Physics JETP 4, 351 (1957)]. 
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The yield of high-energy mesons was found by taking 
the (1/k) bremsstrahlung spectrum with the photo- 
production cross sections as collected by Bethe and 
de Hoffmann™ and at high energies by Woodward, 
Heinberg, Wilson, and Zipoy.® The fraction absorbed 
in the nucleus can be found from the optical model!® 
with values of the absorption mean free path found by 
Stork” and by Frank, Gammel, and Watson” at low 
energies and by Ignatenko* above 300 Mev. The 
fraction of mesons of energy 7” re-emitted at a low- 
energy T can be found from the Fermi statistical 
theory of meson production.?” This gives the proba- 
bilities for the re-emission of zero and one meson after 
a meson collides with two nucleons to form a complex 
“thermodynamic” state. Block’* has evaluated the 
phase space integrals involved in a more accurate 
manner. We can also get the momentum distribution 
of the emerging mesons from the Fermi theory so as to 
calculate the fraction that fall into the range accepted 
by the detector system. Finally the fraction of low- 
energy mesons escaping is obtained from the optical- 
model theory again. The product of these factors was 
integrated graphically over all meson energies that 
could be produced by the incident photons, the result 
being shown in Fig. 6. The solid curve is that from the 
optical model as derived originally, the dashed line 
being the modification after inclusion of inelastically 
scattered mesons. Again the correction is in the right 
direction but is too small. It is possible that this is the 
fault of the approximate way in which the correction 
was calculated. We had to estimate photoproduction 
cross sections beyond the experimentally measured 
values; also we used the Fermi statistical theory which 
is not accurate for high meson energies where we expect 
the largest contribution. Sternheimer and Lindenbaum” 
compare the Fermi theory with their isobaric model 
and the experimentally observed values and show that, 
for example, the momentum distribution of the inelas- 
tically scattered mesons is peaked at a lower value than 
predicted by the Fermi theory. This would lead to more 
mesons in the energy range of the detection system 
and so a larger correction. However; even if the contri- 
bution of the inelastically scattered mesons was doubled 
by the factors mentioned above, the predicted yield for 
a heavy nucleus like lead is only 60% of the observed 
yield (normalizing theory and experiment for beryllium). 

The estimates made above of the effect of multiple 
meson production and of the inelastic scattering of 


**H. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, p. 146. 

*8 Woodward, Heinberg, Wilson, and Zipoy, Bull. Am. Phys. 
Soc. Ser. II, 3, 32 (1958). 

26 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 

27 E. Fermi, Progr. Theoret. Phys. Japan 5, 570 (1950); E. 
Fermi, Elementary Particles (Yale University Press, New Haven, 
1951), p. 80; E. Fermi, Phys. Rev. 92, 452 (1953); Phys. Rev. 
93, 1434 (1954). 

28M. M. Block, Phys. Rev. 101, 796 (1956). 

2*7R. M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 109, 
1723 (1958), and other earlier references quoted therein. 
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high-energy mesons to the observed yields indicates 
that the deviation of the experimentally observed meson 
yields from that predicted by the optical model is 
reduced when taking these effects into consideration. 
However, it should be made clear that, due to the 
complex nature of the observed low-energy meson 
yield, other factors could also affect the yield. Thus 
the linear dependence of the meson yield on A, the 
atomic number, rather than on A! as observed in part 
of this experiment, is to a great extent fortuitous. It is 
strongly dependent on the fact that we observed low- 
energy mesons produced by high-energy bremsstrahlung 
giving plenty of scope for intermediate processes to 
affect the yield. 


B. Ratio of x~/x+ Meson Yields 


Littauer and Walker! found a strong correlation 
between the observed ratio of r~/m* meson yields and 
the quantity AM which is defined as 


AM= M 241, a eee Mz-1, A- 


This was in an experiment with 310-Mev bremsstrah- 
lung and observing 50-80 Mev mesons at 135°. McVoy* 
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Fic. 8. x~/m* ratios as functions of N/Z for 40-Mev 
mesons from 800-Mev bremsstrahlung. 
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Fic. 9. x /x* ratios as a function of AM for 40-Mev 
mesons from 800-Mev bremsstrahlung. 
%®K. McVoy, Ph.D. thesis, Cornell University, 1956 (unpub- 
lished). 
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Fic. 10. x~/x* ratios for beryllium for 40-Mev mesons 
as a function of bremsstrahlung energy. 


was able to explain this correlation using an “impulse” 
approximation for the meson production process. 
Motz, Crowe, and Friedman® found that for 280-Mev 
bremsstrahlung there was a strong correlation with AM 
but that at 500 Mev the ratio tended toward the V/Z 
value. In Figs. 8 and 9, the x~/z* ratio has been shown 
as a function of V/Z and AM. It will be seen that there 
is not much difference in the two ways of presenting 
the data confirming the fact that at higher energies the 
correlation with AM is weak. The effect of the multiply 
produced mesons will be to smear out any correlations 
since one can get mesons of either charge from both 
neutrons and protons. 

Finally in Fig. 10 (and Table IV) the r~/zx* ratios 
for beryllium are shown as a function of the maximum 
beam energy. The ratio tends to increase as the machine 
energy is lowered although one could fit the data with 
a constant (about 1.58). Other experiments!*:?!.*!.8? have 


31 J. E. Carothers, University of California Radiation Labora- 
tory Report UCRL-1829 (unpublished); and Phys. Rev. 92, 538 
(A) (1955). 

#H. A. Medicus, Phys. Rev. 83, 662 (1951); Palfrey, Luckey, 
and Wilson, Phys. Rev. 91, 468 (A) (1953). 
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TABLE IV. Yield of 40-Mev mesons from beryllium in units of 
cm*X 10-*/Mev sterad “Q”’ nucleus. 





Max photon 
energy 
in Mev ™ 


1.49+0.08 
1.56+0.07 
1.59+0.11 
1.65+0.14 


32.324:1.5 
28.4+1.0 
20.8+1.3 
16.1+1.1 


47.941.7 
44.241.4 
33.041.3 
26.6+1.5 


965 
800 
600 
500 


found that the value is much greater than unity at low 
photon energy. For example, Luckey” measured an 
excitation function for beryllium for 54-Mev mesons at 
90° and got values ranging from 1.65++0.05 at 310 Mev 
to 3.340.5 at 225 Mev. This he interprets as being 
due to “the extra loosely bound neutron’ of Be’. 
Assuming that neutrons are as efficient as protons for 
producing mesons, he obtains a curve for the expected 
cross section as a function of energy which fits his data. 
The data at low energies agree with this interpretation 
as also do the results presented here since one would 
expect the effect of the extra neutron to decrease as one 
gets well above the threshold energy for meson produc- 
tion. Thus the w~/x* ratio should tend toward the 
neutron/proton ratio, V/Z, but for the complications 
due to multiply produced mesons. 
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The photoproduction of charged pions from deuterium has been studied using a “monochromatic”’ 
gamma-ray beam of 292+8 Mev. The energy spectra of both positive and negative pions at the laboratory 
angle of 120° were determined and both agreed within experimental error with that predicted by the theory 
of Lax and Feshbach. The negative-to-positive ratio at 120° was 1.07+-0.16, and within experimental error, 
was independent of meson energy. At an angle of 73° the ratio was 0.90+0.23 for 98.7 Mev mesons. The meas- 
ured negative-to-positive ratio disagrees both with the simple classical picture of Brueckner and the phenome- 
nological theory of Watson. Some results on the ratio using a bremsstrahlung beam are given. 





I. INTRODUCTION 


ANY experiments have been performed measuring 

the ratio of negative to positive pions produced 
by gamma-ray bombardment of deuterium.’~’ In all 
of these experiments a continuous bremsstrahlung 
beam has been used, attributing the production of a 
particular energy meson to that gamma ray which 
would have produced it if a two-body reaction were 
involved. Previous experimental results show the 
following trend'~’: at threshold, the negative-to- 
positive ratio is about 1.5 and is independent of angle; 
away from threshold, for angles that are not well 
forward or well backward, the ratio decreases with 
increasing gamma-ray energy until a minimum is 
reached at a gamma-ray energy dependent upon the 
meson angle; away from threshold, the ratio increases 
with increasing angle. 

In photoproduction of mesons, the photon interacts 
with the meson and nucleon by virtue of the meson 
and nucleon currents. Since the end products of negative 
pion production are both charged while only the meson 
is charged in positive pion production, there will be an 
asymmetry in charged meson production due to the 
different recoil currents (this asymmetry manifests 
itself in the T=} state only).* Using a simple classical 
model, Brueckner® derived the following expression for 
the negative-to-positive ratio: 


9 


a(—) qo a 
—-[1- —[1—(v/c) cos] , 
o(+) Me 


¢ This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 
* Now at the Argonne National Laboratory, P. O. Box 299, 
Lemont, Illinois. 
1R. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952). 
2 Lebow, Feld, Frisch, and Osborne, Phys. Rev. 85, 681 (1952). 
3 White, Jakobson, and Schulz, Phys. Rev. 88, 836 (1952). 
4 Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
1954). 
5 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
6 Beneventano, Carlson-Lee, Stoppini, Bernardini, and Gold- 
wasser, Nuovo cimento 12, 156 (1954). 
7 Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
1956). 
: 8K. Watson, Phys. Rev. 95, 228 (1954). 
9K. A. Brueckner, Phys. Rev. 79, 641 (1950). 


where go=total pion energy, M=mass of the nucleon, 
v= pion velocity, and @= angle between pion and photon 
velocities. This predicts that the negative-to-positive 
ratio will increase with both increasing angle and 
energy for angles greater than about 45°. 

Watson ef al.’ have analyzed photoproduction of 
pions in terms of S and P waves of the final pion-nucleon 
system. They attribute the difference in negative and 
positive pion production to the nucleon recoil and 
obtain fairly good agreement with their quoted experi- 
mental values of the negative to positive ratio. 

The negative-to-positive ratio from deuterium is 
important since it sheds light upon the reaction 


ytn— ptr, 


which can be investigated only roughly through the 
inverse reaction. 

In this experiment, a ‘‘monochromatic” gamma-ray 
beam of 292+8 Mev obtained by the subtraction of 
meson yields is employed, eliminating errors involved 
in using a bremsstrahlung beam. 


II. EXPERIMENTAL METHOD 
A. General Description 


The experimental arrangement is shown in Fig. 1 
and a block diagram of the electronics is given in 
Fig. 2. Charged pions produced in the target by 
gamma rays from the MIT synchrotron were selected 
in sign and bent into the six counter telescope by the 
magnet. Mesons of the desired energy were selected by 
their range and pulse heights in counters 1 and 4 
(1+4+5—6 was the counting scheme used). The pion 
yields were measured with bremsstrahlung spectra of 
Emax of 307 Mev and 292 Mev, respectively, and these 
numbers, properly normalized, were subtracted to 
obtain the yields for “monochromatic” gamma rays. 
The pulse heights of the first five counters were photo- 
graphed to study background in the meson counting 
rates. 


B. The Equipment 


The counter telescope was enclosed in a one-half 
inch thick iron box for magnetic shielding. The counters 
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Fic. 1. The experimental arrangement. 


themselves were scintillation counters employing Pilot 
B plastic scintillators and 6199 photomultiplier tubes. 
The first counter was 6 inches from the edge of the 
magnetic coil. The distance between the counters were : 
34 inches for the first three counters, 6} inches between 
counters 4 and 5, and 43 inches between counters 5 and 
6, the latter two distances were large to minimize 
prompt pulses from a~ star particles emanating from 
counters 4 and 5. In order to minimize the effects of 
pion scattering in counter 5, counter 6 was 5% inches 
in diameter as compared to 5 inches for the other 
counters. By measuring the counting rate as a function 
of the separation between counters 5 and 6, it was 
found that a distance of 43 inches between counters 5 
and 6 was the maximum we could use and still neglect 
this scattering. Appropriate aluminum absorbers were 
placed in front of the counter telescope so that mesons 
of the desired energy would stop in crystal number 5. 

The magnet had a coil diameter of 40 inches and the 
polefaces were 13 inches in diameter. Its maximum 
field was in excess of 12 kilogauss and it showed no 
signs of saturating. The magnet was calibrated by the 
hot wire technique. During a run, the magnet was set 
so that with the absorber being used, the central 
trajectory would be that of mesons whose energy 
equalled that necessary to stop halfway through 
counter 5. The magnet was employed principally as a 
sign separator and had a momentum resolution of 
— 30%, +40%. 

A target constructed to liquify either hydrogen or 
deuterium was employed." Liquid hydrogen was used 
as a target to measure the gamma-ray energy (by 
virtue of the meson energy and angle in a two-body 


0 Janes, Hyman, and Strumski, Rev. Sci. Instr. 27, 527 (1956). 
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reaction) as well as to determine the energy spread of 
the mesons due to the finite resolution of the equipment 
and to the spread in energy of the gamma ray beam. 
The integrated beam intensity was determined by use 
of a thin-walled ionization chamber standardized 
against a thick-walled chamber for each of the various 
Emax involved. 


C. The Photographic Method 


Particles from negative pion stars in counters 4 and 5 
may yield false counts in counters 5 and 6, respectively. 
To circumvent the effects of these stars, the experiment 
originally employed four thin counters (} inch thick 
scintillators) in which the detected particle would not 
be required to stop in a crystal. The particle identity 
and its energy were to be determined by photographing 
the pulses of these counters and determining the 
distribution of these pulse heights in the four counters— 
i.e., identify the particle and its energy by looking at 
the low-energy end of the Bragg curve. This system 
was calibrated by temporarily placing a fifth and a 
sixth counter into the telescope, setting the magnet 
for positive particles, and requiring a 1+4+5-—6 
counting scheme. The positive pions stopping in the 
fifth crystal were identified photographically by w+ — et 
decays, the e* pulses being identified by the requirement 
that the time intervals between the w* and e+ pulses 
have the distribution characteristic of u-e decays. Due 
to the fluctuation in pulse heights and the ambiguity 
whether the particle did or did not stop in the fourth 
counter (certain pulse heights could correspond to 
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Fic. 2. Block diagram of the electronics. 
C=counter; CF =cathode follower. 
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PHOTOPRODUCTION OF CHARGED PIONS 


either case), the photographic method as described 
above proved to be inadequate and counters 5 (a 3-inch 
thick counter) and 6 (a very thick counter) were 
permanently added to the telescope. With a definite 
range now required the photographic method proved 
to be adequate. In Fig. 3, reproductions of the oscillo- 
scope traces due to a positive pion, a negative pion, a 
proton and an electron are given. As will be discussed 
later, the photographic method proved unnecessary. 


D. Negative Pion Stars 


The problem of negative pion stars was solved by 
the use of good geometry. The following test was 
applied to see if the effect of stars was appreciable. The 
negative-to-positive ratio was measured with both 
1+4+5 and 1+4+5-—6 counting schemes at 120°, 
and 1.07+0.10 and 1.07+0.16 were obtained respec- 
tively. Stars produced in counter 4 with secondaries 
entering counter 5 should make the value of the former 
greater than the true value; stars produced in counter 
5 with secondaries entering counter 6 (which should 
outweigh stars from counter 4 entering counter 5 
because of the larger solid angle) should make the 
value of the latter less than the true value of the 
negative to positive ratio. Thus 1+4+5 is an upper 
limit and 1+4+5—6 is a lower limit. These agreed 
within experimental error, but because of this experi- 
mental error this test is not conclusive, but is indicative 
of the smallness of the effect of the stars. From solid 
angle considerations alone, about 3% of the star 
particles originating in counter 4 enter counter 5 and 
about 8% of those originating in counter 5 enter counter 
6. Many of the stars involve neutral particles only (in 
photographic plates, for example, 28% of the negative 
pion captures do not involve charged particles)." 
Most charged star particles do not have sufficient 
energy to leave the crystal in which they were formed. 
This is concluded from the following: 9.5% of stars in 
photographic emulsions are accompanied by protons 
of energy greater than 30 Mev and the average energy 
of star particles of energy less than 30 Mev is 9.6 
Mev." 15% of stars in carbon are accompanied by 
protons of energy greater than 30 Mev,” for light 
nuclei a large portion of the stars involve alpha parti- 
cles."! The false counts in counter 6 due to stars counter- 
act those in 5. Taking this all into account, it is 
estimated that about 0.5% of the negative pion counts 
were lost due to stars. This loss would have been made 
vanishingly small by a better choice of the ratio of 
distances between counters 4 and 5 and counters 5 and 6. 


E. Background 


The most convincing evidence that pions were being 
counted was the following: With liquid hydrogen as a 


1! Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 
2, M. Lederman, Columbia University (private communica- 
tion). 


























Fic. 3. Drawings of photographs of pulse-height distributions. 
The pulses are in order from counter number 1 to counter number 
5, number 1 being in the lower right-hand corner. The upper 
left-hand distribution is that of an electron; the upper right, a 
positive pion followed by a u—e decay in counter 5; lower left, a 
negative pion ending with a star in counter 5; lower right, a 
proton. 


target, 171 counts were obtained when the magnet was 
set for positive pions; no counts were obtained for 
negative particles with the same integrated beam 
intensity. It was. verified that the lack of counts was 
not due to equipment failure. With the mesons posi- 
tively identified and with the effect of negative pion 
stars being small, the photographic method proved 
unnecessary and was used only to measure the amount 
of background in the meson counting rates. 

Electrons were discriminated against by setting the 
discriminator bias high in counter 4. Protons were 
discriminated against by the simultaneous range 
requirements of the counter telescope and the momen- 
tum requirements of the magnet—mesons and protons 
of the required range differing by a factor of 3 in 
momentum. The biases of counters 1, 5, and 6 were 
set low. The biases were set photographically and were 
standardized against a Co™ source and were constantly 
monitored. 


III. EXPERIMENTAL RESULTS 
A. Corrections to Data 
1. Background 


The following results were obtained from scanning. 
The proton background was negligible—not surprising 
when one considers that protons and mesons of the 
ranges involved have momenta that differ by a factor 
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Fic. 4. The ratio of counting rates with the absorber in front 
of counter 4 to that with absorber in front of counter telescope. 
The solid lines represent calculated ratios for different initial 
angular spreads incident upon the absorber, assuming multiple 
scattering and single elastic scattering are involved. 


of 3. The electron background was about 3% at 120° 
and 8% at 73°, and was independent of energy and 
sign. No correction was made for background as we 
are interested in the shape of the spectra and the ratio 
of negative-to-positive counting rates. 


2. Multiple Scattering and Single Elastic Nuclear 


and Coulomb Scattering 
In order to determine the effect of scattering by the 
absorbers, the ratio of counting rates obtained by 
placing various thicknesses of absorber first in front of 
40 
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Fic. 5. Yield of negative pions from deuterium at lab angle of 
120°, in arbitrary units. Ey=292 Mev. 
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counter 4 (the absorbers could not be placed in front 
of counter 5 as this would upset the biasing scheme) 
and secondly the same thickness of absorber in front 
of the telescope. Figure 4 shows the ratios thus obtained. 
A sharp increase with thickness such as this cannot be 
explained by multiple scattering only. Pevsner et al.™ 
have measured the differential cross section for the 
elastic scattering of 80-Mev positive and negative pions 
by aluminum. Their results show a tremendous rise in 
the forward direction. Because of the large distance 
between the front of the telescope and counter 5, the 
solid angle subtended by counter 5 at the absorber 
will be small. Therefore single elastic scattering cannot 
be neglected. The energy dependence used for the 
cross section was that obtained by Stork" who measured 
single elastic scattering with a ring counter. 
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Fic. 6. Yield of 
positive pions from 
deuterium at lab 
angle of 120°, in 
arbitrary units. 
E,=292 Mev. 
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The multiple scattering corrections were obtained by 
integrating the formula’® 


E, 
d(O,?) sy = ( 
Bcp 


across the thickness of the absorber and counters 
doing the scattering, using the range energy relationship 
x=kE*. The scatterer was then broken into concentric 
annular meson source zones each having a Gaussian 
distribution in angle, the mean square angle being 
determined by the integration of d(0,2),,. The fraction 
of mesons intercepted by counter 5 was obtained by 
numerical integration. An initial angular spread due to 


18 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 

4D. H. Stork, thesis, University of California Radiation 
Laboratory Report UCRL-2288, 1953 (unpublished). 

1° B. Rossi, High-Energy Particles (Prentice-Hall, Inc., Engle- 
wood Clifis, New Jersey, 1952), p. 68. 
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the finite target size and the finite spread in energy of 
the mesons entering the magnet was assumed. In Fig. 
4, the solid lines show the calculated ratio of counting 
rates with the absorber in front of counter 4 to that 
with the absorber in front of the telescope for the 
multiple scattering and single elastic scattering cor- 
rections combined with assumed initial spreads of 
0.050, 0.075, and 0.100 radian. An initial spread of 
0.075 was assumed in making the multiple scattering 
and single elastic scattering corrections. 


3. Discussion of Corrections 


The data was also corrected for decay in flight from 
the target to the absorber and nuclear absorption. 
Since we are only interested in the shape of the spectra, 








Fic. 7. Yield of posi- 
tive pions from hydro- 
gen at lab angle of 
120°, in arbitrary units. 
E,=292 Mev. 
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all corrections were made relative to the no absorber 
correction. This means that the decay in flight cor- 
rection is less than 1 as faster mesons have a lower 
probability of decaying. To give an idea of the magni- 
tude of the corrections, for 60-Mev mesons they were 
as follows: 


1.22 
1.25 
1.21 
1.05 
1.04 
0.91 


Multiple scattering 

Single elastic scattering (negative) 
(positive) 
(negative) 
(positive) 


Nuclear absorption 


Decay in flight 


The only corrections applied to the data of the negative- 
to-positive ratio were small corrections for asymmetry 
in sign in the nuclear absorption and single elastic 


PIONS 


TABLE I. Energy behavior of photopions. 





rms deviation from 


Av pion energy 
(Mev) the mean (Mev) 


~ —Pions from Dy (Fig. 5) 
+Pions from Dz (Fig. 6) 64.5+2.4 
+Pions from He (Fig. 7) 70.2+1.3 





15.4+4.4 
15.2+4.6 
8.0+1.2 


66.0+2.4 


scattering corrections. The size of many of these 
corrections could have been greatly reduced by use of 
a 3- or 4-counter telescope, which would permit less 
separation between the first and last counters. 


B. Pion Spectra 


Figures 5, 6, and 7 show the energy distribution at 
120° in the laboratory of negative pions from deuterium, 
positive pions from deuterium, and positive pions from 
hydrogen respectively. The mean pion energy and the 
deviation from the mean pion energy for these distribu- 
tions are given in Table I. 


C. The Negative-to-Positive Ratio 


The results obtained for the negative-to-positive 
ratio are summarized in Table IT. 


IV. DISCUSSION 


Figure 8 shows the positive pion energy spectrum 
from deuterium as predicted by the theory of Lax and 
Feshbach.'® The average value of the pion energy is 
67.3 Mev compared with the experimental values of 
66.0+ 2.4 and 64.5+2.4 for negative and positive pions 
from deuterium respectively. The rms deviation from 
the mean is 12.4 Mev or, if we compound this with the 
spread in the hydrogen spectrum (which takes into 
account the spread due to the finite energy width of 
the monochromatic gamma-ray beam and the finite 
resolution of the instruments), we obtain 14.8 Mev 
compared with the experimental values of 15.4+4.4 
and 15.2+4.6 for negative pions and positive pions 
from deuterium, respectively. The average value of the 
energy of the positive pions from hydrogen is 70.2+1.3, 
which is significantly higher than that for deuterium. 
This is due to the binding energy of the deuteron and 


TABLE IT. Negative-to-positive ratio for photopions, 
Negative to 
positive 
ratio 


Typeof Labangle Ey or Emax 
beam* in degrees (Mev) 

M 120 292 Averaged (30-90 Mev) 1.07+0.16 

120 307 Averaged (30-90 Mev) 1.29+0.03 

292 Averaged (30-90 Mev) 1.36+0.04 

223 32.9 1.65+0.17 

292 98.7 0.90+0.23 

307 98.7 1.06+0.09 

292 98.7 1.19+0.12 


Kinetic energy of pion 
(Mev 


® M =monochromatic; B =bremsstrahlung. 


16M. Lax and H. Feshbach, Phys. Rev. 88, 509 (1952). 





ROBERT 





ad 
te) 


Fic. 8. Predicted 
positive pion energy 
distribution from 
deuterium at lab 
angle of 120° for 
E,=292 Mev, in 
arbitrary units, using 
results of Lax and 
Feshbach. 
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to the scattering of the meson by the second nucleon. 
Kinematic calculations show that the deuteron binding 
energy would decrease the meson energy about 1.4 
Mev below the unbound case. Rough calculations 
based upon the amount of meson wave at the second 
nucleon show that 8% of the mesons would scatter and 
lose energy. This would reduce the mean meson energy 
by about 1 Mev. The energy spread in the pion spectrum 
from deuterium over and above that of hydrogen is 
due to the internal momentum of the nucleons and the 
limited availability of final states due to the operation 
of the Pauli exclusion principle. 

An experimental point was obtained at the high end 
of the negative pion spectrum to see if there was any 
spin flip of one of the nucleons involved with a quasi- 
bound di-nucleon formed. Kinematical considerations 
say that the di-proton corresponds to a 105-Mev pion 
at 120° in the lab for a 292-Mev photon. Because of 
the Pauli principle the di-proton cannot exist in a 
triplet state, meaning that one of the nucleons must 
flip its spin. Figure 5 shows no appreciable peak near 
105 Mev, which indicates that the protons coming off 
together is not a favored mode of production. 


H. LAND 


The results for the negative-to-positive ratio given 
in Table II are consistent with the results of other 
experiments'~” which show the following: the ratio 
increases as one goes to backward angles and is high 
near threshold, approaching a minimum with increasing 
gamma-ray energy for angles that are not well forward 
or well backward. The negative-to-positive ratio shows 
a rise near threshold not predicted by the simple 
classical arguments of Brueckner.? Elsewhere where 
measured, it is lower than that predicted by Brueckner. 
Our value of the negative-to-positive ratio is higher 
near threshold than the value of 1.34 predicted by the 
phenomenological theory of Watson ef al.’ and lower 
than the values 1.14 and 1.25 predicted by Watson for 
the laboratory angles of 73° and 120°, respectively. 
The high value of the negative-to-positive ratio near 
threshold which disagrees with the above two theories is 
consistent with the experimental results of Beneventano 
et al.,6 who obtained a ratio of 1.62+0.24 for an EF, 
of 176 Mev. 

Looking at the results in Table II, one can see that 
it is probable that for 120° the negative-to-positive 
ratio is higher using a bremsstrahlung beam of Emax 
= 307 Mev than the ratio using an Emax of 292 Mev. 
This would suggest that there is a minimum in the 
energy variation of the negative-to-positive ratio in 
the vicinity of E,=292 Mev. This minimum is con- 
sistent with the results of Watson.’ Better statistical 
accuracy would be needed to definitely establish this 
minimum. 

The “monochromatic” measurement of the ratio for 
292 Mev is significantly lower than either the 292- or 
307-Mev bremsstrahlung result. This is undoubtedly 
due to the fact that with a bremsstrahlung beam, 
mesons produced by y rays other than the 292+8 Mev 
band are being counted. As we decrease E, below 292 
Mev, the value of the ratio rises and when mesons due 
to these lower energy y rays in addition to the 292+8 
Mev y rays are counted, the ratio will be greater than 
the 292-Mev “monochromatic” value. 
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The effect of nuclear recoil on the elastic scattering of high-energy electrons or muons by zero-spin nuclei 
is studied by adapting the Breit two-particle Hamiltonian to the case that one of the two particles is of finite 
size, is spinless, and is nonrelativistic, the other being a normal point Dirac particle. A radial and angular 
separation of the Dirac equation is still possible. To leading order in the parameter (electron energy) / 
(nuclear mass), the effect of the dynamic recoil terms is to rotate the scattering amplitude vectors in the 
complex plane without changing their magnitudes, a result which is independent of the shape and size of the 
nuclear charge distribution. To this order, the cross section is affected only by the kinematic recoil correc- 
tions. The dynamic recoil terms also influence the scattering amplitudes through terms of order (electron 
mass) / (nuclear mass). These corrections, owing to large amplification factors in going from phase shifts to 
cross section, may be of some significance in muon scattering, but are probably of no importance in the 
analysis of high-energy electron scattering. The dynamic effect is proportional to nuclear charge and there- 


fore nearly as great for heavy as for light nuclei. 





I, INTRODUCTION 


ETAILED calculations of the elastic scattering of 
high-energy electrons by nuclei!” have in the past 
usually treated the nucleus as a rigid charge distribution. 
Other effects on the scattering, all of which become 
increasingly important as the electron energy increases, 
are unresolved inelastic scattering to low nuclear ex- 
cited states, unresolved inelastic scattering due to 
emission of low-energy bremsstrahlung, nuclear polari- 
zation effect, magnetic scattering from nuclear currents, 
both direct and exchange, and the dynamic effect of 
nuclear recoil (as well, of course, as the purely kinematic 
effect). None of these effects are expected to be very 
important for electron energies of several hundred 
Mev.’ Their omission from calculations has been par- 
tially justified theoretically,!'*-* and justified also in 
practice by the fact that the same static nuclear charge 
distribution leads to a good fit to the experimental cross 
sections at several different energies. 

Because the detailed numerical analysis and the 

* Work supported in part by the U. S. Atomic Energy 
Commission. 

+ Present address: 
chusetts. 

1R. Hofstadter, Revs. Modern Phys. 28, 214 (1956); and 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stan- 
ford, 1957), Vol. 7, p. 231. References to earlier work are given in 
these comprehensive review articles. 

2 Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

3 This statement applies only to spherical nuclei. For the sig- 
nificant effects of nuclear deformation, see Yennie, Ravenhall, 
and Downs, Phys. Rev. 106, 1285 (1957). 

41. I. Schiff, Phys. Rev. 98, 756 (1955); Nuovo cimento 5, 1223 
(1957). 

5B. W. Downs, Phys. Rev. 101, 820 (1956). 

6 R. R. Lewis, Phys. Rev. 102, 544 (1956). 

7L. R. B. Elton and H. H. Robertson, Proc. Phys. Soc. (Lon- 
don) A65, 145 (1952). : : 

8K. W. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. 
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determination of parameters of the nuclear charge dis- 
tribution have been carried out to such high accuracy, 
however, it is possible that even rather small correction 
effects may be significant in modifying the conclusions 
drawn from electron scattering. Especially this could be 
true at the higher energies at which experiments are 
now being carried out.! 

We have chosen to investigate the effect of the recoil 
of zero-spin nuclei, not because recoil should be the 
dominant correction effect, but because recoil can be 
treated in an unambiguous way, without reference to 
details of the nuclear energy level structure, and with- 
out the introduction of any further parameters or form 
factors beyond those associated with the static charge 
distribution. Inclusion of the recoil effect in the numeri- 
cal analysis was also of interest for the extension of the 
calculations to the scattering of u mesons by light 
nuclei. 

We find that the dynamic recoil effect influences the 
cross section only through terms of order (electron 
mass)?/[ (nuclear mass) X (electron energy) ], the leading 
order terms proportional to (electron energy) /(nuclear 
mass) having no effect. 

The theory of the nuclear recoil effect for spinless 
nuclei is presented in Sec. II. This investigation was 
initiated in connection with the calculations of high- 
energy electron scattering at Los Alamos, and the 
presentation of the theory in Sec. II is accordingly 
slanted toward the numerical calculations, most of the 
relevant equations for nonrecoil calculations, as well as 
recoil corrections, being included. The effect of the 
recoil correction on the phase shifts and scattering 
amplitude is discussed in Sec. III. Some numerical 
results are referred to as corroboration of the per- 
turbation theory results of this section. We shall speak 
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of the bombarding particles as electrons, but the theory 
will apply without modification to muons as well. 


Il. THEORY 
A. Summary 


Our object is to construct a Hamiltonian describing 
the electron-nucleus interaction in the center-of- 
momentum frame, and to derive from this Hamiltonian 
radial equations suitable for numerical integration. The 
Hamiltonian will be accurate to order Ze’ and to order 
m/M, where m is the mass of the electron, and M the 
mass of the nucleus. We at first adopt the fiction that 
the nucleus is a Dirac particle, and generalize the two- 
particle Breit Hamiltonian® to a spread-out charge for 
one particle. A nonrelativistic reduction for the nucleus 
is then performed,”" and terms involving the nuclear 
spin are discarded. A radial and angular separation of 
the resulting wave equation is possible, and a change 
of dependent variable finally brings the radial equations 
into a form close to their form in the absence of recoil. 
The scattering problem is solved in the center-of- 
momentum frame, and the calculated cross section is 
transformed to the laboratory frame. 


B. Breit Hamiltonian for Spread-Out Charge 
For two Dirac point particles, the Hamiltonian is 
given by® 
H= 


where V is the electrostatic interaction energy and AH 
is given by 


—Bym,— Bom2— a1: Pi—@2"Pot+ V+AH, (1) 


@,. Qe 
AH (voit) -—<—< hee 
12 


(r2)8 


(q@). T12) (a. T12) 
| @ 


We let index 1 refer to the electron and index 2 to the 
nucleus, and generalize to a finite-sized nucleus by the 
transformation ey>—e (e is the magnitude of the 
electron charge), and e-—>f pds (p is the nuclear charge 
density and ds the volume element). Letting r be the 
vector from the center of the nucleus to the electron, s 
the vector from the center of the nucleus to any element 
of charge in the nucleus, r'=r—s, and r’=|r'|, we 
have for the Breit interaction term 


sH=34 f (ras. as(s)d 
+ fre V)(a2. r)o(s)as| (3) 
and for the electrostatic potential 


v=—ef (r)(s)as (4) 


®G. Breit, Phys. Rev. 34, 553 (1929). 
1 L., L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
u Z. V. Chraplyvy, Phys. Rev. 91, 388 (1953). 
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We specialize to the center-of-momentum frame, and 
set pi= —p2=p. Also for convenience we set m,=m, 
m;=M. The Hamiltonian is then, 


H=—Bym—62M —a-pt+a2:p+V(r)+Ad, 


with V(r) given by (4) and Ad by (3). 

Before performing a nonrelativistic reduction with 
respect to particle 2 on the Hamiltonian (5), however, 
we reduce the interaction AH to simpler form. AH may 
be written 


AH = —}[2e1-a2V (r)— (a1: V) (a2-V)W (r) J, 
where W(r) is defined by 


(5) 


(6) 


W(r)= ~ef ro(s)as, (7) 


and has the property V?7W=2V. We now define a 
quantity U with the dimensions of energy which we 
shall call the “pseudopotential” : 


un=2r f rV (r)dr. (8) 
0 


The last term in (6) may be expressed in terms of 
U and V: 


(a1-V) (a2: V)W (7) =a al 


+r (air) (a2-r)(2V—3U). (9) 


Finally, we introduce two ‘auxiliary potentials,” V 
and V2, which are simple linear combinations of U 
and V: 

Vi=2V-U, (10) 
V2=3U—2V=—r(dU/dr). 


In terms of the auxiliary potentials the generalized 
Breit interaction term takes on its simplest form, 


AH= —}[a1-@2Vi(r)+9-* (a1) (a2-4)Vo(r)]. (11) 


For a pure Coulomb field (point particles), VU=V=V, 
= V>. Note that in the Coulomb field outside a finite- 
sized particle, these four potentials are not equal, but 
approach equality only at great distance. Figure 1 
illustrates the forms of U, V, Vi, and V2 for a uniform 
charge distribution. They differ by terms of order 
(R/r)* outside the nucleus. For all values of r, V is equal 
to the weighted average of the auxiliary potentials, 
t(3VitV2). 


C. Nonrelativistic Approximation for the Nucleus 


The nonrelativistic reduction with respect to the 
nucleus is achieved to first order in m/M by the method 
of Foldy and Wouthuysen.”" Since the term —62.M 
in the Hamiltonian goes to a constant nonrelativisti- 
cally, we discard it at once, and write for the approxi- 
mate Hamiltonian 


H= —Bym— a1: p+ V(r)+ (2M)— (a@2-p+AH)?. (12) 





ELASTIC SCATTERING 
Moreover, since we wish to specialize to zero-spin 
nuclei, it is understood that all spin-dependent terms 
resulting from the expansion of the last term in (12) are 
to be discarded. When the quantity (a2:p+AH) is 
squared, there result terms (a) quadratic in p, (b) 
bilinear in p and the auxiliary potentials V; and V2, 
and (c) quadratic in the potentials. The last terms, 
which are }(3V+V2?+2ViV2), we discard on the 
grounds that they are of second order in the interaction, 
whereas the Breit interaction term, AH, is accurate only 
to first order in aZ. As a practical matter, one may also 
note that for electron energies in the hundred Mev 
region, the discarded terms are also small compared to 
the terms linear in p and very small compared to the 
term quadratic in p. 

With the omission of nuclear spin terms and quad- 
ratic potential terms, the Hamiltonian (12) may be 
written 


H=—Bm—a:pt+ V(r) 
+ (2M) p?— 4a: (pVit Vip) 
—ir?*(a-r)r: (pV2t+ Vop) 


—}(pV2tVop)-r(a-r)r-*], (13) 


in which the subscript 1 has been dropped from the 
electron matrices a and 8. The interaction terms in this 
Hamiltonian are exactly what one would arrive at by 
taking a symmetrized form of the classical Darwin 
interaction,’ suitably generalized for a finite-sized 
nucleus. 

D. Radial Separation 


The wave equation, Hy= Fy, with the Hamiltonian 
(13) is separable in the same way as for a central field 
without recoil. We use the representation and notation 
of Schiff, defining a-=r~'e-r, and p,=p:(t/r)=r"r-p 
—ir—, and defining the matrix k by a: p=a,p,+71ra,Bk. 
In the correction term which multiplies (2M)~ it is per- 
missible to substitute the solution of the wave equation 
without recoil. Operating on a solution of the equation 
without recoil, p® is equivalent to —m’+(V—E)? 
—ia,(dV/dr), and a-p is equivalent to —6m+V—E. 
We therefore obtain the approximate Hamiltonian 


H={V+(2M)“[—m’*+ (V—E)(V—E—V,—V2) }}1 
+{—m-+ (2M)“Lm(Vit-V2) }}8 


d 
+ {inet omy] Ove dye V) | fia 
r 


+{—r1+ (2M)"[rV2]Jia Bk. 


12C, G. Darwin, Phil. Mag. 39, 537 (1920). 
3, I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 322. 
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For eigenstates of k, the radial equations follow from 


(H—E)y=0, with 


1 0 0 1 rioF 
a~( } ia,= ( ), v=( ). (15) 
0 —-1 —1 0 r'G 


In the radial equations, it is no longer more convenient 
to use the auxiliary potentials V; and V2. We re-express 
these in terms of U and V [Egs. (10) ], and find the 
coupled equations 


{E+m—V—(2M)“(E+m—V)(E—m—V+2U)}F 
—{ (d/dr)+kr— (2M)“[dV/dr 
+3(1+k)rU—2(1+-k)VI}G=0 (16) 
{E—m—V—(2M)"\(E—m-— V) (E+-m—V+2U))G 
+ { (d/dr)—kr— (2M)—"[aV /dr 
+3(1—k)rU—2(1—k)r VV} F=0. 


Terms of order V? or VU in these equations are not 
accurate, in view of the earlier approximations, and 
may be dropped. 

These equations are satisfactory for numerical inte- 
gration, but are not analytically tractable at large r, 
where U=V=—aZr“", because of terms proportional to 
r~*, However, a simple transformation converts the 
equations into a form whose large-r behavior is iden- 
tical in form to the Coulomb equations without recoil. 
We define new functions $ and G by means of the 
transformation 


F={1+(2M)"[V—(1—k)U ]} 5, 
G={1+(2M)"[V—(1+4)U}} 9. 


The radial equations for the new functions are 


{$+m—V+M—[8V+(S+m) (k-1)U}}$ 
—[(d/dr)+kr]G=0, 
{—m—V+M-[8V—(S—m)(k+1)U}}S 
+[(d/dr) —kr ]5=0, 
where 


&= E— (2M) (E2—m?). (19) 


Note that £ is the total energy in the center-of-momen- 
tum frame, and & is the electron energy in this frame. 
The electron energy in the laboratory frame is F\,,= & 
+M-(k?—m’). 

The final radial equations used in the calculation are 
cast in a dimensionless form: 


v=V/m, u=U/m, e=6&/m, 


(20) 


p=m/M, x=mr(e—1)}. 


For convenience in joining to the Coulomb functions, 
we also introduce the further change of variable 


R= $(e+1) 1G, 9=4F(e—1)'F. (21) 
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Fic. 1. The electrostatic potential, V; the pseudopotential, U, 
defined by Eq. (8); and the auxiliary potentials, V, and V2, de- 
fined by Eqs. (10), illustrated for a uniform charge distribution. 
The horizontal scale is in units of the nuclear radius, R. The 
vertical scale is in units of Ze/R. 


The radial equations then take the form 

dK k v(x) ev(x) 

—=-— at| i—-——__+ f+ k—1)u( al 

dx x e+1 e+ 

v(x) ev(x) 
+f 


atin 
e—1 


dg k 
-s—| 


—(k+ ts) i 


ax x e= 1 
The recoil effect thus makes itself felt in several ways: 
(a) through the transformation F—%5, G-—S; (b) 
through the replacement of E by &; and (c) through the 


extra terms multiplying uw in Eqs. (22). 


E. Coulomb Equations 


At large r, u(x)=0(x)=—az(e’—1)'x. The radius 
at which w=» to suitable accuracy will depend upon the 
overall importance of the recoil correction terms, but 
will normally be several times the nuclear radius (see 
Fig. 1). Outside the nucleus, approximately |u—v|/v 
=~ 4(R/r)*. We shall mean by the Coulomb region the 
radii for which the difference between u and v may be 
neglected. 

In the Coulomb region, the recoil equations (22) take 
on the same form as the nonrecoil equations, 


d&R/dx= — kx G+ (1+-Bix) J, (93) 
d3/dx=kx"9— (1+Bex)R, 
where 
Bi=azl (e—1)/(e+1) PL1+u(1—k—ke) 
B2=az[ (e+1)/(e—1) }[1—n(1+k—ke) ]. 
Now set R=$(o1+02), J= 
tions for o; and a2 are 
doy/dx= —i(1+yx)o1— a" (R+- 77’) a2, 
do2/dx=i(1+yx)o2— 


4 N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, London, 1949), second edi- 
tion, p. 79 


(24) 


—}i(¢1—02). The equa- 


a (k—ty')on, 
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whose regular solutions are’ 
o1(k) = (e+1)-1N,* (2x) oe *(p, — ty) 
XF(p, +77, 2p,+1, 2ix), 
a2” (k) = — (e+1)-1N, 7 (2x) he ** (R—17;’) 
XF(o,+1+17, 2p,+1, 2ix), 


where the F’s are confluent hypergeometric functions, 
and the normalization constant is 


= |P'(p,+1+ 7) |e!"7/2P (2p,4+1) 
x (iy/—B)(p,— ih. (27) 
The irregular solutions, o;/(k) and o2!(k), are obtained 
by reversing the sign of p, (but not of k) everywhere in 
(26) and (27). 
These solutions are identical in form to the usual 
Coulomb solutions, differing only in the definitions of 
the constants y and 7’. In this case, 


=4(8,+62)=aze(e2?—1)-*(1—/e), 
Ye= 3 (B2— Br) =a2(e— 1) 1—pet wk (e?— 1) J, 


going over to the usual definitions in the case p—0. 
The quantity p, is defined by 


p= +Lh?—y'+ (¥')*}. 
The same definition holds in the nonrecoil case, but is 


then more simply written as p,=+[k?—(az)*]!. For 
ux0, however, y?— (y,’)?¥ (az)’. 


(26) 


(28) 


(29) 


F. Evaluations of Phase Shifts and 
Cross Section 


The total phase shifts of the functions ¥ and G are 
the same as for the functions F and G, since asymptoti- 
cally, SF, SG. It is therefore not necessary to 
transform back to F and G. The numerical solutions of 
Eqs. (22) may be joined to the known regular solutions 
(26) and the corresponding irregular solutions, and the 
phase shifts evaluated in the same way as without re- 
coil. The solution of the scattering problem likewise 
follows in the same way as without recoil. The radial 
variable x is equivalent to kr, where k is the wave 
number of the electron in the center-of-momentum 
frame. In this frame, the formulation of the scattering 
problem in terms of an incident distorted plane wave 
and outgoing scattered waves is formally equivalent 
to the formulation for a rigid scattering center. 

At some joining radius, a, the wave functions ® and g 
obtained by integrating Eqs. (22) are joined to the 
regular and irregular Coulomb functions (for each 
value of k): 

R(a)=CR*®(a)+DR' (a); 
$(a)=C9*® (a)+D39' (a). 


The phase shift, ¢;, of the regular Coulomb function is 
given by 


(30) 


k—iy,' T(p,+1—ty) 


exp(2i¢,) = 
pe—ty T'(p,+-1+77) 





exp[—mi(p,—1)], (31) 
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where /, corresponding to orbital angular momentum, 
is equal to k for k>0, and is equal to —k—1 for k<0. 
The definition of the irregular Coulomb phase shift, 
{:’, is obtained from (31) by reversing the sign of p, 
everywhere. The difference, 5;, between the total 
phase shift, 7, and the regular Coulomb phase shift, 
x, is given by 
tand,=sin(f%’—f%)/[(C/D)+cos(F%’—f«) J. (32) 


Finally, the cross section is defined by o= | f|?+ | g|?, 
with 


f= (4/21) { (+1) [exp (2tm_1-1) — 1] 
+/[fexp(2in:) —1]} P:(cos#), 
g= (A/2i)>-[ — exp(2in_1-1) + exp (2im) ]P7'(cosé). 


The polarization induced in an unpolarized beam is 
given by 


P=2(Ref Img—Reg Imf)/(| f|?+|g|*), 


(33) 


(34) 


and is entirely negligible at energies much greater 
than mc’. 


III. THE EFFECT OF RECOIL 
A. Neglect of Electron Mass 


Consider the dimensionless equations (22) for ® and 
9 in the center-of-momentum frame, and the corre- 
sponding equations (22) for ®o and Jo defined by 
setting wu equal to zero. In order to isolate the dynamic 
recoil effect, we let the energy ¢ be the same in both 
equations. In addition, as a matter of convenience, 
we at first neglect the mass of the electron (€>>1). This 
permits the derivation of an unusually simple result, 
expressed by (38) and (39) below. 

From (22) and (22) it follows that 


d 
—(Ig9R—- Rod) 
dx 
=p (v—) (Fo + RoR) +hu( FoI — RoR) }. (35) 


We choose unit normalization for the asymptotic 
solutions 9 and ®: J— cosy, R— sing, where ¢ 
=x«+y¥ Inx—}nl+n; and similar forms for Jo and ®o. 
Then (35) may be written 


r—n=nf [ (v—1) (FoI + RoR) 


+ku(IoJ— RoR) Jdx. (36) 


To first order in yw, replace J and ® by 99 and Ry on the 
right of (36). But from (22) 9 and (10), 


(v— u) (e+ Ro*) +ku(do?— Ro) 


id 
=~ —[xu(d?+R?*) ]. (37) 
2 dx 


At large x, xu — —aZe, 9°+R,? — 1. Therefore, 


n— m= — iuaZe, (38) 


i.e., the total phase shift is changed by the recoil terms 
by a constant amount, independent of & and in- 
dependent of the shape and size of the charge distri- 
bution. In particular therefore for the pure Coulomb 
phase shifts, [—{&—4yaZe, as could be inferred also 
directly from (28) and (31). Note in (36) that for the 
pure Coulomb field, w=» and the first term in the 
integrand vanishes. For a distributed charge the 
contribution of the first term exactly balances the 
decrease in the contribution of the second term (see 
Fig. 1). From (38) and (33) it follows at once for the 
scattering amplitudes that 


(f—fo)/fo= (g—go)/go= —ipaZe. (39) 
(In the present approximation of neglecting the 
electron mass, g= f tan}@). Therefore to first order in y, 
the cross section is unaffected by the dynamic recoil 
effect. 

The fact that this first order result is quite accurate 
has been verified by numerical integration of Eqs. (22) 
and (22), for realistic charge distributions. For 420- 
Mev electrons incident on C, the theoretical value of 
n—no is —8.2X10~. The values of the same difference 
obtained numerically ranged from —7.9X10~ for 
|ki=1 to —8.2x10~ for {[k| 210. For 420-Mev 
electrons incident on Pb**, the theoretical value of 
n—no is —6.5X10~. The values of the same difference 
obtained numerically ranged from —6.3X10~ for 
|k}=1 to —6.5X10~ for |k| 220. This weak k- 
dependence of the phase shift difference is barely 
significant numerically. 

It is of some interest to note that a small energy 
change is amenable to the same sort of perturbation 
treatment. For example, let €9 be the (dimensionless) 
laboratory energy, and e=e€—weo. Again form the 
derivative of Jo6R—RoI as in (35). Then, in analogy 
with (38), the combined effect of the kinetic and 
dynamic recoil corrections on the phase shift is given by 


e d 
21— N= SuaZeo—n f aided? (xvo)dx. (40) 
x 


0 


For a point nucleus, the second term vanishes, i.e., 
a small energy change has no effect on the Coulomb 
phase shifts. For a finite nucleus the two terms are of 
the same order of magnitude for small ||, and the 
second term vanishes for large |k]. 


B. Effect of Finite Electron Mass 


If the finite mass of the electron is taken into account, 
(38) is replaced by 


3] 
n— nom — }uaZe—pe f (SP? —Re*)vdx, (41) 
0 
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to first order in aZ. The last term in (41) is of order € 
relative to the leading term, but it is k-dependent and 
hence capable of changing the value of the cross section. 
The k-dependent part of »—no for electrons is of order 
10-* (it is 200 times larger for muons). However, in the 
zero-mass approximation, 9o’—®¢ for given k is equal 
to the negative of the same quantity for —&. Conse- 
quently, the first order contribution of the last term in 
(41) vanishes. This ‘may be seen as follows. The radial 
wave equations (16) are invariant under the simul- 
taneous substitutions 


k——k, m——m, 
F—G, G— —F. 
This implies 


n.(m)=n_x(—m). (42) 
Now, expanding the scattering amplitudes (33) to 
order m, it is readily found that 


f=f\ mot m(0f/ om) mxot***, 


g=tan}0 f| m-o—cot}0 m(df/dm) | maot-::. (43) 


To first order in m, these contributions cancel com- 
pletely in the cross section. The residual contributions 
will therefore be of order €?, €"aZp, and (uaZ)** 
relative to the cross section in which electron mass is 
neglected. The first of these residual contributions 
(e*) is present even if recoil is neglected; the second 
(e“aZy) is an interference between the last term of (41) 
and the finite mass contribution without recoil; the 
third [(uaZ)**] arises from the last term of (41) by 
itself. For 400-Mev electrons, all of these corrections 
seem to be entirely negligible; they are approximately 
10-*, 10-*, and 10-” respectively, relative to the zero- 
mass, non-recoil result. Of course the delicate cancella- 
tions that take place in summing the series to obtain 
the first term of (43) may not take place in the later 
terms. This may lead to results considerably larger than 
just estimated (say 100 or 1000 times larger), but still 
entirely negligible. In the numerical calculations re- 
ferred to above, a given phase shift change, An/n, pro- 
duced typically a cross-section change, Ao/a, of about 
10° An/n. 

We conclude that for energies and angles which have 
been studied so far in electron scattering, the dynamic 
recoil correction is probably of no significance. It may 
be of significance in the scattering of muons. 

Because of the extremely high accuracy required in 
the phase shifts, and because of the great cancellations 
occurring in the partial-wave sum, the numerical 
techniques have not as yet been sufficiently refined to 
give a quantitatively reliable prediction of these small 
recoil effects. Results of the numerical analysis will be 
presented later.'® 


16 Ford, Hill, Hill, and Wills (to be published). 
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C. Perturbation Theory Without Partial 
Wave Expansion 


It is interesting to see how the results of the preceding 
subsections can be understood in terms of a pertur- 
bation treatment of the complete scattering wave 
function. Ravenhall'® has pointed out that in Born 
approximation the recoil effects are purely kinematic. 
In the present discussion we shall go beyond the Born 
approximation in that the nonrecoil problem will be 
considered exactly and the recoil terms will be treated 
as a perturbation. 

We may dispense with the term involving the electron 
mass. This follows from the fact that a change in sign 
of m can be exactly compensated for by a change in 
representation of the Dirac matrices. Thus the cross 
section cannot contain odd powers of m; the results of 
subsection B follow immediately. 

It is convenient to rewrite the Hamiltonian (13) as 


H=—a-p+V+(2M)-“{p?—a- pV —Va-p 
+4ile-p,(p-VW+VW-p) ]}}. 


The unperturbed scattering problem is then given by 
the equation 


(44) 


(—a:p+V—6&)¢=0. (45) 
To order (1/M) the perturbing Hamiltonian may be 
written 


Her’ = — (2M)71(V2-+0V-7W) 
+ (2M) (a: p— V+ 6) (a@:p—V—&) 
+(i/4M)[ (a:-p—V+8),(p-VW+VW-p)]. 


For consistency with the approximations already made, 
the first term must be neglected. The second term 
vanishes in lowest order perturbation theory because 
of the equation satisfied by the unperturbed function. 
The last term also appears to vanish in lowest order; 
however, neither the operator nor the scattering states 
approach zero sufficiently rapidly at large distances to 
justify an integration by parts and the hermitian 
property of p is not valid. Instead, the matrix element 
of the last term may be written 


(46) 


(4M) f V:{ yelp: WWEVW-p)eiP)de. (47) 


Clearly the value of this expression can depend only 
on the asymptotic forms of the wave functions, which 
are 

gi V~e ik; t+ f(ky-r/krje™, ly, 


48 
gs vel *+ f*(—ky-r/kpre™/r, (48) 


where k, and ky are the initial and final wave number 
vectors. Although the integral is still ambiguous, we 
may obtain a reasonable interpretation by the follow- 
ing procedure. Take the volume of integration to be a 
sphere centered about the potential and evaluate the 


16D). Ravenhall (private communication). 
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resulting surface integral by the method of stationary 
phase. Neglecting terms which oscillate with R (the 
radius of the sphere) or decrease with increasing R, the 
result turns out to be 


Af=—ipaZef, 


in agreement with that obtained by the partial wave 
analysis. This also confirms Ravenhall’s result that 
recoil effects do not contribute in Born approximation 
(note that the first term of Hy’ corresponds to second 
Born approximation in the electromagnetic interaction). 


(49) 


IV. CONCLUSIONS 


To the extent that the finite mass of the electron or 
muon may be neglected, the dynamic recoil effect does 
not influence the cross section. To this approximation, 
recoil is taken into account by calculating with an 
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energy 6=£),(1—Eia»/M), and by transforming 
calculated cross sections and angles from the center-of- 
momentum frame to the laboratory frame. Considera- 
tion of the finite mass of the electron or muon leads to a 
dynamic recoil effect on the cross section which is Ao/o 
= (aZ)(m/M)(m/E)y, where y is an amplification factor 
(arising from the great cancellations in the partial wave 
sum) whose magnitude is very uncertain, but might be 
as great as 10‘ at the highest energies and greatest 
angles where electron scattering data are available. 
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Alternative Method for Comparing Pion-Proton Scattering Data with 
Dispersion Equations* 


Howarp J. SCHNITZERt AND GEORGE SALZMANT 
Department of Physics and Astronomy, University of Rochester, Rochester, New York 
(Received October 20, 1958) 


A method for comparing pion-proton scattering experiments with the predictions of the forward angle 
scattering dispersion equations is proposed, which allows the usual statistical measure (x?) of the agreement. 
A slight discrepancy is found between negative pion-proton data and the theory; however, the over-all 
agreement is considered satisfactory. Values of the coupling constant and S-wave zero-energy scattering 
lengths are determined. They are f?=0.08+0.01, a,=0.193+0.050, and a;= —0.089+0.048. 


1. INTRODUCTION 


INCE the analysis of the pion-nucleon scattering 

by use of forward scattering dispersion equations 
was made by Puppi and Stanghellini,’ several authors 
have discussed the lack of agreement between the 
theory and experiments.’ It is desirable to make the 
comparison in a way more easily analyzed statistically 
than the Puppi-Stanghellini method. One such method 
is presented here,’ and the results, which include a 
determination of the pion-nucleon coupling constant 


* Supported by the U. S. Atomic Energy Commission. 

¢ National Science Foundation Predoctoral Fellow. 

t Now at CERN, Geneva, Switzerland; on leave of absence 
from the University of Colorado, Boulder, Colorado. 

1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 

2H. J. Schnitzer and G. Salzman, Phys. Rev. 112, 1802 (1958). 
This will be referred to as SS. Additional references may be found 
in this paper. 

3H. P. Noyes and D. N. Edwards (to be published) recast the 
comparison to facilitate statistical analysis. The analyses differ 
in that we use “experimental” cross sections, with no errors 
assigned to the integrals, while they use “‘theoretical” ones to 
evaluate the integrals, with an associated error. They find an /? 
for each energy while we require a fit to all energies with the same 


and the zero-energy S-wave scattering lengths, are 
reported. 
2. METHOD OF ANALYSIS 
One can write the forward scattering pion-proton 
dispersion equations as follows*: 
3D, (1)+D_(1) ]+4o[D,(1)—D_(1)] 
ig 
= Ds (w)—-— P.V. 


4r 


® du! a=” (w’) 
x { ~~ 
k’ w'+w 


1 


——_—f*=J,(w), (1+) 
w (1/2M) 
where the notation and units are the same as in SS.” 
Ds(w) is the real part of the r*-p forward scattering 
amplitude in the laboratory system at pion energy w. 
Define 

= 4LD, (1) +D_(1)], 


4 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 





H. J. SCHNITZER 


wv” DATA 

f* = 0.08 
C,*-0.003 £ 0.17! 
C,*-0.103 0,079 
3.9 

M,*I? 























Fic. 1. Plot I of the r*-p data, Eq. (3+-) for f?=0.08. The data 
should be consistent with a straight line to agree with the dis- 
persion theory. The best fit is shown, with M=9.9 and Mo=17. 


The right-hand side of Eq. (1), J/i(w), is evaluated as 
in SS. For each experimental determination of D,(w) 
or D_(w), we have a value of J(w) or J_(w), and an 
associated error. We consider only that part of the error 
in J,(w) due to Dy(w).’ The constants f?, Ci, and C, 
are parameters to be determined. The r+ and m~ data 
are represented by plotting J,(w) and J_(w) versus w, 


7” DATA 
f*=0.08 

C, *-0.074 20.175 
C2*-0.155 t 0.099 
M=10.9 

M,*8 











194 








4S 4s. i 4 
5 25 35 
on 


Fic. 2. Plot II of the r~-p data, Eq. (3—), for f?=0.08. 
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respectively, which must satisfy 


Citwl2= Js). (3+) 


Therefore, as a consequence of crossing symmetry and 
of the dispersion equations, the + and x~ experimental 
data should be represented by straight lines with com- 
mon" intercept C; at w=0, and equal and opposite 
slopes, +C2. It is convenient to reflect the m data 
about w=0 so that all the data determine one straight 
line with slope C2. For this we write 
J(w) for w21 

Ci +oC2= 

J.(-—) for wQ-1. 


(3c) 


We will call the plots of Eqs. (3+), (3—), and (3c) 
plots (I), (ID), and (III), respectively. For any value 
of f, (I), (II), or (III) determines a pair of numbers 
(Ci, C2) by a least-squares fit. If x?(f*) is the weighted 
sum of the squares of the least-squares errors for a 
given value of f?, then the best value of f* is obtained 
at M, the minimum of x?(f*). The expected value for a 
satisfactory fit of the data by a straight line, is denoted 
by Mo. The dispersion equations imply the following: 


(a) Each of the plots, (I), (II), (IID), is consistent 
with a straight line, i.e., M< Mo. 

(b) The same f? is determined by the minimum of 
each x’. 

(c) With this f? each plot determines the same pair 
(Ci, C2). 


The assumption of charge independence relates C, 
and C; to the zero-energy S-wave scattering lengths, 


ie (Re/R) wnt (Ci— 2C2), 


d3= (he /k) wei (Ci +C2). (4) 


COMBINED DATA 
f?©0,08 

C,=0,006 + 0.045 
C2 -0.108 £0,023 
M=23 

M,=28 


Jy Ww) and J (-w) 
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Fic. 3. Plot III of the combined data, Eq. (3c), for f?=0.08. 
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TABLE I. Summary of results. 








I II III 
x* data x~ data Combined data 


0.08-0.07° 0.080.038 0.08 +0.01 
9.9 10.8 23.1 
17 8 28 
—0.003+0.171  —0.074-40.176 0.006-+0.045 
—0.108-+0.023 











The values of a; and a; so obtained may then be com- 
pared with those obtained from phase-shift analyses. 


3. RESULTS 


The results of the analysis are shown in Figs. 1-4. 
Inclusion of the 307- and 333-Mev values of D_(w) from 
Korenchenko and Zinov® causes condition (a) to be 
violated in plots II and III. Also, there is no minimum 
in x*(f?), which decreases monotonically as f? is 
decreased. Since these two values of D_(w) are highly 
sensitive to D waves, as described in SS, they are 
omitted here. With their omission, a consistent analysis 
is obtained. This corroborates the less quantitative but 
similar conclusion in SS regarding these data.®:’? The 
results are summarized in Table I. The error for f? is 
estimated from the width of the minimum of x?(/?). 

The S-wave scattering lengths from the constants 


(C;, C2) of III are® 
a,;=0.193-40.050, 
a3= —0.089+0.048. 


These are consistent with Orear’s® values: 


a,=0.165+0.012, 
a3= —0.105+0.010. 


Also we find a;—a3;=0.272+0.060, which is in agree- 
ment with measurements of the Panofsky ratio.” 


5S. M. Korenchenko and V. G. Zinov, Joint Institute for 
Nuclear Research, Dubna, U.S.S.R. (to be published). 

6° H-Y. Chiu and J. Hamilton, Phys. Rev. Letters 1, 146 (1958), 
also reach the same conclusion regarding these data. 

7H. J. Schnitzer and G. Salzman, Bull. Am. Phys. Soc. Ser. II, 
2, 353 (1957) and SS D-waves are not included in analyzing data 
below 300 Mev, although they are included in reference 6. 

8’The more recent value of D_’=0.195+0.006 at 98 Mev, 
J. R. Holt (private communication), will change the numerical 
results of plot II and III slightly, however the conclusions are 
unaltered. 

9 J. Orear, Phys. Rev. 96, 176 (1954). 

10L. Marshall, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), I-32. 


LEAST SQUARE ERROR 
x*(f*) vs f? 
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PLOT (II) 
COMBINED DATA 


Mo 
?=0,0840.0! 








0.06 0.07 0.08 0.09 0.0 
2 
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Fic. 4. A graph of the least-squares function x?(f?) for various 
values of f?. For each plot the best value of f? is estimated from 
the minimum of each curve, and the error estimated from the 
width of the minimum. 


4. CONCLUSIONS 


The m~ data are slightly inconsistent with a straight 
line; M=10.8 and Mo=8. This result agrees with SS 
and is regarded as not serious for the same reasons 
discussed there. Aside from this, we conclude that the 
pion-proton scattering data are consistent with dis- 
persion theory, and we obtained /?=0.08+0.01, 
a,;=0.193+0.050, and a3;= —0.089+-0.048 ; values com- 
patible with other determinations. Although this way 
of presenting the data gives a quantitive measure of 
the agreement between theory and experiment, it does 
not determine f?, a:, and a; precisely. Their accuracy 
would be improved by one or two measurements of 
D,(w) between 100 and 300 Mev and a measurement of 
D_(w) at ~300 Mev as accurate as that of D_(w) at 98 
Mev. Together with the low-energy Rochester values, 
these would give a better determination of the slope 
and intercept of the line in plot III. 
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Decay of Hyperons and Mesons from the Universal Fermi Interaction* 


AKIHIKO Fuji AND MAsAAki1 Kawacucuit 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received October 15, 1958) 


The decay of the hyperon, charged pion, and K meson except Kys3* is investigated on the basis of the 
universal V—A Fermi interaction together with the idea of the Gell-Mann tetrahedron, by treating the 
virtual baryon-antibaryon pair effect in a phenomenological way. It is shown that the decay rate of Kyo" 
calculated by the parameters adjusted to the decay of x*+, K,s*, and K,3* is in agreement with experiment, 
thus suggesting a possible consistent picture of the model. 


1. INTRODUCTION 


T has been shown that the universal Fermi interac- 
tion with V—A coupling scheme is remarkably 
successful in the weak processes mainly involving the 
nucleons and leptons.! The attempt to cover the wider 
area involving strange particles leads to the concept 
of the Gell-Mann tetrahedron.? Assuming that all 
weak processes are generated by the four-fermion 
interaction, we notice that the decay diagram of 
various reactions can be reduced to a small number of 
“structure elements” composed of the baryon-anti- 
baryon loop with strongly coupled mesons (see Sec. 2). 
This reminds us of the role of beta- and gamma-ray 
spectroscopy in the study of nuclear structure. When 
information of nuclear structure is desired from the 
data of 8 and vy decay, it has been found profitable to 
separate out the known factors due to Fermi or electro- 
magnetic interaction and phase space and then “extract”’ 
the quantity directly connected with the unknown 
nuclear matrix element, which in turn leads to classi- 
fication into groups for systematics of nuclear structure. 
The situation seems quite parallel for the decay of the 
elementary particles, where the “structure element”’ 
is the analog of the nuclear matrix element. The fact 
that there exists no reliable way of calculating the 
strongly interacting processes may correspond to the 
fact that there exists no absolutely exact way of 
computing the nuclear matrix element. 

It seems interesting, therefore, to separate out the 
known characteristics of the Fermi interaction and the 
kinematical factors from the decay rate and pick up 
the quantity which represents the contribution of the 
dynamics of the strong interactions. 

The purpose of the present paper is to investigate 
whether the universal V—A Fermi interaction with 
the tetrahedron idea can explain decay processes at 
least qualitatively. In fact, the lifetimes of 7, A, 2, and 

* Assisted by contracts with the Air Force Office of Scientific 
Research. 

¢ On leave of absence from the Research Institute for Funda- 
mental Physics, Kyoto University, Kyoto, Japan. 

1E. C. G. Sudarashan and R. E. Marshak, Phys. Rev. 109, 
1860 (1958); R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958); J. J. Sakurai, Nuovo cimento 7, 649 (1958). 


2 M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 407. 


= are found to be expressed by a single, almost constant 
parameter, as it should be under reasonable approxima- 
tion; and the transition probabilities of K,3+, Kes*, 
and K,2* are described by another two parameters. 
There is no essential disagreement with the experiment 
within the framework of the present analysis. However, 
the difficulties connected with the m-e decay and 
leptonic decays of hyperons, and the branching ratio 
of the hyperon decay have not been touched. 


2. TRANSITION RATE OF DECAY PROCESSES 


According to the idea of the universal Fermi interac- 
tion and the tetrahedron concept, all weak interactions 
are ascribed to the prescribed four-fermion interaction, 
with unique coupling constant and unique coupling 
scheme V — 4A, and no other weak coupling such as the 
direct boson-fermion interaction® is introduced. The 
charged pions and K mesons are coupled strongly to 
the group of all possible baryon-antibaryon pairs 
provided only that isotopic spin, strangeness, and 
charge are conserved. These two groups and (uy), 
(ev) are coupled by weak interactions. Since the 
tetrahedron has no obvious counterpart for the neutral 
pairs, we simply assume that the group of the neutral 
pairs admissible by the dissociation of K®, x°, K® have 
the weak interaction between the group. We do not 
assume any particular isotropic spin dependence for 
the weak interaction. 

The Hamiltonian density of the weak interaction 
reads then 


~e _ (1-5) ¥u 
H=v2f > by 4c) 


(AB)(CD) V 


_ (1-¥5)%u 
x (vey), (2.1) 


V 


where f is the universal coupling constant 1.4 10~* 
erg cm’ and (AB)(CD) denote the prescribed fermion 
pairs. 

The strong interaction of the pion and K meson to 
the baryons are assumed to be charge independent, 


3M. Gell-Mann, Phys. Rev. 111, 362 (1958); a generalized 
weak boson-fermion interaction is discussed by M. Sugawara, 
Phys. Rev. (to be published). 
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and moreover, for the sake of definiteness, the global 
pion baryon interaction‘ is adopted. The K meson 
is assumed to have spin zero and the nomenclature 
scalar or pseudoscalar K meson should be understood 
in accordance with the hypothesis of global symmetry. 
For purpose of numerical estimates the pion-nucleon 
coupling constant in symmetric ps(ps) theory is taken 
to be g*/4r= 15. 

The decay processes which involve at least one strong 
interaction are represented in Figs. 1, 2, and 3 by the 
field-theoretic decay diagram in the lowest order. The 
term “structure” refers to the black-box loop due to 
a baryon-antibaryon pair. In fact, upon ignoring the 
higher order graphs which have strong interactions 
between loops and/or external lines, the black-box 
loop can involve arbitrary numbers of pion and K-meson 
lines inside. The decay processes consist only of combi- 
nations of the small number of “structure elements” 
shown in Fig. 4 plus the usual Fermi vertex, since the 
structure element is independent of the momenta and 
masses of the outgoing fermions. 


Fic. 2. Decay diagrams of Ky2*. 


Fic. 3. Decay diagrams of K,3*. 


4M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 


HYPERONS 


AND MESONS 


(a) Cr (b) Cx (c) Cum 


Fic. 4. Structure elements of decay processes. The dot on 
the loop denotes the Fermi interaction 


A. Two-Body Decay with Simple Structure 


This process is characterized by the decay diagram 
of Fig. 1(a), and includes reactions m+ — u*++», 
A®— p+a-, T= n-+a*, E> Aa, Kyat > wtp. 

Let us consider as an example of the case of pion 
decay. For reasons of Lorentz invariance we may 
conveniently write down the expression of the black-box 
loop in the form 


ee; 3 
-M ys,V2 (21)*C,64(s—k— p), (2.2) 


( 250) , / V 


where s, k, and p are the four-momenta of the pion, 
muon, and neutrino, respectively, V is the volume of 
quantization, My is the nucleon mass, and C, is a 
dimensionless phenomenological parameter which rep- 
resents the contribution of the loop. It is important 
to realize that C, is independent of the masses and the 
momenta of the external fermion lines regardless of any 
perturbation approximation. The numerical factor 
V2(2m)? is explicitly separated from C, only in order 
to make comparison with perturbation calculations 
simple. The decay rate can be written 


9 


ge 2 M,\? 
w(rt — p++) = (fMo*)? (" ) 
4 (27)4*\ Mo 


9 


2 
) m,|Cy(r+ — pt+y)|?. (2.3) 


Similarly, the decay rate of the hyperon reads 


fe ( M+M»\? 
w(VY —!N+7)=(f{Me)? ( —- ) 
dor (27r)* My 


M—M,+m, ; M—M.—m, i 
a Pe ee 
M M 


(“——"*) — ~) 
x x - 
M M 


xM|C(¥ > N+n)|?, (2.4) 


where M is the hyperon mass, and Y is either A or 
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». The decay rate of Z~ reads 
w(Z- — A°+27-) 


ge 1 /M’'+M\? 
= (JM) —( -) 
4dr (2m)! Mo 


M'—M+m,\!/M'—M-m,\3 
(ENE) 
M’ M’ 


(= +1 =) (=) 
4 ‘ a 
M’ M’ 


XM’|C,(Z- > A°+a7)|?, (2.5) 


where M and M’ are the A mass and = mass, respec- 
tively. Finally there results the expression 


gK° 2 mM, . 
w(K,st > pt+v) =(M fe) — —(—) 


4m (27)*\ Mo 
mx 2 mM, 
x( nts 
mx? 


Inserting now the experimental 
left-hand side, we find 


ml CaKy ot —>ut+y)|* (2.6) 
values on the 


C,(x* — p++) | =0.20, 
1C,(A° > pta-) | =0.42, 
1C,(2+ — n+n*) | =0.27, 


(gx/gr)|\Cx(Kyst — ut+y) | =0.053. 
The C,’s are fairly constant as expected. The simplest 
way to interpret the difference between C, and Cx is 
that the strong-coupling constant of the K-meson to 
the baryon is about, say, }~$ smaller than the pion- 
baryon coupling constant. This is in qualitative 
accordance with the K-meson coupling constant 
determined by the preliminary data of the photo- 
production of K mesons in hydrogen*® and the scattering 
of K mesons.* Another comment which can be made 
in perturbation approximation is that Cx is roughly 
proportional to the difference of the masses of the 
baryons which appear in the virtual baryon-antibaryon 
pair for a scalar K meson, while it is roughly propor- 
tional to the sum of the masses for a pseudoscalar 
K meson (see appendix). 

In the approximation that C, is an unique constant 
for all processes, namely neglecting the virtual pion 
interaction between the loop and the external lines, 


5 Silverman, Wilson, and Woodward, Phys. Rev. 108, 501 


(1957). 
6 P. T. Matthews and A. Salam, Phys. Rev. 110, 569 (1958). 


M. KAWAGUCHI 


the ratio of the partial decay rate reads 


w(rt — p++v):w(A°— p+) 
:w(Z+— n+n+):w(EZ- — A°+27) 


m,\? (me—m,2\? 
Hh ~ 
Mo m,* 
(“) Cay —) 
: M, 
(item (tt ‘) 
x 


: (the same with M, — Ms) 


ges (“*) (=) 
™~ We ) Mz Mz 


(Se) (=) 
x 
Mz Mz 














=1:0.15X 10?:0.94X 10?:0.38 X 10°. 


while the experimental ratio reads 


1:0.60X 107: 1.72 10°: ?. 


B. Three-Body Decay with Simple Structure 


The process is featured by the decay diagram of 
Fig. 1(b), which includes the reactions K,3+ — ut+v 
+7 and K.3+ — e++»+7°. Again for reason of Lorentz 
invariance the black-box loop reads’ 


8K &r 1 , . 
— ( ) v2 (2r)*LF (ky +p.) +Gs, ] 
(250)! (2to)! J/V 


X54(s—k—p—t), (2.9) 
where s, k, p, and ¢ are the four-momenta of the K-meson, 
muon (or electron), neutrino, and pion, respectively ; 
v2(27)? is just a numerical factor separated from F and 
G. The quantities F and G are in general relativistically 
invariant functions of the four-momenta, but dimension- 
less and of the same phase. We assume, however, 
that F and G are constant; in fact in lowest order pertur- 
bation theory F and G are found to be constants which 
depend on the masses of the K meson, pion, and baryons 
of the loop but are independent of the masses and momenta 
of the leptons within the accuracy of 10% or so. In 
other words, the structure element Cx, is characterized 
by two constants F and G in this approximation. The 
integral over the final state can be done analytically, 


7F. Zachariasen, Phys. Rev. 110, 1481 (1958). 
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yielding the decay rate 
w(Kyst — pt+ v+n°) 


bx ge 1 mMr\ 4 m, \? 

= niet — 
a 4m 4 ere we | Sj 
X[—aBI_2+ (14+208)I_1— (2+a8)Io+11] 


My, 
+476(— ‘) [71—2Io+-1,] 
MK 


+G*[—aBI_1+ (1+2a8)Io— (2+08)I1+12] ’ 


2.10 
where ( 


a= (m,+m,)/m,=0.491, 
B= (m,—m,)/m,=0.064, 
[(x—a?) (x— PIS 
I_.= 
f oe 


=—[(1-a*) (1-2) }+2 In[ (1-2) (1—6)4] 


9 


a+? 
——— In[a(1—6?)!+8(1—a?)!] 
a8 
(a—6)? 
+——— Ine’, 


2 
Lae ay) es 


a? x 

=[(1—a*)(1—") }!— (a?+ 6") In[(1—a?) 

+ 208 In[a(1—8*)'+8(1—a2)*] 
+3(a—B)* In(a?— 6), 


[_4= 


y+ (1-6) 4] 


Io= f [ (x—a?) (x— 8?) }idx 


= $1 4e+6) (1a) (1-2) } 
— }(a?—f*)? In[(1—a?)*+ (1—6")*] 
7 +4 (e—6?) In(a?—6%), 
= fal (eee) (x) ax 


a 


(1—a*)(1—6*) }¥+3(e?+6*)Io, 


1 
n= [ x[ (x—a?) (x—B?) Jidx 


=4[(1—a*)(1—6) i+ 


Similarly for K.3+ the decay rate is, omitting the term 
of the order (m./mx)?~ 10~-*, 


(a?+ 6?) I, —4a°B*J. 


w(K.3t — e+-+v+7") 


nok oe | 


the : 
4 4 (2n)8 


TABLE I. The numerical values of the functions J, 
in (2.10) and (2.11). 











Is te Io nh Is I 


0.931 0.547 0.363 0.263 0.205 0.0238 








where 


= (1/24) —4y?+ $u— (1/24) u8—y! Ing, 
u=m,/mx=0.278. 


The numerical values of the function 7, are given in 
Table I. 


The ratio of the partial decay rate becomes 
w(Kest) 2.38" 
w(K,st) 0.18F?+0.78FG+1.89G? 





(2.12) 


The branching ratio of K.3;+ to K,s* is of order of 1 
regardless of the details of the dynamics provided F 
and G are quantities of the same order. This value for 
the branching ratio is not inconsistent with the present 
experimental data. 

Adjusting this branching ratio to the experimental 
value? 1, we obtain 


F/G=—4.9 or 0.56, (2.13) 


while inserting the experimental decay rate to the 
left-hand side of (2.11) we get 


(gx/ge) |G| =0.033. (2.14) 


C. Decay of K,.* 


The decay diagrams of the process K,2+ — r++7° 
are shown in Fig. 2. Fortunately, the diagram of 
Fig. 2(b) does not contribute to this process in our 
approximation, since the final two-pion state necessarily 
has total isotopic spin 2 because of statistics, while 
the virtual baryon-antibaryon pair can only have the 
total isotopic spin 0 or 1. The last statement is trivial 
if one adopts Gell-Mann’s Y—Z formalism for global 
symmetry.’ The argument fails for K,2° decay, where 
the two pions can be in the state of total isotopic spin 0. 

Hence we are able to check the consistency of the 
idea by calculating the decay rate of K,:+ from the 
diagram of Fig. 2(a), where the structure elements are 
only C, and Cx, and both have been already determined 
to fit the experimental data. The decay rate reads 


w(Ky2+ > r++") 


gx /ee\? 4 mx\? 
-(Ma(~)- - —(— )m 
4 (2r)®\ Mo 
m,\?}}| m,\?2|? 
x{1-4(~") | c+2r(~) IC;|?, 
MK MK 


(2.15) 
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and predicts 


w(K,2*)=1.6X10" sec? and 3.2X108sec, (2.16) 


for F/G=—4.9 and 0.56, respectively, taking |C,| 
=0.25 and |G|=(g,/gx)0.033. The first number is 
in agreement with the experimental value 2.09 X 107 
sec”, if one allows for the crudeness of the approxima- 
tions. The ratio of the decay rates of K,:+ and K,3+ is 
independent of gx?/4a, and can be written 


w(Ky2t) gy” “( —) 
w(K -3*) * 4n Mr 
(1—4y?)! 
x a el ke a a 
[ (1/24) — 4y?+-4u®— (1/24) y§—y! Iny | 


F\y 
ise“) 
G 


=44 and 86, (2.17) 
for F/G= —4.9 and 0.56, respectively, while the experi- 
mental ratio is 6.1. In fact in lowest order perturbation 
theory F/G<0, and |F|>|G!, with reasonable cutoff 
momentum. 


3. SUMMARY AND DISCUSSION 


The decay rates of pions, hyperons, and K,2* are 
expressed by a single phenomenological parameter. 
If the higher order corrections due to the strong 
interaction between the virtual loop and the external 
lines are omitted, these phenomenological parameters 
characterizing each reaction are expected to be constant 
independent of the decay mode. It is found that this 
is the case within a factor of 2. Also, if the K-meson- 
baryon coupling constant is assumed to be about } of 
the pion-baryon coupling constant, then we have a 
consistent picture of the pseudoscalar K meson as 
far as K,2* decay is concerned. The small variation of 
this quasi-constant may be attributed either to the 
effect of higher order corrections so far omitted or to 
some sort of isotopic spin dependence of the weak 
interaction anticipated by the isotopic spin selection 
rules (Sec. 2, A). 

The decays of K,.;+, and K,3*+ are characterized by 
two phenomenological parameters which are roughly 
constant, say, within a factor of order unity. The ratio 
of the decay rate of K,;+ and K,;* is found to be of 
order of 1, and is actually insensitive to the details 
of the dynamics. This is consistent with experiment. 
Unfortunately, we cannot test the reliability of the 
constancy of these parameters because no more 
reactions of the same sort are available (Sec. 2, B). 

In our approximation, the decay rate of K,2* is 
expressed by the phenomenological parameters found 
previously and serves as a consistency check of the 
whole picture and the approximation. The decay rate 
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predicted is in agreement with the experimental value 
(Sec. 2, C). 

We have no way of testing the decays of the K,3* 
and neutral K mesons within the framework of this 
treatment. 

We are tempted to say in conclusion that the 
universal Fermi interaction with V—A_ coupling 
together with Gell-Mann’s tetrahedron have the 
capability of explaining, at least, the decay of hyperons 
and charged mesons at large. 


APPENDIX 


For the purpose of reference, we give in this Appendix 
the results of a lowest order perturbation calculation of 
the dynamical quantities C,, Cx, F, and G. 

The constant C, of the r-u decay is calculated from 
the diagram of Fig. 1(a), and yields® 


M M?+)? 
e—{3} in( ) 
My M? 


baryons 


2(M?2+)2)! 


[4(M2-+22)—m,2}! m, 
-—_———— — sin 


mM, 
(4M?—m,’)} Ms 
—_—-—— sin (=) , (A.1) 
mM, M 


where A is the Feynman cutoff momentum, and ¢ is an 
isotopic spin factor whose value is given in Table II, 


TABLE II. The factor ¢ in (A.1). 


Vertex 


| a 


< 


(pnx*) 
(Zt+A%R*) 
(A°S~2*) 
Lt2 xt) 
(=°>-3rt) 
(== 


a a) 


< | 
Nee ee | 


and it depends on the type of baryon-antibaryon pairs 
in the loop. We neglect the mass difference between 
A and = throughout this paper. As the summation 
over baryons is additive, in order to fit the experimental 
lifetime of the pion, the cutoff momentum becomes 
unreasonably small, namely 


A<0.2Mo. (A.2) 


The constant Cx in the decay K,2+ — w++v is more 
complicated because the masses of the baryon-anti- 
baryon pairs in the closed loops are always different. 
We notice that Cx is approximately proportional to 
the mass difference of baryons for a scalar K meson, 


8R. J. Finkelstein and M. Ruderman, Phys. Rev. 76, 1458 
(1949). 
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and to the sum of the masses for a pseudoscalar K meson. We obtain 


(M’+M)? 
Cxr= —(ar vs ){ (+ 
bem “8M, 
M"—M M2 
+( 1-——— } in(——) + 
Mr M?+)2 


+si (= 
sin 
2M 


MK 
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M?)/mx 2 (J M”) 
a2 fame SHY 


M?)/mx 


M?—M? M” 
nad nf ) 
mx? ) M24»? 


2 (M?— M"?)? mx+(M"?— 
—| 2(M?+ M")—mx | [sin ¢ 





ver) 


mr 2M’ 


mr? 





yw co 
sin 
2(M2-+ 2)! 


eel , a (M’?2— 
2(M?+*)! 


2 
) |+cr'an — 
mk 


M” M? M?+)? 
x | a in( -) = in( )+ +)? "Gr I) (A.3) 
M42 M2+X 


where ¢ is given in Table III, M is the mass of the 
baryon having the lower absolute value of strangeness, 
and M’ is the mass of the baryon having the higher 
absolute value of strangeness in the combinations 
given in Table III. The upper sign in (A.3) is for a 


TABLE III. The factor ¢€ in (A.3). 


Vertex 


(pA°K*) 
(n=~K*) 
(p=°Kt) 
(A°=-K*) 
(=*+=°Kt) 
(2% Kt) 


scalar K meson, and the lower sign is for a pseudoscalar 
K meson. For the sake of simplicity we take the 
coupling constants of the K meson to the baryons to 
be equal, though the mass difference among baryons 
is taken into account. 

For the constants F and G, terms involving the pion 
and K-meson mass are consistently neglected with 
respect to the baryon mass. However, because of a 
fortuitous cancellation this approximation for F and G 
is estimated to be reliable within 10% 


TABLE IV. The factor ¢ in (A.4) and (A. 5). The numbers 1, 2, 
and 3 specify the types of baryons appearing in the closed loop 
in the manner shown in Fig. 5. The upper and lower sign refer to 
a scalar and a pseudoscalar K-meson, ee 





1 A®° = 
2 2° Ae = 
3p Pp 
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+1 41 v2 av? ¥1 +1 


Fic. 5. Decay diagram of 


K,3* and K,3*. 


The explicit expressions of F and G in this approxima- 
tion read 


a 
baryons 4 (M’?— M?)? 
; (= ~~) - [= +2") (Me *+\+2M M’) 
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ie (M’2— 


lt (——) 
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meetin — | (A.4) 
(M?—M?) —2(M—M?) 
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+o 
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MP+X) | 12(M2+22)(M+N+ MM’) 
seh -) +] 


M*(M'2M) = 
: n 


M” 
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G= 


(M’2— M2)? 


*(M2+M)? hi ee 
 <eaiied 
— mM) M2+22 
x (MP a A 32 


-| (A.5) 
~ 2(M2— MP) 


M? 


(MM?) 


where ¢ is tabulated in Table IV, M is the mass of the 
baryons labeled 1 and 2, and M’ is that of the baryon 
labeled 3 in Fig. 5. 














